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1. [15 pts.] Let Wt be a standard Wiener process, and let the random variable T � exp
�
λ � be

independent of the Wiener process. Define the random variable

Y : ��� T

0
τn dWτ �

Evaluate �	�Y 2 
 . Your final answer should not involve any integrals.

2. [10 pts.] Let Xn have the density

fn
�
x ��� �

p � 1 �
np  1 x  p � x � 1 � n �

for some fixed p � 2. Show that Xn converges almost surely to zero.

3. [15 pts.] Let Y0
� Y1
� ����� be a sequence of continuous random variables with conditional densities

that satisfy the density version of the Markov property,

fYn � 1 �Yn �����Y0

�
yn � 1 � yn

� ����� � y0 ��� fYn � 1 �Yn

�
yn � 1 � yn � �

Further assume that the transition density fYn � 1 �Yn

�
z � y �	� p

�
z � y � does not depend on n. Put X0 � 0,

and n � 1, put

Xn : � n

∑
k � 1

Wk
� where Wk : � Yk � � ∞ ∞

zp
�
z �Yk  1 � dz �

Determine whether or not Xn is a martingale with respect to � Yn � ; i.e., determine whether or not��� Xn � 1 �Yn
� ����� � Y0


 � Xn.

4. [20 pts.] Let f
�
x � be a probability density function. Let Xn have density fn

�
x ��� n f

�
nx � . Deter-

mine whether or not Xn converges in probability to zero. Justify your answer.

5. [20 pts.] Let Xn converge in mean of order 2 to X . Determine whether or not

lim
n  ∞

�"! X2
n e  X2

n # � �$! X2e  X2 # �
Justify your answer.

6. [20 pts.] Find two different stationary distributions

π � % π0 π1 π2 π3 & and π̃ � % π̃0 π̃1 π̃2 π̃3 &
for the 4-state Markov chain with the following state transition diagram.
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