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The Fundamental Theorem of Algebra and
the Minimum Modulus Principle

John A. Gubner
Department of Electrical and Computer Engineering
University of Wisconsin—-Madison

Abstract

A direct proof of the fundamental theorem of algebra is given. In other words,
we show that every polynomial of degree greater than or equal to one has at least one
root in the complex plane. The reader is assumed to be familiar with the following
facts.

* The triangle inequality [2| pp. 1415, Theorem 1.13 and p. 23, Problem 13]:
For complex a and b,

|lal = [bl| < la+b| <la| +[b].

¢ The binomial theorem: For complex a and b,

n < n kpn—k
(a+D) :Z<k>ab , n=0,1,....

k=0

* Closed and bounded subsets of the plane are compact (the Heine—Borel Theo-
rem) [2 p. 40, Theorem 2.41].

* A continuous function on a compact set is bounded and achieves its minimum
and maximum values on the set [2, pp. 89-90, Theorem 4.16].

A slight modification of the proof yields the minimum modulus principle.

If you find this writeup useful, or if you find typos or mistakes, please let me
know at John.Gubner@wisc.edu
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1. Preliminary Lemmas
Lemma 1. If p is a polynomial of degree n > 1, then |p(z)| — o as |z| — oo.
Proof. Suppose p(z) = Yi_,cxz", where ¢, # 0. Following [l p. 140], write

Cn—1

c
p(z)zz”{cﬁ- +~~-+2}
z Z
The key idea is that for large |z|, the terms with z in the denominator are negligible
compared with ¢,; i.e., p(z) = 7"[c, +0], and so |p(2)| = |ca| |z]" — o as |z] = o=. To

make this precise, let |z| be so large that |c,—1/z+ - +co/2"| < |cu|/2. Then

Cn— C
cn+( i 1+~~~+2)‘
Z Z

Ip(2)| = I

Cn

Zzl”{lcnl— R

> [z ch| - |Cn|/2} = [z]"[cn] /2 — . U

co
I

} , by the triangle inequality,

Lemma 2 (Taylor’s Theorem for Polynomials). If p is a polynomial of degree
n > 1, then for any zg € C,

n (0
P20
p(2) = p(20) +; 76(! ) (z—20)".
Proof. Suppose p(z) = Y#_,cxz*. Then
n n k!
p@) =Y klk—=1)-- (k= [(=1)exd " = Y ——
k=t = (k=0)!
Now write
n o (0) n n |
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cxl(z—z0) +z0]%, by the binomial theorem,
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Lemma 3. Suppose
f(z) = ae’® + be’P (2 — 20) 4+ (z— 20) T 9 (2),

where a and b are positive, and ¢ > 1. If ¢ is continuous on some closed disk Dy
centered at zo, then there is some z € Do with | f(z)| < | f(z0)|-

Proof. (Based on [3]].) Since ¢ is continuous on the compact set Dy, ¢ is bounded
there, say by M, and we may write |@(z)| < M for all z € Dy. Consider z of the form
7 =20+ re/®, where r is small enough that z € Dg. Then use the triangle inequality
to write

1£(2)] < |ae’™ + beP (z—z0)"| + |2 — 20| "' M
= |aej06 +bej[3r€ej92| JFVZ-HM
— ‘eja (a+brzej(ﬁ+eefa)) | +ré+lM
= |a+br[ej(ﬁ+94*0‘)| + A4

Choose 6 so that e/(BT0-%) — _1:je, 0 := (x4 a—B)/L. Then
1f@)| < la—br'[+ M.
Now further reduce r so that br! < a and rM < b. We now have

f@l<a—br'+r M =a—rb—rM] <a=|f(z)|. O

2. The Fundamental Theorem of Algebra

Theorem 4 (Fundamental Theorem of Algebra). If p is a polynomial of degree
greater than or equal to one, then p has a root in the complex plane.

Proof. (Based on [3]].) By LemmaE], we can choose R so large that for all |z| > R,
we have |p(z)| > |p(0)|. Since D := {z € C: |z] < R} is closed and bounded, and
since |p(z)| is continuous, |p(z)| achieves its minimum value on D at some zp € D.
We claim that p(zg) = 0; i.e., zo is the required root. To obtain a contradiction,
suppose otherwise that p(zp) # 0.

Since zg € D, |z0| < R. In fact, |z9| < R. To see this, notice that points on the
boundary of D, i.e., points with |z| = R, have |p(z)| > |p(0)| and so cannot minimize
|p(z)| on D.

With minimizer zg, Taylor’s Theorem for Polynomials implies

p(z) = ae’® + Z cx(z—z20)%,
k=1
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where ¢; := p®)(z9)/k!, and writing p(zo) = ae/* for some a > 0 is justified because
we assumed p(zp) # 0. Next, we know that ¢, # 0 since degp = n > 1. However,
some of the other coefficients may be zero. Suppose ¢y =0 fork=1,...,/—1, but
c¢¢ # 0. Then writing ¢, = be/P | we have

n
p(z) = ae’® + be’P (z—20)" + (z—20) ! ) cx(z—z0) (D
k=0+1

=19(2)

Since |zo| < R, there is a closed disk Dy centered at 7o and satisfying Dy C D. Since
@ is continuous on Dy, by Lemma 3] there is some z € Dy C D with |p(z)| < [p(z0)],
which contradicts zgp minimizing p on D. |

3. The Minimum Modulus Principle

Theorem 5. Let f be a continuous function on a closed disk D, and suppose f is
analytic on the interior of D. If f is nonzero on D, then the minimum of |f| on D is
achieved on the boundary of D.

Proof. Since |f] is continuous on the closed and bounded set D, the minimum
of |f| on D is achieved by some zg € D. We must show that zj lies on the boundary
of D. Suppose otherwise that zq is an interior point of D. Since f is analytic on the
interior of D, we can expand f in a Taylor series about zg,

£@) = Flzo) + Y cxla—20)k,

k=1

where ¢ := f®)(z0)/k!. If all the ¢; = 0, then f is constant on D, and the theorem
is trivially true. Otherwise, let ¢:=min{k > 1: ¢ # 0}. Writing ¢; = be’P and
f(z0) = ae’*, we have

f(@) = ae’® +belP (z—z0) + (z—20)" Y crlz—z0) Y.
k=0+1

=10(2)

This expansion is only valid in a neighborhood of zp, but we may restrict z to a
closed disk Dy centered at zg such that Dy is a subset of the interior of D. Then ¢
is continuous on Dy C D, and by Lemma[3] there is a z € Dy C D with |f(z)| <a =
|f(z0)|- This contradicts the fact that zo minimizes f on D. O
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