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Basic Properties of Power Series

John A. Gubner
Department of Electrical and Computer Engineering
University of Wisconsin—-Madison

Abstract

These notes provide a quick introduction (with proofs) to the basic properties of
power series, including the exponential function and the fact that power series can be
differentiated term by term. It is assumed that the reader is familiar with the following
facts and concepts from analysis [4]:

The triangle inequality [4, pp. 14-15, Theorem 1.13 and p. 23, Problem 13]:
For complex a and b,

[la| = 1b]| < la+b] < |al +]b].

The binomial theorem: For complex a and b,

n < N\ kyn—k
(a+D) —Z<k)ab , n=0,1,....

k=0

If z, — z, then |z,| — |2/

A convergent sequence is bounded.

If a series converges, its terms tend to zero and are therefore bounded.
Cauchy sequences.

A convergent sequence is Cauchy.

The real and complex numbers are complete.

Uniform convergence.

If you find this writeup useful, or if you find typos or mistakes, please let me
know at gubner@engr.wisc.edu


mailto:John A. Gubner <gubner@engr.wisc.edu>

PowerSeries.tex November 9, 2014
1. Background Results from Analysis
n—1
Lemma 1. Forn>2, Y k=n(n—1)/2.
k=1
Proof. Induction. O

Lemma2. Ifh >0, then (1+h)" > 1+nhforn>1, and (14+h)" > 1+nh+
n(n—1)h?/2 forn>?2.

Proof. These formulas are immediate from the binomial theorem, or they can be
proved easily by induction on n. |

Lemma3. [f0 <7< 1, thent" — 0, nt" — 0, and (n—1)1" — 0.

Proof. The results are trivial forr =0,s0fix 0 <z < 1. Thenh:=(1/t)—1>0
and we can write t = 1/(1+h). By Lemmal[2]

(I+h)" =~ 14+nh ~ nh

and
1 1 2

< < .
(1+h)" ~ 1+nh+n(n—1)h%/2 ~ n(n—1)h?

Now fix € > 0. Then in the first case, the right-hand side is less than € if n > 1/(€h).
In the second case, we have nt" < € if n > 142/(eh?), and we have (n— 1)¢" < € if
n>2/(eh?). O

Remark. From nt" — 0, we can write nt"~! = (nt" /t) — 0/t = 0.

"=

Lemma 4. Ift >0, thent'/" — 1.

Proof. (Based on [4] pp. 57-58, Theorem 3.20(b)].) If ¢t = 1, then =1 1.
If# > 1, thent'/" > 1 and x,, := /" — 1 > 0. Now use Lemmal[2]to write

t=(14x,)" > 1+nx,.

Rearrange this as x, < (1 —1)/n — 0. But x,, — 0 implies 1'/” — 1. If 0 < 7 < 1, then
s:=1/t > 1 and s'/" — 1 by the preceding argument. Hence, t'/" = 1/s'/" — 1. [J

Theorem 5 (Geometric Series). If z is a complex number, then

=

1
L= k<L
n=0
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Proof. For complex z, put

N-1
Sn(z) == Z 7" )
n=0

Note that Sy (1) = N. For z # 1, write

Sv(@) —zSn(z) = (1+z+-+2 ) = (+2++N) =1-2".

Rearranging yields
11—z
Sw@)=4— z#L 2
-z
For |z] < 1, we must show that Sy(z) — 1/(1 —z). This follows from (2) if we can
show zV — 0. Since |z| < 1, we have |ZV| = |z]Y — 0 by Lemma U

Theorem 6. If 7 is a complex number, then

> 1
nl=— |zl<1.
n; (1-2)? &
Proof. Differentiating (I)) and (2)) shows that

N 1NN (V1)
Sy =Y nz = (1_(2 ) .
n=1 Z)

3)

For |z| < 1, we have N|z[¥~! and (N — 1)|z|" both tending to zero by Lemmaand
the Remark following it.

Theorem 7. An absolutely convergent series converges.

