
ECE 730, Lec. 1
Final Exam

Saturday, 18 Dec. 2004
12:25 pm – 2:25 pm in 3534 EH

100 Points

Justify your answers! Be precise!

You may bring two sheets of 8.5 in.× 11 in. paper
on which you have prepared formulas.
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1. [20 pts.] LetXt be a zero-mean process with continuous correlation function R(t,s) satisfying
∫ T

0 R(t,s)ϕk(s) = λkϕk(t). The Karhunen–Lòeve expansion ofXt is

Xt =
∞

∑
k=1

Akϕk(t),

whereAk =
∫ T

0 Xsϕk(s)ds and theAk are uncorrelated withE[A2
k] = λk. Let ML denote the

subspace of random variables spanned byA1, . . . ,AL; i.e.,

ML =

{ L

∑
i=1

ciAi : theci are nonrandom

}

.

For fixedt, find the projection ofXt ontoML.

2. [15 pts.] LetYn ∼ Bernoulli(pn), and putXn := X +n2(−1)nYn, whereX ∼ N(0,1). Determine
whether or not there is a sequencepn such thatXn converges almost surely toX but not in mean.
Justify your answer.

3. [15 pts.] LetU be a uniform[0,1] random variable that is independent of a Poisson processNt

with rateλ = 1. Put
Yt := Nln(1+tU).

Find the probability generating function ofYt , G(z) := E[zYt ] for realz.

4. [15 pts.] LetXn be a Markov chain with the following state transition diagram where 0< a < 1.

0 1 . . . NN −1

a aa

1−a 1−a1−a
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Assume thatP(X0 = i0) = 1 for some 0< i0 < N. Putρ := (1− a)/a, and defineYn := ρXn .
Determine whether or notYn is a martingale with respect toXn. In other words, determine
whether or not

E[Yn+1|Xn, . . . ,X0] = Yn, n = 1,2. . . .

Justify your answer.

5. [15 pts.] LetWt be a standard Wiener process, and let
∫ ∞

0 g(τ)2dτ < ∞. Put

Xt :=
∫ t

0
g(τ)dWτ .

We know thatXt is a Gaussian process. Does it have independent increments?Justify your
answer.

6. [20 pts.] LetXn ∼ N(0,1/n2) andYn ∼ exp(n). Determine whether or notXn −Yn converges in
distribution to zero.Justify your answer.


