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CHAPTER 1

Introduction

1.1. Communication Systems

Communication is the conveying of a message (or its approximation) from one
place, called the source location, to another place, called the destination [20]. In
order to accomplish this task, we have available a channel that accepts inputs x at the
source location, and produces a related output y at the destination; the output y de-

x channel y

pends on the input x, usually in some random way. The first difficulty we have is that
the message, call it U , is usually not the same type of object as the acceptable inputs
to the channel. For example, the message may be a baseband voice waveform, but
the channel may accept only waveforms in a certain passband. Or the channel may
be a fiber-optic cable that accepts only pulses of light. So we usually need some sort
of converter to transform a message object into a channel-input object. Depending on
the context, this converter may be called an encoder, a modulator, or a transmitter.
The second difficulty we have is that the channel output y may not be the same type
of object as the message U that is desired at the destination. For this reason, we need
a deconverter that transforms the channel output y into an approximation of U , which
we denote by Û . Depending on the context, the deconverter may be called a decoder,
a demodulator, or a receiver. The concatenation of the converter, the channel, and
the deconverter constitutes a communication system as shown in Figure 1.1.

U
x

channel
y

deconverterconverter Û

Figure 1.1. A communication system.

1.2. Digital Communication Systems

In a digital communication system, although there are many admissible values
of the channel input x, we intentionally use only a finite number of them, say Nc. This
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2 1 Introduction

means that the converter in Figure 1.1 can be broken down into two subsystems.a The
first one is a source encoder that takes a message and maps it into one of the integers
1, . . . ,Ns. The second subsystem is a channel encoder that maps each of these inte-
gers into one of our Nc selected channel inputs, say x1, . . . ,xNc . The deconverter can
be similarly broken down into a channel decoder that takes channel outputs into the
integers 1, . . . ,Nc and a source decoder that takes these integers into message values
or their approximations.

U
isource

encoder
xichannel

encoder channel
y îchannel

decoder Ûsource
decoder

Figure 1.2. A digital communication system.

Another consequence of using only Nc channel inputs is that if the message U
takes more than Nc distinct values, we cannot recover U in all cases. This situa-
tion can occur whether message is discrete or analog. Source encoders for binary
data are discussed in the next subsection. As for analog data, for now we just men-
tion that to approximate real-valued messages, we use quantization. If the message
is a continuous-time waveform or a spatially continuous image, we sample it and
then quantize the samples. Sampling is justified by the sampling theorem in the
case of bandlimited data [20], [21]. As a practical matter, all sources are approxi-
mately bandlimited — a nice discussion of this can be found in the first three pages
of Slepian [23] (easy reading — I recommend it).

1.2.1. Source Encoders for Binary Data

Consider an information source that generates an infinite stream of zeros and
ones, which we denote by U1,U2, . . . . Suppose we group the information symbols
into blocks of size k, e.g., U := (U1, . . . ,Uk). Then there are at most 2k possible
values of U . A source encoder is a function that maps each possible k-tuple of bits
into an integer i ∈ {1, . . . ,Ns}, where Ns ≤ 2k. The rate of a such a source encoder is

Rs :=
log2 Ns

k
,

measured in bits per source symbol.

a Just because we can break a system into two subsystems does not necessarily mean that it is a good
idea to do so. We will say more about this shortly when we discuss the Source-Channel Separation
Theorem.
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1.2 Digital Communication Systems 3

WhyMight We Use Ns <<< 2k?

Suppose that U2i = 0 for i = 1,2, . . . . Then (U1,U2, . . . ,Uk) can take only 2k/2

possible values. More generally, not all length-k blocks have equal probability. Some
may be so unlikely that we can ignore them and still have a very low probability of
error. Shannon’s Source Coding Theorem says that this will be the case if Rs greater
than or equal to the entropy H of the source.

1.2.2. Channel Codes

A channel encoder is a function that maps each i ∈ {1, . . . ,Nc} into a vector xi
in a vector space X of dimension n. For example, we might have X = {0,1}n; i.e.,
the set of n-tuples of bits. In any case, if a source block U = (U1, . . . ,Uk) is mapped
into the integer i, then the signal xi is transmitted over a channel, whose output y is
determined by the transmitted signal xi as well as noise. The channel decoder is a
mapping that assigns to each possible channel output y, an element in {1, . . . ,Nc}.
The rate of the channel code is

Rc :=
log2 Nc

n
,

measured in bits per dimension or bits per channel use, depending on the space X.
Shannon’s Channel Coding Theorem says that under suitable conditions, if Rc is
less than or equal to the capacity C of the channel, then P(i 6= î ) can be made as
small as we like by increasing n. In other words, the dashed box in Figure 1.2 can be
made almost noiseless!