Proof. Let wi,wy,... be complex numbers, and put Wy = Z;V;OI |wy| and Wy :=
Zﬁ:’;ol wy,. We must show that if Wy converges, then Wy also converges. For M > N,
use the triangle inequality to write

M-1
T,
n=N

Wi —Wy| =

M—1 _ _
S Z |Wn| :WM_WN-
n=N

By hypothesis, Wy converges and is therefore Cauchy. The above inequality shows
that Wy is also Cauchy. Since the complex numbers are complete, Wy converges. []

Theorem 8 (Comparison Test). Let cy,ca,... be a sequence of nonnegative num-
bers such that Zﬁ,\]:_ol cp converges. If wi,wy, ... are complex numbers with |w,| < ¢,
holding for all sufficiently large n, then Zf:’;ol wy, and Zf:’;ol |wy| converge.
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Proof. Put Cy := ZHN;OI ¢, and define Wy as in the proof of Theorem Suppose
[wn| < ¢, for all n > Ny. Then for M > N > N,

M—1
WM WN—Z|Wn|< ZC"_CM Cy.
n=N n=N

By hypothesis, Cy converges and is therefore Cauchy. The above mequahty shows
that Wy is also Cauchy and therefore converges. By Theorem [7, Y, n— 0 wy, also con-
verges.

Lemma 9. Ifwi,ws,... are complex numbers, and if ZnN:1 wy, converges, then

Z wy| < Z |Wn|~
n=1 n=1

Remark. The above right-hand side may be infinite, but if it is finite, then the
series on the left converges by Theorem

B Proof. Wigl the notation from proof of "llheorem let W := limy_,.. Wy and

W := limy_,. Wy. We must show that |W| < W. By the triangle inequality, ||Wy| —
[W|[| < Wy —W|— 0, and so [Wy| — [W|. We can now write
N N ~
= 1 = 1 < 1 = .
W] = lim [Wy| = lim P2 _A}gg'glwnl w O

Theorem 10 (Discrete Fubini). Let w,,, be complex numbers with

(L) <
Then

Z Zwmn = Z Z Winn-
m=1n=1 n=1m=1

Proof. There are four important implications of the hypothesis.

e Foreachn, Y, _; [Wmn| < co. Hence, ¥ r»_, Wy, converges absolutely.

e Foreachm, Y| |[wmn| < oo. Hence, W,f;’ = ZHNZI Wi, converges absolutely to
Wi := Zn 1 Wmn-

e Using Lemmal9} X _ Wi = Xooei [t Winn| < Tyoey Eeey [Winn| < oo, This
shows that }° | W,, converges absolutely.

e Given € > 0, we can choose M so large that

y (Z|W,,m|> <e)2.
m=M+1 \n=1
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Using this notation, we must prove that

oo N o
For M as above, let N be so large that |W,, — WY| < €/(2M) form = 1,...,M. Then

o N oo
Z Wm - Z Z w Z Wmn
n=1m=1

m=1 —

Mx

3
I

Ms

LY
Vo L

1

018 5

< |W,,,—W,,];/|7 by Lemma 9]

1

3
Il

|Wm wh|+ Z Wy — W
m=M+1

Z ‘Wm_erz\,"

m=M+1

I
il ao B

A
™
~
)
_|_

Denoting this last sum by S3s, we have

Y Y < Y Y wwls X lemn\<8/2 0

m=M+1In=N+1 m=M+1n=N+1 m=M+1n=

Theorem 11 (Uniform Cauchy Criterion). Let f,(z) be a sequence of complex-
valued functions defined on a subset E of the complex plane. If the f, are uniformly
Cauchy on E in the sense that for every € > 0, there exists an Ny such that for all
n,m > N,

|fun(2) — fm(z)| <€, forallzeE, 4)

then f, converges uniformly on E.

Proof. 1f the f, are uniformly Cauchy on E, then in particular for each z € E,
fn(z) is a Cauchy sequence and therefore converges to some complex number, which

we denote by f(z). Hence, f,,(z) — f(z) for each z € E. Given € > 0, let Ny be such
that for all n,m > Ny, @]) holds. We claim that for all n > N,

Ifu(z) = f(z)| <2¢, forallz€E.

