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ECE 729
Introduction to Channel Coding
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1. Fundamental Concepts and Techniques P(Y<yIX=x) =P(X+Z<y|X=X)
1.1. Channels - Pn(Z =y=x
Given a seiX of channel input symbols a setY of chan- = |'| P(Z¢ < Yk —X)
nel output symbols and a positive integen, a channel W, k=1
is a transition probability fronX" into Y". In other words, A /Vk*Xk (20d
if X = (Xg,...,X,) is anX"-valued random variable and = . Pz{2) 0

(Y1,...,Yn) is aY"-valued random variable, then
Differentiating with respect to thg,, we have
Wh(B|x) =P(Y€B|X=x), BcY",
n
is the conditional probability that the random sequeicef Wn(y[x) = |_| (Yk — X
channel output symbols lies B given that the channel input k=
sequence iX = X.

1.2. Encoders

X Y A mapping f:{1,...,N} — X" is called anencoder The
integers 1...,N are callednessagesThe correspondingode-
words are denoted by; := f(i). Thus, each; € X". The col-
lection (xs,...,Xn) is the correspondingodebook Knowing
the codebooKx;,...,xy) is the same as knowing the encoder
Wh(B|X) = ZBW“ yIx). f, and we sansletimes just writt = (X1, ...,Xn), Which is an
element of(X")".

If Y is a finite set, then so %", andW, is given by a con-
ditional probability mass function, which we also denotéNyy
and we have
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i Xi However, this problem is not well defined unless we speciy th
message encoder Codeword jOint distribution OfM andY. We take

1
PM=i,YeB):=—= Wy(B|x),i=1,...,N,BCY". (4
1.2.1. Code Rates ( )= Vh(Bx) )
If there areN = 2% messages, then each message can Rgtice that sincaM,(Y"x) = 1, (4) implies thatP(M = i) =

thought of as &-bit word. Even forN not a power of 2, we 1/N: j.e., the random message to be sent is chosen uniformly
think of each message as consisting of,INgbits. If we use from the message sét, ..., N}. It then follows that
natural logarithms, we say that each message consista\bf In

nats. We often do not specify the base of the logarithm and just ) P(M=iY€B)

write log. In this case, we use exp for the inverse of log. Kenc P(veBM=i)= T PM=i) =Wa(Blxi). (3

if it is understood that the logarithm basebighen exgx) = b*.

In particular, if the logarithm base is 2, then ¢xp= 2%, and if We also point out that the definition &fin (4) depends on the

the logarithm base ig, then exgx) = €. codebook(xy,...,xn). Hence,P(¢(Y) # M) depends on the
Given a codef:{1,...,N} — X", or equivalently a code- codebook and on the decodgr

book(x,...,Xn), therate of the code is
1.5. The Probability of Error

(1) It is now convenient to derive a somewhat explicit formula
n for P(¢(Y) # M). We use the law of total probability and sub-

In this expressionn is the number of channel uses or channdtitution to write

symbols transmitted for each message. If the logarithm isase

2, then the numerator has units of bits, and the quotehas P(O(Y)#M) =S P(d(Y) MM =i)P(M =)

units of bits per channel useor bits per channel symbol If i

the channel transmifR; channel symbols per second, then

R— IogN'

z

log,N P(¢(Y) #iM =i)

n

Ry:=Re 2)

P(Yel{y:¢(y) #i}M=i)

has units of bits per second. Combining this with (1) yields

Rp = ReR. ®3)

ZWZWZ

2l Z|lr Z|k

_Wn({y:¢(y)7éi}lxi)7 by (5). (6)

1.3. Decoders . .
Although the reader may have reservations about our chgosin

to haveM be uniformly distributed, in many cases, we will be
able to obtain a bound on the terms in (6) that does not depend
oni, say

A mapping¢:Y" — {1,...,N} is called adecoder If for
i=1...,N we putD; :={y: ¢(y) =i}, then theD; form a
partition of Y" since they are disjoint and their union¥§. We
call theD; decoding sets

~ W, : iHx) <A, i=1...,N. 7
decoder If we can establish such a bound, then for any probabilitysmas
functionq(i) on{1,...,N}, if we replace (4) with
1.4. Probabilistic Model