It is important to stress here that C does not depend on n. Since all we need is
(logNc)/n≤C, as n increases, we can let Nc increase as well!

1.2.3. Source Decoder

A source decoder is a mapping that assigns to each element in {1, . . . ,Ns}, a
unique binary k-tuple.

1.2.4. Rate-Distortion Theory

When the dashed box in Figure 1.2 is almost noiseless, what remains is the rate-
distortion problem. If Ns is not large enough to code each message separately, and
this is always the case for analog data, how can we make Û the best approximation
of U?

January 23, 2022



4 1 Introduction

1.2.5. Source-Channel Separation

The conditions Rs ≥ H and Rc ≤C along with Ns ≤ Nc imply that

kH ≤ log2 Ns ≤ log2 Nc ≤ nC.

If source symbols arrive at rate ρs per second and channel symbols are sent at rate ρc
symbols (or dimensions) per second, then during a time window of duration T , k =
ρsT and n = ρcT . Hence, the above condition implies ρsT H ≤ ρcTC, or ρsH ≤ ρcC.
If source symbols arrive at the same rate as channel symbols (or dimensions) leave,
then we need H ≤C.

Under suitable assumptions, there is no loss in designing the source encoder and
the channel encoder separately. This is known as the Source-Channel Separation
Theorem [3].

1.3. Course Outline

As suggested by the foregoing discussion, key topics in the course include the
sampling theorem, quantization, fixed-length source codes and Shannon’s Source
Coding Theorem along with Shannon’s Channel Coding Theorem. In addition, we
will study the sampling theorem, quantization, variable-length source codes, and rate-
distortion theory. Various other topics may be included as time permits.

Problems

Remark. The problems below familiarize you with convex functions in general
and the logarithm in particular (whose negative is convex). The logarithm is used
later to define entropy and mutual information.

1. Let g(x) be a real-valued function defined on an interval I of the real line. We
say that g is convexb if for all x,y ∈ I and all 0≤ λ ≤ 1,

g
(
λx+(1−λ )y

)
≤ λg(x)+(1−λ )g(y).

Let X be a discrete random variable taking values x1, . . . ,xn in I with probabilities
pi = P(X = xi). Derive Jensen’s inequality,

E[g(X)]≥ g(E[X ]).

b A function is concave if its negative is convex. Hence, for concave functions h, Jensen’s inequality
says that E[h(X)]≤ h(E[X ]). Some authors do not use the term “concave.” Instead they write “convex ∩”
for “concave,” and they write “convex ∪” for “convex.” In this context, the symbol ∩ is read “cap.” and
the symbol ∪ is read “cup.”
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Problems for Chapter 1 5

Hint: Use mathematical induction on n: If n = 2, the result follows from the
definition of a convex function if you take λ = p1 and (1−λ ) = p2. Now show
that if the result holds for n equal to any k≥ 2, then the result holds for n = k+1.

2. Evaluate lim
t↓0

t ln t. Hint: Apply l’Hôpital’s rule [19, p. 109] to (ln t)/(1/t).

3. Show that logb x = (lnx)/(lnb).

Remark. Taking x = e shows that logb e = 1/(lnb). It then follows that logb x =
(logb e) lnx.

4. Given any α > 0, show that

lim
n→∞

(nα)1/n = 1.

Hint: First apply l’Hôpital’s rule [19, p. 109] to (ln t)/t and make a note of the
result.
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CHAPTER 2

The Sampling Theorem and Quantization

2.1. The Sampling Theorem

Recall that a finite-energy waveform x(t) is bandlimited if its Fourier transform
X( f ) satisfies X( f ) = 0 for | f |>W for some positive bandwidth W . The sampling
theorem says that such a waveform has the representation

x(t) =
∞

∑
k=−∞

x(k/ fs)sinc( fs[t− k/ fs]),

where the sampling frequency fs is at least twice the bandwidth; i.e., fs ≥ 2W . The
sinc function is

sinc(t) :=





sin(πt)
πt

, t 6= 0,

1, t = 0.

The point of the sampling theorem is that knowledge of the samples x(k/ fs)
allows us to reconstruct x(t) for all t. Hence, in principle, the problem of commu-
nicating bandlimited waveforms has been reduced to the problem of communicating
an infinite sequence of real numbers.