Fix any z € E. Since f,(z) — f(z), for all sufficiently large m, |f,,(z) — f(z)| < €. Fix
any such m that is also greater than Ny. Then for n > N,

1fn(2) = f(2)] < 1fal2) = (@) + | fn(2) = f2)] <€+ =2e. O
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2. Basic Properties

Put
N—I _ N—1
Av(z) =Y a, " and An(z) =) |,
n=0 n=0

where the a,, are arbitrary complex numbers. When Ay(z) is known to converge, we
denote the limit by A(z), and when XN(z) is known to converge, we denote its limit
by A (z). This notation allows us to emphasize that the value of an infinite series is
the limit of the partial sums.

Associated with the above series, put

K := limsup |a,|'/".
n—soeo

The radius of convergence is r := 1/k, where 1/0 is taken as oo, and 1 /oo is taken

as Z6r0

Example 12. If @, = 1/n!, show that k¥ = 0.
Solution. Let € > 0 be given. Let N+ 1 > 1/€. Then for n > N,

)

\"V NV
nl=1-2---NN+1)---n>N![ - =
& en

()" <e(wer) "

By Lemma for sufficiently large n, (1/(N!€")) < 2, which implies (1/n)V/" < 2e.
Since € was arbitrary, (1/n!)!/" — 0.

Theorem 13 (Radius of Convergence). If |z| < r, then Ay(z) converges abso-
lutely, and if |z| > r, then An(z) does not converge. Furthermore, if 0 < p < r,
then for some finite constant M, we have |a,| < M /p" for all n.

Proof. The conditions |z| < r and |z| > r are equivalent to |z|k < 1 and |z|x > 1.
It is convenient to put

0(z) := |z|x = limsup |a,2"|'/".
n—yoo

If 6(z) < 1, choose € > 0 so small that 6(z) + € < 1. The definition of limsup
implies that for all sufficiently large n we have |a,z"|'/" < 6(z) + €& < 1. Equivalently,

I'Hence, x is the curvature of a circle of radius .
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lanz"| < [0(z) + €]". This last quantity is the typical term in a convergent geometric
series, and so by the Comparison Test, Ay(z) converges absolutely.

Now suppose 0(z) > 1. To obtain a contradiction, suppose Ay(z) converges.
Then |a,z"| — 0. However, using the definition of limsup in the definition of 6(z)
implies that there is a subsequence |a,, 2|'/" — 6(z) > 1. Hence, there are infinitely
many values of n with |a,z"|'/" > 1; i.e., |a,z"| > 1. This contradicts |a,z"| — 0.

If we take z = p in the first paragraph of the proof, then for all sufficiently large
n, say for n > N, we have |a,p"|'/" < 1, which implies |a,p"| < 1, or |a,| < 1/p".
By taking M > 1 and M > max;<,<p |a,|p", we have |a,| < M/p”" for all n. O

Theorem 14 (Uniform Convergence). If An(z) has radius of convergence r, then
An(z) converges uniformly on any disk of radius strictly less than r.

Proof. Fix any 0 < r; < r. Since r; > 0, there is some complex z; with |z;| =
ri. Hence, r; = |z;| < r. Then Ay(z;) converges absolutely. Equivalently, XN(ZI)
converges and is therefore Cauchy. We now apply the Uniform Cauchy Criterion
Theorem [11]as follows. For |z| < rj = |z1] and M > N, write

¥ o

Since Ay(z) is Cauchy, the inequality shows that Ay(z) is uniformly Cauchy. [

< Z lan||z]" < Z lan| |z1]" = Am(z1) — An(z1).

=N

|An(2) (2=

Example 15. We now see that exp(z) := Y~ ,z"/n! converges absolutely and
uniformly for all complex z.

Theorem 16. For complex z and w, exp(z+w) = exp(z) exp(w).