If we apply the output of the encoder to the channel, and we
apply the output of the channel to the decoder, then we obtdimill follow that
the channel coding systenmshown in Fig. 1. Notice that the

e 0 T

encoder channel decoder

P(M=i,YeB):=q(i)\Wh(BJxi), i=1,....,.N,BCY",

N
PO(Y) M) = 3 P(9(Y) £ MIM =i)P(M =)

N

= ZLP(¢(Y) #iM=i)q(i)
Figure 1. A channel coding system. ':

input to the system isand the output is. We hope that most B i;Wn({y. ¢y) #13bxi)a(i)

of the timei = i. To make this more precise, we assume that the N

input to the encoder is &L, ...,N}-valued random variabl#!, < Z)\ qii)y=A.

and we are interested in the probability of erRig (Y) # M). i=
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1.6. New Codes from Old Codes by Throwing Away Code- 1.8. The Codebook Reduction Argument

words 1.8.1. An Underlying Observation
Let f:{1,...,N} — X" be any encoder, and let:Y" — Supposé, ..., By are nonnegative numbers such that
{1,...,N} be any decoder. Then
1 N
Di:={y: ¢(y) =i} N2 &<
i=

contains exactly those outputshat are decoded to message p T . -
. i " tG:={i: 6 < 2A}. We claim thaG| > N/2. To see this,
If Gis any subset of1,...,N}, we define thenodified en- y {i-a ' I 16| / !

it
coder fg:G — X" by fg(i) := f(i) = x;, i € G, and we define wite
themodified decodergg:Y" — G by 1 N 1
¢(y)7 ye UDi i= X i€ i€
bc(y) =9 i€G >=-5 6
io, oOtherwise N &e
1
whereig can be any fixed element @&. Hence, for € G with > N. 2A
i #io, pc(y) =i <y € Dj, and we can write ieGe
=N .

{y:gc(y) Zi}={y: 9(y) #i}, forieGi#io. | (8)

It follows that|G®| < N/2, and then

Furthermore, if we put |G| =N—|G°|>N-N/2=N/2.
o (U D-)C 1.8.2. Putting It All Together
T\ /] Suppose we can find a random codebéXk ..., Xy) such
that E[en(X1,...,Xn)] < A. Then by the random coding argu-
thengg(y) = io < y € Di, UH. We can therefore write ment, there is a codebodky, . ..,xy) such that
1 ,
{y:9c(y) #i} CDf ={y: ¢(y) #i}, forallic G. | (9) en(X1, . xn) =5 > Wa({y: 9(y) #i}xi) <A.
= =22 P
Suppose that instead of (7), we have only By the observation above, there is a sultsef {1,...,N} such
’ that
Wa({y: d(y) #i}x) <A, i€G, Wa({y: ¢(y) #i}xi) <2A, i€G.

By the throwing away the codewordsfor i ¢ G, and using the

whereGiis a proper su.bset ofL, - - N}. Let fe andgg be the .construction in Section 1.6, we have an encoigeand decoder
encoder and decoder just described. Then by (9), we can wnt(f:G such that

Wa({y: da(y) #i}xi) <Wh({y: ¢(y) #i}[xi) <A, i€G. Wa({y: da(y) £i}xi) <2A, i€G. (10)

1.7. The Random Coding Argument Note that the rate of this modified code satisfies
Let g be a nonnegative function defined on someZeind
letZ be aZ-valued random variable such tigg(Z)] < A. Then
there is at least one< Z with g(z) < A. To see this, suppose
otherwise thag(z) > A for all z. Then we would havg[g(Z)] > Hence, even though we discard half of the original codewords

log|G| - logN/2  logN _log2
n n  n n -’

A, which contradicts the hypothesis tHag(Z)] < A. the rate of the modified code is neatlpgN)/n for largen.
We employ therandom coding argument as follows. ]
Looking back at (6), we put 1.9. Construction of Decoders

Let By,...,Bn be subsets of", and suppose we want to
have a decoder that announces messagken it observes a
channel output sequengec B;. There are two difficulties with
this description. First, if th&; are not disjoint ang € B; N B;j,

If we can find arandom codebook(X4,...,Xyn) such that does the decoder announce messagemessagg? Second, if
E[en(X1,...,Xn)] < A, then there must be at least one codebodke decoder observesyahat does not belong to any of tig,
(X1, ..., Xn) € (XMN with en(X1,...,Xn) < A. what should the decoder do?