Derivation

To derive the sampling theorem, we start with the fact that the assumptions on x
imply

x(t) =
∫

∞

−∞

X( f )e j2π f t d f =
∫ W

−W
X( f )e j2π f t d f .

Since X is zero outside of [−W,W ], X is also zero outside of [− fs/2, fs/2] for any
fs ≥ 2W . From the theory of Fourier series, we can writea

X( f ) =
∞

∑
k=−∞

cke− j2πk f/ fs , | f | ≤ fs/2,

a The sum is understood to converge in mean square.
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2.2 Quantization 7

where the Fourier-series coefficients ck are easily found to be ck = x(k/ fs)/ fs. Now
observe thatb

x(t) =
∫

∞

−∞

X( f )e j2π f t d f

=
∫ fs/2

− fs/2
X( f )e j2π f t d f

=
∫ fs/2

− fs/2

[
∞

∑
k=−∞

cke− j2πk f/ fs

]
e j2π f t d f

=
∞

∑
k=−∞

ck

∫ fs/2

− fs/2
e− j2πk f/ fs e j2π f t d f

=
∞

∑
k=−∞

x(k/ fs)/ fs · fs sinc( fs[t− k/ fs]).

2.2. Quantization

2.2.1. Vector Quantizers

Let X = (X1, . . . ,Xd) be an IRd-valued random vector. An N-level vector quan-
tizer is any function q of the formc

q(x) :=
N

∑
i=1

ci1Vi(x), (2.1)

where the sets V1, . . . ,VN form a partition of IRd and the ci ∈ IRd . Recall that a
partition is a collection of nonempty sets that are pairwise disjoint and whose union
is the whole space.

Optimizing the Partition — Voronoi Regions

If the ci are given, what is the best choice of partition to minimize the mean-
squared error E[‖X−q(X)‖2]? Here ‖ · ‖ is the Euclidean norm on IRd .

We claim that no partition can do better than the partition of Voronoi regions
defined byd

V ∗j := {x ∈ IRd : ‖x− c j‖2 ≤ ‖x− ci‖2 for all i}. (2.2)

b The second integral can be viewed as an inner product, and so the interchange of infinite sum and
integral is permissible by continuity of the inner product.

c Here 1V denotes the indicator function of the set V ; i.e., 1V (x) := 1 if x∈V and 1V (x) := 0 otherwise.
d To be precise, we should let B j denote the set in (2.2) and then put V ∗1 := B1 and V ∗j := B j ∩Bc

j−1 ∩
·· ·∩Bc

1 for j = 2, . . . ,N.
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8 2 The Sampling Theorem and Quantization

To establish this claim, let

q∗(x) :=
N

∑
j=1

c j1V ∗j (x).

Then write

E[‖X−q(X)‖2] = E[‖X−q(X)‖2 ·1 ·1]

= E

[
‖X−q(X)‖2

( N

∑
i=1

1Vi(X)

)( N

∑
j=1

1V ∗j (X)

)]

=
N

∑
i=1

N

∑
j=1

E[‖X−q(X)‖21Vi(X)1V ∗j (X)]

=
N

∑
i=1

N

∑
j=1

E[‖X− ci‖21Vi(X)1V ∗j (X)],

since q(x) := ci for x ∈Vi. On the other hand, for x ∈V ∗j , we know that

‖x− c j‖2 ≤ ‖x− ci‖2, for all i.

Hence,

E[‖X−q(X)‖2] ≥
N

∑
i=1

N

∑
j=1

E[‖X− c j‖21Vi(X)1V ∗j (X)]

=
N

∑
i=1

N

∑
j=1

E[‖X−q∗(X)‖21Vi(X)1V ∗j (X)]

= E

[
‖X−q∗(X)‖2

( N

∑
i=1

1Vi(X)

)( N

∑
j=1

1V ∗j (X)

)]

= E[‖X−q∗(X)‖2].

Optimizing the Coefficients — Linear Estimation

If the sets Vi of an arbitrary quantizer q in (2.1) are given, what are the best ci to
use?

Let Y := [1V1(X), . . . ,1VN (X)]T. Then q(X) = AY, where A is the d×N matrix
A := [c1, . . . ,cN ]. Hence, the mean-squared error is E[‖X −AY‖2]. In other words,
finding the best vectors ci is equivalent to finding the best linear transformation (ma-
trix) A. By the orthogonality principle [7, Section 8.4], the best matrix A is any
solution of the normal equations

ARY = RXY, (2.3)

January 23, 2022
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Problems for Chapter 2 9

where RY is the correlation (not covariance) matrix RY := E[YYT] and RXY is the
cross-correlation matrix RXY := E[XYT].

