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ECE 330 Supplement on Signals and Systems

1. Signals

A signalor waveform is a collection of numbers indexed by
time. For a discrete-time waveform, we have

x = {x[n],n = 0,±1,±2, . . .}.

Herex is the name of the waveform, and for a fixed integern,
x[n] is the value of the waveformx at timen. Similarly, for a
continuous-time waveform we have

x = {x(t),−∞ < t < ∞}.

Again,x is the name of the waveform, and for fixedt, x(t) is the
value of the waveform at timet.

Two continuous-time waveforms, sayx = {x(t),−∞ < t <

∞} andy = {y(t),−∞ < t < ∞} areequal if and only if

x(t) = y(t) for all timest.

Similarly, two discrete-time waveformsx andy areequal if and
only if

x[n] = y[n] for all integersn.

A continuous-time waveformx is bounded if there is a pos-
itive, finite constantK such that

|x(t)| ≤ K for all timest.

A similar definition holds for discrete-time waveforms.
Given a signalx and a fixed timeτ, we define a new wave-

form xτ by

xτ(t) := x(t − τ), −∞ < t < ∞.

If τ > 0, xτ is adelayedversion ofx. If τ < 0,xτ is anadvanced
version ofx. In discrete-time, for fixedm, we definexm by

xm[n] := x[n−m], n = 0,±1,±2, . . . .

2. Systems

A systemis a function, call itA, that takes as input a wave-
form x and assigns a corresponding output waveform denoted
by Ax. The value of the output waveform at timet is denoted by
(Ax)(t) in the continuous-time case. In the discrete-time case,
the value of the output waveform at timen is denoted by(Ax)[n].

2.1. System Properties

2.1.1. Memory

A systemA is memorylessif the value(Ax)(t) can be com-
puted without using any values ofx(s) for s 6= t. In other words,
the output at timet, (Ax)(t), depends at most only on the input
signal value at timet, x(t). If a system is not memoryless, we
say that it hasmemory.

2.1.2. Causality

A systemA is causalif the value of(Ax)(t) can be computed
without using any values ofx(s) for s > t. In other words, the
output at timet, (Ax)(t), depends at most on the input signal
valuesx(s) at timess ≤ t.

A system that is not causal cannot operate in real time be-
cause to compute(Ax)(t) we need to know values ofx(s) at
future timess > t.

2.1.3. Stability

A systemA is stableif whenever a bounded input waveform
x is applied, the corresponding output waveform is also bounded
(usually by a different constant). This property is sometimes
called bounded input bounded output (BIBO) stability. A sys-
tem that is not stable is calledunstable.

It is not possible to build an unstable system because it
would have to be able to output an infinite amount of energy.

2.1.4. Time Invariance

A systemA is time invariant (TI) if for every input signalx
and every delay/advanceτ,

(Axτ)(t) = (Ax)(t − τ) for all timest.

In other words, the response to the delayed inputxτ is found by
delaying the response tox by τ.

2.1.5. Linearity

We first introduce two preliminary concepts. A systemA
is additive if for every pair of waveformsx1 andx2 (here the
subscripts do not indicate delays),

A(x1 + x2) = Ax1 +Ax2.

Note that the above formula involves the equality between two
signals; i.e., the formula is shorthand for

(

A(x1 + x2)
)

(t) = (Ax1)(t)+(Ax2)(t) for all timest.

A systemA is homogeneousif for every waveformx and every
numberλ ,

A(λx) = λ (Ax).

Again, this formula is shorthand for

(

A(λx)
)

(t) = λ (Ax)(t) for all timest.

We now define a systemA to belinear if it is both additive
and homogeneous. This is equivalent to the property that for
every pair of waveformsx1 andx2 and for every pair of numbers
λ1 andλ2,

A(λ1x1 +λ2x2) = λ1(Ax1)+λ2(Ax2).
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Again, this is shorthand for
(

A(λ1x1 +λ2x2)
)

(t)

= λ1(Ax1)(t)+λ2(Ax2)(t) for all timest.

Linearity has several implications. Focusing on the homo-
geneity equationA(λx) = λ (Ax), observe that takingλ = 0
yieldsA(0) = 0; i.e.,

The response to the zero waveform must be the
zero waveform.

Takingλ = −1 yieldsA(−x) = −(Ax); i.e.,

The response to –x must be the negative of the re-
sponse tox.

Takingλ = 2 yieldsA(2x) = 2(Ax); i.e.,

If we double the input, the output must double.

Other such implications can be derived.The point here is that
if any such implication fails, the system cannot be linear.
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