Proof. Using the binomial theorem, write

exp(z 4 w) = z“w g Z<>m

We know that the middle expression above is a finite complex number for all complex
numbers z and w. In particular this is true when z and w are replaced by |z| and |w|,

respectively. Hence,
o LX) kg ik
Yy ()l < e
0! =0 \K

By the Discrete Fubini Theorem the following calculations are justified. Let u()
denote the unit-step function, u(r) := 1 forz > 0 and u(r) := 0 for 7 < 0. Then

et = £ 1 5 (1)
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P = = exp(z) exp(w). |

~
~

Lemma 17 (Multiplication of Power Series). Let Ay(z) and By(z) each have a
positive radius of convergence, and let r denote the smaller of the radii. Then for
|lz| <r, C(z) :==A(z)B(z) is equal to Yy cnZ", where

n
Cp = Zakb,,,k, n=0,1,....
k=0

Proof. For |z| < r, we can write

Co) =A@ = ( ¥ act )8 -
k=0

M
2
;'E
||
M

ak<2bgz>

€+k

k=0

T
(=)

akb[Z

T
o

Il
[ ngk
i

We can similarly write

(z |akzk|) (z |bng|) — Y Y la bl 1,
k=0 =0 k=00=0

where the left-hand side is finite because power series are absolutely convergent.
Hence, we can apply Theorem [I0] when we need it shortly. Recalling the unit-step
function u introduced earlier, write

0 oo 0 oo o oo

C(z) = Z Z agby? T = Z Z arb, 17" = Z Z arby 17" u(n—k)
k=00=0 k=0n=k k=0n=0

o oo

= Z Z agbp_17"u(n—k)

n=0k=0

= Z Zakbn kZ D

n=0k=
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Theorem 18 (Differentiation of Power Series). Suppose An(z) has radius of con-
vergence r. Then for all |z] < r,

J = N
& ;anz” = n; na,?'~

Proof. Put By(z) := YN "'na,7"~'. We first argue that By(z) converges for
|z| < r. From the proof of Theorem (13 . we can write |[na,z"'| = (n/|z])|a."| <
(n/)z])[0(z) + €]". This last quantity is the typical term in a convergent series (mul-
tiply the result of Theorem@ by z to see this). By the Comparison Test, By(z) con-
verges absolutely, and we denote this limit by B(z).

Fix any |zo| < r and choose p with |z9| < p < r. We must show that

A(z) —A(zo) _ B(z)

Z—20
tends to zero as z — zo. Since A(z), A(zo), and B(z) are given by convergent series,

=)

A(z) —A(z0) — B(z0)(z — 20) Zanz ianzg—[inanzgl}(z—zo)

n=

= Zan(z”—zo Znanzo 7—20)

I
s

an [ — 2y —nzl (z—20)]

3
Il
-

an (2" — 2 —nzh (z—20)].

I
Mz

I
S}

Now write
'~ —ngy Nz—z20) =" — 2 —nzl 'z +n7
="+ (n—1)z5g—nzy Iz
[1+(”—1)(ZO/Z) —n(z0/2)" "]

—1

=7"(z— ZO) k(zo/2)", by @),
k=1
n—1

(z—20) Z fgk =1k

Since |zo| < p, for z close to z, we have |z| < p as well, and so

oo —1
2 Z a, |:nz sz‘)lznkﬂ}

n=2 k=1

|A(z) —A(z0) — B(z)(z—20)| = |z — 20|
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oo n—1
<lz—z20* Y lan| ¥ klzo/* |2/ *!, by Lemmafd]
n=2 k=1

o n—1
<l|z—z? Z |an|p" Zk, since |z], |z0| < p,
n=2 k=1

=

= |z—z0|? Z lan|p"n(n—1)/2, by Lemmall]
n=2

If we can show this last sum is finite, then we can divide both sides by |z — zo| and
see that
A(z) —Al(z0)

Z—20

—B(z0)] >0 asz— 7.

To show that this last sum is finite, use the proof of Theorem [I3| with z = p to
write
lanlp"n(n—1)/2 <[0(p) +€]"n(n—1)/2.

The right-hand side is the typical term in a convergent series (differentiate (3)) and let
N — o), and so the desired result follows by the Comparison Test. |
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