2.2.2. The Lloyd–Max Algorithm

The repeated alternating iteration of optimizing the partition and ci is the Lloyd–
Max algorithm [16], [17]. The scalar case, d = 1, is quite simple. First, if c1 < · · ·<
cN , then (2.2) reduces to

V ∗j =
(c j−1 + c j

2
,

c j + c j+1

2

]
.

Second, since RY is diagonal, (2.3) is easily solved to yield

c∗j =
E[X1V j(X)]

P(X ∈Vj)
.

If X has density function f , and if Vj is an interval, say Vj = (a j,b j], then

c∗j =

∫ b j

a j

x f (x)dx

∫ b j

a j

f (x)dx
.

Problems

1. MATLAB. The sampling theorem assumes that the signal is exactly bandlimited
and that you have the samples x(k/ fs) for all k. In this problem you will ex-
plore what happens when the bandlimited condition only holds approximately
and when not all samples are available. Download and save the MATLAB M-
files smpthm.m, lincmb.m, and sscript.m. following parameter changes:

(a) No changes.
(b) Tasamp = -1 and Tbsamp = 3.
(c) W = 0.3, Tasamp = -5 and Tbsamp = 5.

Turn in your plots in all three cases.

2. Show that the mean-squared error of an N-level quantizer of a scalar random
variable X is

E[|X−q(X)|2] =
N

∑
j=1

E[(X− c j)
21V j(X)].

January 23, 2022
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10 2 The Sampling Theorem and Quantization

Now put
Fk(x) := E[Xk1(−∞,x](X)],

where F0 is the ordinary cumulative distribution function. Show that if Vj =
(a j,b j], then the jth expectation in the above formula is given by

F2(b j)−F2(a j)−2c j[F1(b j)−F1(a j)]+ c2
j [F0(b j)−F0(a j)].

3. The formula for V ∗j given in the scalar case of the Lloyd–Max algorithm is valid
only for j = 2, . . . ,N−1. Determine formulas for V ∗1 and V ∗N .
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CHAPTER 3

Data Compression Using Variable-Length
Codes

3.1. Introduction

Consider an alphabet of source letters, say X = {a,b,c,d}. Here are possible
choices for a fixed-length binary code and a variable-length binary code.

symbol codeword
a 00
b 01
c 10
d 11

symbol codeword
a 0
b 10
c 110
d 111

The expected codeword length of the fixed-length code is 2, no matter what the prob-
abilities of the source letters are. This is in contrast to the variable-length code. If the
source letters are equally likely, then the expected codeword length of the variable-
length code is 9/4 = 2.25. However, if p(a) = 1/2 and p(b) = p(c) = p(d) = 1/6,
then the expected length of the variable-length code is 11/6 = 1.83.

Goals:

• Characterize unique decodability or self-punctuating codes.
• Characterize the minimum possible expected length. This result depends on

the entropy of the source.
• Develop an algorithm for finding a variable-length code whose expected length

is the minimum possible.

3.2. Codewords

Let D be a finite set containing D elements. Without loss of generality, take
D := {0,1, . . . ,D− 1}. The set D is called the codeword alphabet. Let D∗ denote
the set of al finite-length strings from D. For d∈D∗, we let `(d) denote the number of
letters in d. For example, if D = 3, D= {0,1,2}, and if d = 0020112, then `(d) = 7.
Our codewords will be elements of D∗.

11



12 3 Data Compression Using Variable-Length Codes

3.3. Codes

Let X be an arbitrary set of source symbols. Let |X| denote the cardinality of X;
i.e., |X| is the number of elements in X. A function or mapping C:X→ D∗ is called
a source code. The range of C is the set {C(x) : x ∈ X}. In coding theory, the range
of the function C is called the codebook. Typically, the codebook is always a proper
subset of D∗.

In this course, we always work with finite or countably infinite sets X. In this
case, we assume that we are given a probability mass function (pmf) p on X; i.e.,
p(x) ≥ 0 and ∑x∈X p(x) = 1. When p is given, the expected length of the source
code C is

L(C) := ∑
x∈X

`(C(x))p(x).

In other words, if X is an X-valued random variable with pmf p(x) = P(X = x),
then

E[`(C(X))] = ∑
x∈X

`(C(x))P(X = x) = ∑
x∈X

`(C(x))p(x) = L(C).