N
enlca, )= 3 Wh(LY () 1Y)
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Here is a standard approach to address these difficulties. There are two special cases to be mentioned. First, iBthe
First, if y belongs to more than or&, announce the smallestare disjoint, ther; = B;, and we have from (12) that
corresponding value df Second, ify does not belong to any
Bi, announce some fixed message, Najlo state this approach {y:o(y)#i}CBf, i=1...,N

mathematically, let . . .
cally Second, if the union of thB; is equal toY", then

Fir:=B1 Bf c | JB;.
Fi::BiﬂBic_lﬂ"-mB(L i:27...,N, i
and put It then follows from (15) that
N c
F:(UF.) =F NN {y:¢(y)#i}cJBj, i=1...,N. (17)
i=1 j#i
ThenFnF =gfori=1,...,N, and 1.10. Bounds on the Probability of Error
FU---URYUFE =Y". We can use (15) to get a bound on a typical term in (6). We
have
In other wordsFy, ..., Ry andF constitute gartition of Y". If . .
we put Wh({y: @(y) #i}xi) <Wa(B7|xi)+ Z_Wn(BJ xi).  (18)
N JA

oy = Zlilp.(y)+NIF(y),

By appealing to the two special cases above, we see that if the
B; are disjoint, then we can omit the sum on the right-hand side.
If the union of theB; is equal toY", then we can omit the term
Wh(BF|xi).

thenfori=1,... N-1,¢(y)=i<ye R, and thus

dp(y) #ieyeRS i=1...,N-1 (11
Example 3(Maximume-Likelihood Decoding). Inmaximum-

Furthermore, sincé(y) =N <y e RyUF, we have likelihood decoding we take

¢(y) #N < ye Ry NFS, Bi = {y: Wh(Y|xi) >Wh(y|x;j) for all j}.
where it is important to note that Since everyy must belong to at least one of these sets, their
O .
FEMFS C FE. union isY". Letting
D :={y: =i
Hence, I {y ¢(y) }7
p(y)#Ai=yeR i=1....N. (12) we have
To conclude, observe that Wh({y: @ (y) £i}|xi) = z Ipe () Wh(Y[i).- (19)
BS, i=1, ’
FC— _ (13) Now, D; depends orxs,...,XN. Let Xi,...,Xy be i.i.d. with
! Bf U <U Bj), i=2,...,N. common pmfp,(x) onX". Then forany < p <1,
j<i
We can now write Ellpe(y)[Xi =x] < P(U Bj|Xi —X> by (17)
i#
: P
I:ICCBFLJ(E&J.BJ'), i=1...,N. (14) < l:;P(Bj|Xi:X):| ., by[1,p. 136]
J# JFI
From (12) and (14), we have We next observe that for arsy> 0,
{y:é(y) #i} CBfU <UB> i=1..N. | (15) P(B; X\ =) < P(Wh(yIX;) > Wa(y}) X =X)
i = P(Wh(y[X;) = Vih(y}x) )
and from (11) and (13) we have Z Pn(X)! (Vb (y1X)>Wh (yx)}
X
. - - Wh(yx')]*
y:o(y)#£i}=F°>Bf, i=1,...N—1 (16) < X { n .
{ ( ) } 1 | szn( ) Wn(y|x)
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We can now write for some constand. In other words, the total cost to transmit
a codeword cannot excead. WhenX = IR, we usually take
Ellos(y)[Xi =X] < { an [ y"()] ]
Wh(y[x)

a(x) = x? as a measure of the energy required to send the symbol
X, andan(X) is the average power used to transmit the codeword.
= (N—=1)PWh(ylx)~*® If we define a decodep as outlined in Section 1.9, we will
{ ) ) p choose the sd; to have the form
: Pn(X)Wh(y|x )S} .
2

B; = {y: “expression involving andy” and an(x;) < A}.
It now follows that if xg,...,xy in (19) are replaced by
X1,...,Xn and we take the expectatlon it is upper bounded by NiS structure implies that

p BF O {y:an(x) > Al 21
(N 1"2{2% ylxlpSHan Wn(yIX)} : o ) = A &
The set on the right-hand side is eithét the empty set in ac-

Specializing tas=1/(1+ p), we obtain cordance with whether the conditi@q(x;) > A is true or false.

