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ECE 729
Decoders and Continuous Channels Subject to an I nput
Power Constraint

1. Decodersfor General Channels 2. Continuous Channels Subject to an Input

LetBy,...,Bn be subsets of some spa¢eThen put Power Constraint

Let A, be as in the notes and put

F:=8B
FT = Bilmsiilmmmsg, i=2...,N. Bi := {y: (xi,y) € As and||x||> < nP},
Also put . and define thé&; and¢ as above. Then
Z(Hﬁ)ﬂf”'“ﬁ» BY = {y: (x.y) ¢ A U{y: Il > Py, (6)
and note thaF NF = g fori=1,...,N. In addition, and
Bj C {y: (Xj,y) € An}. U]

FiU---URNUF =Y,
In addition, note from (6) that
and soF, ...,y andF constitute gartition of Y. 5
Consider the formula Bf O {y: [[xi[|“ > nP}. (8)

N

$(y) = .Z“F.(VHNIF(y)-

We first use (4) to write

i=
| _ [ wkodys [ wiyix)dy
Thenfori=1,....N—1,¢(y) =i & ye R, and thus {ye(y#i} B (Uji8)
. < : )
B(y) £i ey e FE. O < fpwobadys s [ Wik
Since¢(y) =N < ye RyUF, we have Next, by (6)
d(y) #Nsye R{NFC C RS 2
/ w(yxi)d / L Wyi) dy
Hence, (1) holdsven when i = N. To conclude, observe that (i |*>nPy
Ff=B{, and for 2<i <N, =1 (x)
o Wiy,
—BfU <U B,—). liyeA)
j<i =:a(xj)
We can now writdfor all i =1,... N, and by (7)
B CR°CBfU (UBj>' 3 / w(y|xi)d / wW(ylxi) dy =: 8(xi, ;).
j#i ¥:(Xj,Y)€An}
It follows that We can now write
{y:¢(y) #i} CBfU (UB) i=1,...,N. 4) / ~w(y|xi)dy < r](xi)+a(xi)+§_9(xi,xj),
J7£| {y¢<y)7él} JF#i
We also have wheren, a, and@ are as in the notes.

Let0< A < 1/2 andAR > 0 be given. Suppose

{y:o(y)#i}=F">B, i=1...,N—1 (5) IogN

>R—AR/2
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and that fronxg, ..., xn, we have at leagtN /2| codewords that
satisfy

/ W(ylxi)dy < 22 < 1. ©)
(o0}

If i # N, we claim that||x;||?> < nP. Otherwise, the set on the
right in (8) is equal to IR, and then by (5),

w'(y|x;) dy > W' (y|xi)dy = 1,
/{y:(p(y#i} (yIxi) y_/an (ylxi) dy

which contradicts (9). Hence, there are at ld&§t2| — 1 code-
words that satisfy (9nd ||x;||> < nP. This does not affect the
rate of the code since

log(|[N/2] —1) N log({N/2—1} 1) _ log(N/2-2)

n - n n
- log(N/2—N/4) _ log(N/4)
- n n
_ logN log4
" n n

4
> (R-AR/2) — '0% >R-AR

for largen.
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