Definition 3.1. A collection of codes is said to be closed under codeword reas-
signment if given any code in the collection, reordering its codewords yields another
code in the collection.

Here are some collections of codes that are closed under codeword reassignment:

• Codes whose codewords have length at most n.
• Codes whose codewords have an even number of 1s.
• Prefix-free codes (defined later).

Here are some collections of codes that are not closed under codeword reassign-
ment; here X= {a,b,c,d}:

• Codes with `(C(a)) = 1.
• Codes with C(a) having an even number of 1s.
• Binary codes with C(a) being the one’s complement of C(d).

Proposition 3.2. Let C be a collection of codes that is closed under codeword
reassignment. If C∈C has minimal expected length among all codes in C , then C has
the property that higher-probability codewords have smaller length; more precisely,
if p(u)> p(v), then `(C(u))≤ `(C(v)).

Proof. Suppose C ∈ C has minimal expected length; i.e., L(C) ≤ L(C′) for all
C′ ∈ C . Suppose also that p(u) > p(v). Construct a new code C′ by interchanging
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3.4 Decodability 13

the codewords assigned to u and v and leaving all other codewords the same. Thus,

L(C′) = ∑
x 6=u,v

`(C′(x))p(x)+ `(C′(u))p(u)+ `(C′(v))p(v)

= ∑
x 6=u,v

`(C(x))p(x)+ `(C(v))p(u)+ `(C(u))p(v).

Then

0≤ L(C′)−L(C) = `(C(v))[p(u)− p(v)]+ `(C(u))[p(v)− p(u)]

= [p(u)− p(v)][`(C(v))− `(C(u))],

where the inequality follows because C′ ∈ C (on account of the closed reassignment
property of C ) and because C has minimal expected length. Since p(u)− p(v) > 0,
we can divide by this quantity and obtain the desired result.

3.4. Decodability

Good codes have small values of their expected length. But now suppose that we
wish to compress a sequence of source symbols. If the codewords are separated by
commas, there is no problem; however, this implies that the commas must also be
stored!

Definition 3.3. A code C:X→ D∗ is one-to-one if C(x) = C(y)⇒ x = y for all
x,y ∈ X.

Definition 3.4 (Extension of a Code). Given a code C:X→D∗, we define its ex-
tension C∗:X∗→ D∗ by

C∗(x1x2 · · ·xn) :=C(x1)C(x2) · · ·C(xn).

In other words, for x1, . . . ,xn ∈ X, if x := x1x2 · · ·xn ∈ X∗ is the concatenation of
x1, . . . ,xn, then C∗(x) is the concatenation of C(x1), . . . ,C(xn).

Definition 3.5 (Unique Decodability (Self Punctuating)). A code C is uniquely
decodable or self punctuating if its extension C∗ is one-to-one. In other words, C is
uniquely decodable if given any sequence of source symbols, say x1, . . . ,xn, we can
recover them using only the concatenation of their corresponding codewords.

For a general uniquely decodable code, we need to examine C(x1) · · ·C(xn) before
we can determine x1.
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14 3 Data Compression Using Variable-Length Codes

Definition 3.6 (Prefix-Free Code (Instantaneous Code)). A code is said to be a
prefix-free code or an instantaneous code if no codeword is a prefix of any other
codeword.

Example 3.7 (A Prefix-Free Code [3]). With X= {a,b,c,d} and D= {0,1}, con-
sider the prefix-free code

x C(x)
a 0
b 10
c 110
d 111

If C∗(x) = 01011111010, we see that C∗(x) = 0,10,111,110,10 and so x1 = a, x2 =
b, x3 = d, x4 = c, and x5 = b. Putting this all together, we have x = abdcb. Since
we could figure out where to put the commas, the code is self punctuating.

Example 3.8 (Uniquely Decodable but not Prefix-Free [3]). With X= {a,b,c,d}
and D= {0,1}, consider the code

x C(x)
a 10
b 00
c 11
d 110

If C∗(x) = 10001101100, we again decode x = abdcb. However, we cannot decide
that x3 = d until we see the first bit of C(x4) = 11. Hence, this code is uniquely
decodable, but it is not a prefix-free code.

Example 3.9 (One-to-One but not Uniquely Decodable [3]). Again suppose that
X= {a,b,c,d} and D= {0,1}, consider the code

x C(x)
a 0
b 010
c 01
d 10

With C∗(x) = 010, we cannot distinguish among the choices x = b, x = ad, and
x = ca since in each case C∗(x) = 010. In other words, we need to put commas
between the values of C(xi).