1ip Hence, if we can show that

(N—1)° [ x) M 1+P>} : 20
172 |3 PrlOVA(y) (20) 1> Wh({y: an(xi) > Ab[x),

Note that since the expectation of (19) is at most one, (2[sh0then the set is empty; i.e., we must haéx;) < A. Now sup-

even forp = 0. In the case of a discrete memoryless chann@jgse that we proceed as in Section 1.8.2 with same 1/2.
W, =W". If we also takep, = p", then the above sum ov&r Then

becomes
H (Zp W(yilx) /¢ 1+P>) 1> Wa({y: da(y) #i}[x), i € G, by (10)
= Wh({y: ( y) # 1}Xi), by (8) if i # io,
Denoting this product by (y1)--- A (yn), (20) becomes > Wh(BSJx)), by (16) ifi N,
> Wh({y: an(xi) > A}[xi), by (21)

(N=1)P 5 A(yn)™-A (yo) 2.
y

Hence, there are at led&| — 2 codewords that satisfy both (10)
and a(x;) < A. Throwing away one or two codewords if nec-

{z [z (yi%) 1/(1+p) Tﬂ)}n essary, we obtain a modified encodgy and a modified de-
P(X)W (y|x .

Hence, for a DMC withp, = p", we have

coder ¢ that satishWh({y: ¢c(y) #i}|xi) <2A forie G
and a,(x;) < Afor all i € G'. Furthermore, the rate of this code
If N = [e"R| < &R we obtain the further upper bound satisfies, for largé\,

g NEo(p.p) PR log|G/| - log(|G|—2) . log|G|/2

n n n
140 < logN/4 _ logN  log4

'”Z{Z W(ylx) 1/ 1+p)} ' = n n n -’

2. Achievable Rates

where

To obtain the best bound, we optimize oyeandp. Hence, the o
best bound i€ "& (R where 2.1. Deterministic Codes

Definition D-A. A numberR > 0 is achievable usindeter-
E(R) = sup SUHEo(p,p) — PR - d

0<p<1 p ministic codesunder theaverageprobability-of-error criterion
) } andcodeword constraintAif for every A > 0, for everyAR > 0,
is called therandom coding exponent for all sufficiently largen, there is a positive integdt with
1.11. Codeword Constraints logN
If ais nonnegative “cost” function defined ofy we may n >R-AR,

require that all codewords satisfy
N and there is a codebodls,...,xn) and decodewp (usually

an(X) := 1 Z a(x) <A depending on the codebook) such thatx;) < A for all i =
= B 1,...,N, and

U Amax:= supcx a(x) is finite, and ifA > Amax, thenall codewords satisfy 1
an(x) <A, and the constraint is said to beactive. If A < Apin := infyex a(x), =
thenno codewords satisfgn(x) < A. N

Wh({y: @(y) #Zi}xi) <A

Mz
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Definition D-M. A numberR > 0 is achievable usindeter- 2.3. Connecting Random Codes and Deterministic Codes
ministic codesunder themaximal probability-of-error criterion
andcodeword constraintAif for every A > 0, for everyAR> 0,
for all sufficiently largen, there is a positive integd with

By the random coding arguments in Sections 1.8.2 and 1.11,

%R—A(A) C bb-m (A) (24)
logN

n >R-AR, We next point out that since a deterministic codebook is a spe
cial case of a random codebook,

and there is a codebodlks,...,xn) and decodew (usually

depending on the codebook) such thafx;) < A for all i = Gom(A) C Gam(A) (25)
1...,N,and
Wh({y: ) #i}x) <A, i=1...N e
y:o(y)#ix) <A, i=1,...N.
" ' %oa(A) C Crna(A). (26)

It is easy to see that if a rate satisfies Definition D-M, the
it satisfies Definition D-A. In other words, #p.m(A) denotes
the set of achievable rates under Definition D-M, arféigfa (A)
denotes the set of achievable rates under Definition D-A the

i we combine (23), (24), and (25), we find that

Crm(A) = Cra(A) = Com(A).