January 23, 2022



3.5 Prefix-Free Codes and the Kraft Inequality 15

Proposition 3.10. A nontrivial prefix-free code of minimal expected length must
have at least two codewords of maximal length.

Proof. Suppose otherwise that for some u ∈ X with p(u)> 0, `(C(u))> `(C(x))
for all x 6= u. Let C(v) be a codeword whose length is the next longest after C(u),
say C(v) = d1 · · ·dn and C(u) = d′1 · · ·d′nd′n+1 · · ·d′n+k. If we define a new code C′ by
putting C′(u) := d′1 · · ·d′n and C′(x) := C(x) for x 6= u, then L(C′) < L(C), and C′ is
still a prefix-free code. This contradicts the assumption that the prefix-free code C
has minimal expected length among all prefix-free codes.

3.5. Prefix-Free Codes and the Kraft Inequality

It is sometimes convenient to view codewords as being located at nodes in a tree.
Let C be a code, and put `max := maxx∈X `(C(x)). Construct a D-ary tree of depth
`max as shown in Figure 3.1 for D = 2 and `max = 3. We can then draw circles around

0

1

00

01

10

11

110

111

000

001

010

011

100

101

root

321

all possible
codewords

of length

Figure 3.1. Binary tree for codewords of maximum length 3.

the nodes that correspond to codewords. For example, Figure 3.2 illustrates the case
in which 0 and 10 are codewords. Notice that the 6 codewords connected to the right
of 0 all contain 0 as a prefix. Similarly, the 2 codewords connected to the right of
10 contain 10 as a prefix. To add another codeword and maintain the prefix-free
property, we must choose from 11, 110, or 111. If we choose 11, then there are no
more codewords that can be added without violating the prefix-free property. On the
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16 3 Data Compression Using Variable-Length Codes

0

1

00

01

10

11

110

111

000

001

010

011

100

101

root

321

all possible
codewords

of length

Figure 3.2. Codewords 0 and 10 are circled.

other hand, if we instead add 110 as the third codeword, we could still add 111 as a
fourth codeword and maintain the prefix-free property.

Theorem 3.11 (Kraft Inequality, 1949). Let X be a finite source alphabet of size
m, and consider a code alphabet of size D. Then every prefix-free code C satisfies

∑
x∈X

D−`(C(x)) ≤ 1. (3.1)

Conversely, if `1, . . . , `m are positive integers satisfying ∑
m
i=1 D−`i ≤ 1, then there is a

prefix-free code C whose codewords d1, . . . ,dm satisfy `(di) = `i. Furthermore, in the
binary case, if (3.1) is strict, then C can be modified to obtain a new code that satisfies
(3.1) with equality and whose expected length is not greater than the original.

Proof. Suppose C is a prefix-free code. Put `max := maxx∈X `(C(x)). Construct
the D-ary tree of potential codewords of maximum length `max as shown in Fig-
ure 3.1 for D = 2 and `max = 3. If a codeword C(x) has length `(C(x)), then there are
D`max−`(C(x)) words in the tree having length `max that cannot be used as codewords
for other source letters (do not worry about words in the tree having length less than
`max that cannot be used). Since there are D`max words in the tree having length `max,
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3.5 Prefix-Free Codes and the Kraft Inequality 17

and since we cannot eliminate more length-`max words than there are, we must have

∑
x∈X

D`max−`(C(x)) ≤ D`max ,

which implies (3.1).
Now suppose codeword lengths `i are given with ∑

m
i=1 D−`i ≤ 1. Without loss of

generality, assume `1 ≤ ·· · ≤ `m. Then ∑
m
i=1 D`m−`i ≤ D`m . Consider a D-ary tree of

potential codewords of maximum length `m. Pick any word of length `1. Then all
words in the tree attached to the right of the codeword are not available to assign to
other source letters. However,

D`m −D`m−`1 ≥
m

∑
i=2

D`m−`i ≥ 1.

Hence, there are words in the tree having length `m that are available. Pick one and
trace a path back to the root of the tree. This shows that there is a codeword of length
`2 available. Continuing in this way, we obtain prefix-free codewords d1, . . . ,dm that
satisfy `(di) = `i.

Suppose (3.1) is strict. Then

D`m −
m

∑
i=1

D`m−`i > 0.

This means that there is at least one available word of length `max in the tree, call that
word d. If the sibling of d is a codeword di with length `i = `max, then the source letter
it corresponds to can be reassigned to the word of the parent node (remember, there
is only one sibling by the binary assumption). This change decreases the number
of available length-`max words in the tree by one and reduces the value of `i by one
(hence, this change cannot increase the expected length of the code). If the sibling of
d is also available, then the word of their parent can be used as the codeword of some
source letter that was originally assigned a length-`max codeword (there is at least one
such source letter by the definition of `max). In this case, the use of the parent reduces
the number of available length-`max words by two, but the reassignment increases it
by one, resulting in a net reduction by one. In either case, one of the `i has been
reduced by one. Call the new code C′. Compute its `max and repeat the procedure.
Continue until the (3.1) holds with equality.

Remark. The Kraft inequality is strict for a code C if and only if we could add
another codeword of length at most `max and maintain the prefix-free property.
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18 3 Data Compression Using Variable-Length Codes

3.6. Unique Decodability and McMillan’s Theorem

Theorem 3.12 (Brockway McMillan, 1956). Let |X| < ∞. If C:X → D∗ is
uniquely decodable, then the Kraft inequality ∑x∈X D−`(C(x)) ≤ 1 holds.

Proof. (Karush, 1961). Let n be an arbitrary positive integer, and consider the
identity

(
∑
x∈X

D−`(C(x))
)n

=
n

∏
k=1

(
∑

xk∈X
D−`(C(xk))

)

= ∑
x1∈X

∑
x2∈X
· · · ∑

xn∈X
D−[`(C(x1))+···+`(C(xn))].

Since `(C(x1))+ · · ·+ `(C(xn)) = `(C∗(x)), where x = x1 · · ·xn, we can write
(

∑
x∈X

D−`(C(x))
)n

= ∑
x∈Xn

D−`(C
∗(x)).

For i ≥ 1, let Bi := {x ∈ Xn:`(C∗(x)) = i}. Put I := {i : Bi 6= ∅}. Note that if
`max := maxx∈X `(C(x)), then i ∈ I ⇒ i ≤ n`max since `(C∗(x)) = ∑

n
k=1 `(C(xk)) ≤

∑
n
k=1 `max = n`max. Next, observe that the Bi are disjoint. Hence,

∑
x∈Xn

D−`(C
∗(x)) = ∑

i∈I
∑

x∈Bi

D−i.

As x runs over Bi, the codewords C∗(x) are all different because the code is uniquely
decodable. Furthermore, each such codeword has length i. Since there are at most Di

different codewords of length i, there can be at most Di different source words x∈ Bi.
Thus, |Bi| ≤ Di and we can write

∑
i∈I

∑
x∈Bi

D−i = ∑
i∈I

D−i|Bi| ≤∑
i∈I

1 = |I| ≤ n`max.

So (
∑
x∈X

D−`(C(x))
)n

≤ n`max,

or
∑
x∈X

D−`(C(x)) ≤ (n`max)
1/n→ 1, as n→ ∞.
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3.7 Properties of Lengths that Satisfy the Kraft Inequality 19

Remark. McMillan’s Theorem shows that a uniquely decodable code satisfies the
Kraft inequality. Hence, by Kraft’s Theorem, we can always find a prefix code with
the same code lengths as the uniquely decodable code. This prefix code has the same
expected length as the uniquely decodable code, but the prefix code incurs less delay
and is easier to decode.

3.7. Properties of Lengths that Satisfy the Kraft Inequality

Proposition 3.13. Consider a uniquely decodable code with m codewords. If any
codeword has length m or more, then the Kraft inequality is strict.

Proof. Denote the lengths of the codewords by `1 ≤ ·· · ≤ `m. We begin by
considering the subproblem

max
1≤`1≤···≤`m−1

m−1

∑
i=1

1
D`i

subject to
m−1

∑
i=1

1
D`i

< 1.

We first want as many of the `i to be 1 as possible without violating the constraint.
Since

1
D
+ · · ·+ 1

D︸ ︷︷ ︸
D times

= 1,

at most D−1 of the `i can be 1. Similarly, since

1
D
+ · · ·+ 1

D︸ ︷︷ ︸
D−1 times

+
1

D2 + · · ·+ 1
D2︸ ︷︷ ︸

D times

=
D−1

D
+

D
D2 = 1,

we conclude that at most D− 1 of the `i can be 2. The general approach is to write
m−1 = q(D−1)+ r, where q and r are integers with 0≤ r < D−1. Then we want
the first D−1 values of `i = 1, the next D−1 values of `i = 2, and so on, with D−1
value of `i = q, and only r of the `i = q+1. With the `i chosen this way,a

m−1

∑
i=1

1
D`i

= (D−1)
q

∑
i=1

1
Di +

r
Dq+1 = (D−1)

1− (1/D)q

D−1
+

r
Dq+1 = 1− 1

Dq +
r

Dq+1 .

a Recall the finite geometric series
n−1

∑
k=0

zk =
1− zn

1− z
, z 6= 1.