Com(A) C Con(A). (22) Furthermore, if we combine (24), (22), and (26), we find that
2.2. Random Codes Er-A(A) = Com(A) = Cp.a(A).
Definition R-A. A numberR > 0 is achievable usingan- Hence
dom codesunder theaverageprobability-of-error criterion and '
codeword constraint A if for every A > 0, for everyAR > 0,
for all sufficiently largen, there is a positive integé¥ with Crm(A) = Cra(A) = Com(A) = Coa(A). 27)
ON _ r_aR
n 2.4. Capacity Regions
and there is aandomcodebook(X,...,Xy) and decoder The capacity regionunder a given probability-of-error cri-
(usually depending on the codebook) such thiah(Xi)] <A  terion and under a constraint (if any) is the set of all achie
foralli=1,...,N,and rates under the corresponding definition. As we have shown,
N the four capacity regions above are all the same. We just io no
1 : know what any of them is yet!
El—=SY W : iHXi)| <A. '
{N i; h(ty: 00) #13%) An important property of capacity regions is that they are

closed SupposeRy is a sequence of achievable rates and that
Definition R-M. A numberR > 0 is achievable usingan- Rk converges to somB. We must show that the limR is also
dom codesunder themaximal probability-of-error criterion achievable. Lef\R > 0 be given. Sinc& — R, there is some
andcodeword constraintA if for every A > 0, for everyAR> 0, ko such that for alk > ko, Rc > R—AR/2. Now, sinceRy, is

for all sufficiently largen, there is a positive integé with achievable, there is a code with
logN
IO%N>R7AR, %>RkofAR/2,

and there is aandomcodebook(X,...,Xy) and decodep satisfying the codeword constraint (if any), and having lkma
(usually depending on the codebook) such thah(Xi)] < A probability of error. Sinc&®,, > R—AR/2, we also have
foralli=1,...,N,and
logN
EMA({y: 9(y) #}X)] <A, i=1,...N. Tn TRTAR

It is easy to see that if a rate satisfies Definition R-M, then Another important property of capacity regions is thaRif
it satisfies Definition R-A. In other words, #z.v(A) denotes is an achievable rate, then aRy < R is also achievable. This
the set of achievable rates under Definition R-M, ariékifa(A)  follows from the fact thaR > R implies
denotes the set of achievable rates under Definition R-A, the

logN
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Figure 2. A typical capacity-cost functi€®(A). Figure 3. Graph of parametric curyez min(A),C(A)) (left) and the paramet-
ric curve(z%‘ﬁm(A),C(A)) (right) based on the capacity-cost functiéfA) in
Fig. 2.

2.4.1. Capacity-Cost Functions

Let% (A) denote any of the four capacity regiqnsin(Z?),antflhe parametric curvé.hmin(A),C(A)) at the left in Fig. 3
letC(A) denote the supremum @f(A). ThenC(A) is called the g q\ys the tradeoff between the minimum average cost per bit
capacity under input constraint A or itis called thecapacity- g the corresponding maximum reliable transmission rate u

cost function. From the foregoing observations, the capacit;)ﬁg codewords that satisfy the constraint. To express thepzy
region is the interval bit in dB, put

#(A=[0.CAl Hsrin(A) = 1010g19.5% min(A)

As noted earlier (Section 1.11), fér< Anin, N0 codeword can = 10(log;pe)[INA—InC(A)].

satisfy a,(x) < A. Hence, for sucltA there are no achievable

rates, and the capacity region is empty. Although we may pite can then plot the new parametric cutvg®. (A),C(A)) as

C..(A) := —oo when the capacity region is empty, we usuallghown at the right in Fig. 3. The slope of tﬁ?@ curve at a point
just restrict attention tA > Anin. However, if X is an infi- (ﬂb‘fr‘?]in(A),C(A)) is

nite set, it may happen that there is ree X that achieves '

the infimum Anin = infyexa(x). In this case, no codeword %C(A) C'(A)

can satisfyan(X) < Amin and the capacity region is empty. In 7B (A) = T oA

these cases, it is understood that we would restrict atiernd dA™"b,min 10(log, e) [K B W}

A > Anin. Capacity-cost curves are always nondecreasing as .
shown in Fig. 2. This can be established mathematically 48 COmMpute the limiting slope & — Amin whenAmin = 0, we
follows. From the definition of achievable rate, it is clehatt Ccarefully write (cf. [2, p. 2517])

Ar <Ay implies € (A1) C € (A2), which then impliesC(A;) < 1 C(AA
C(A2). Hence,C(A) is nondecreasing. We also point out that /Limom = /Emom
if Amax:= Supex a(x) is finite, thenC(A) becomes constant for AT A -
largeA,; in particular, forA > Amax, C(A) = C(Amax). This fol- . C(A)+AC(A) o
lows because, as noted in Section 1.11Aif Anay then all = lim T_C'(AA by 'Hopital’s rule
codewords satisfg,(x) <A R0
2.5. Cost per Bit - ey
If all codewords satisfy the constraint Hence,
d /()2

L o HCA) —~2C'(0)

=5 ax) <A 28 lim = : (31)

n 2,20 <A (28) A0 & 7% (A) ~ 10(l0g;0€)C"(0)
then the cost to send a message is at mogt. Since each 2.6. Waveform Channels and Spectral Efficiency
message consists of lply bits, we call Given a set of messagefl,...,N}, suppose we asso-

nA A ciate corresponding signafs(t),...,&x(t) belonging to some
A= log, N R by (1), (29) finite-dimensional space spanned by orthonormal waveforms

Ya(t),...,Un(t). Then every signal can be expressed in the form
the averageost per bit. If C(A) is the highest rat& at which

we can reliably transmit messages using codewords thafysati
the constraint, then the average cost per bit is lower balibgle
theminimum average cost per bit[4]

A where

omnlA) = 5o (30) Xi = / &) dt,

)= 3 klt),
k=1
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and the overbar denotes the complex conjugate if complexinimum average cost per bit in dB, denoteddyywe have the
valued waveforms are allowed. When transmitting sighd)), linear approximation
the receiver sees the wavefoif(t); e.g.,Z(t) = &(t) + V(t),

whereV (t) is additive white Gaussian noise (AWGN). In any Cr —2C'(0) (@ — ao)
case, we arbitrarily put := (Yy,...,Yy), wheré 10(log,o€)C"(0) ’
Yo = / ZO@M)dt, k=1,...,n. where o lim o/ (&) 10l0g 2
. . 0-= A—O b,min - g_l.o C/(o) .
When the waveformg; all have durationl, to transmit each
message requires sending a sighalwhich is equivalent to References
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R:. = 2B.
With this substitution in (2), it follows that
R, logN
2B  n

The fraction on the left is called thepectral efficiency It has
units of bits per second per Hertz. From the right-hand side,
see that if there is an input constraint as in Section 2.5\ the
maximum spectral efficiency of a reliable systernC{#\).

In waveform channels, there is usually a constraint on the
average power (energy per second). For signals of duratjon
this means

)
TGRS

By Parseval’s formula,

T n
(1) 2 dt — . |2
Jy 16 0P =3

Hence, if we takea(x) := x?, ther? the power constraint says
that each codeword = (X; 1,...,X n) must satisfy

n PT PT P
an(x) = 2 abW) < S5 = og7 =5
Hence, for fixed power constrai®, every operating point
(438, (A),C(A)) on the parametric curve corresponds to a
different bandwidthB. In particular, for largeB (“the wide-
band regime” [5]), the slope of the parametric curve is well
approximated by (31). In fact, since the parametric curve

(/98 (A),C(A)) describes the capaci as a function of the

b,min

2In the case of AWGN, there is no loss of information in performinhig
operation; in general, we just do it as a practical signat@ssing operation.

3Note that fora(x) = X2, Amin = 0. If A= 0, then the only codeword that
satisfiesan(x) < Ais the all zeros codeword. Hence, the only achievable rate
with A= 0 is zero; thusC(0) = 0.