January 23, 2022



20 3 Data Compression Using Variable-Length Codes

Now observe that since D≥ 2 and r ≥ 0,

m−1 = q(D−1)+ r ≥ q.

Hence, if `m ≥ m, then `m ≥ q+ 1. This further implies 1/D`m ≤ 1/Dq+1, and we
have

m

∑
i=1

1
D`i
≤
[

1− 1
Dq +

r
Dq+1

]
+

1
Dq+1 = 1− 1

Dq +
r+1
Dq+1 < 1− 1

Dq +
D

Dq+1 = 1.

Thus, if `m ≥ m, the Kraft inequality is strict.

Remark. It is sometimes useful to restate the proposition in the contrapositive;
i.e., if the Kraft inequality holds with equality, then all codewords lengths are upper
bounded by m−1. In particular, if the Kraft inequality holds with equality, then there
are finitely many prefix-free codes with m codewords.

3.8. Entropy

Definition 3.14 (Entropy). If p is a probability mass function on X, the entropy
of p is

H(p) := ∑
x

p(x) log
1

p(x)
=−∑

x
p(x) log p(x)≥ 0,

where the sum is understood to be over those x with p(x) > 0. Equivalently, we can
take the sum over all x ∈ X if we put 0 log0 := limt↓0 t log t = 0. The base of the
logarithm can be any real number greater than one. If the base is 2, the entropy is
measured in bits; if the base is e, the entropy is measured in nats. If X is an X-valued
random variable with pmf PX (x) := P(X = x), we almost always use the shorthand
notation H(X) instead of H(PX ).

You will show in the problems that H(X) ≥ 0, with equality if and only if X
is a constant random variable. You will also show that if X is a finite set, then
H(X)≤ log |X|, with equality if and only if p(x) = 1/|X| for all x; i.e., X is uniformly
distributed on X. These observations suggest that entropy is a measure of uncer-
tainty. Suppose we know the distribution of X . If P(X = x0) = 1 and P(X = x) = 0
for x 6= x0, then there is no uncertainty about the value of X because X is a constant
random variable with value x0. If we know that X is uniformly distributed on X, then
all values of x are equally likely to occur; i.e., we have maximum uncertainty about
which value of X will occur.
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3.8 Entropy 21

In order to simplify derivations of properties of entropy, it is convenient to write
entropy as an expectation. Recall that for a real-valued function g(x),

E[g(X)] = ∑
x

g(x)PX (x).

The special case g(x) =− logPX (x) yields

E[− logPX (X)] = ∑
x
[− logPX (x)]PX (x) = H(X).

Thus,

H(X) = E[− logPX (X)].

Example 3.15. For a pair of random variables X and Y with joint pmf PXY (x,y),
their joint entropy is

H(XY ) = E[− logPXY (X ,Y )] = ∑
x,y

PXY (x,y) log
1

PXY (x,y)
.

Similarly, the conditional entropy

H(X |Y ) = H(PX |Y ) = E[− logPX |Y (X |Y )] = ∑
x,y

PXY (x,y) log
1

PX |Y (x|y)
.

Using the identity PXY (x,y) = PX |Y (x|y)PY (y), we see that

H(XY ) = E[− logPX |Y (X |Y )PY (Y )] = E[− logPX |Y (X |Y )]+E[− logPY (Y )]

= H(X |Y )+H(Y ). (3.2)

The reader should check that we can also write

H(XY ) = H(Y |X)+H(X) (3.3)

and
H(XY Z) = H(X |Y Z)+H(Y |Z)+H(Z), (3.4)

where H(X |Y Z) = E[− logPX |Y Z(X |Y,Z)]. Formulas (3.2)–(3.4) are instances of the
chain rule for entropy. In particular, if X , Y , and Z are independent random variables,
then PX |Y Z(x|y,z) = PX (x) and PY |Z(y|z) = PY (y). Thus,

H(XY Z) = H(X)+H(Y )+H(Z), if X , Y , and Z are independent.

In other words, the entropy of a block of independent random variables is the sum of
the individual entropies.
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22 3 Data Compression Using Variable-Length Codes

Definition 3.16. An independent, identically distributed (i.i.d.) sequence of X-
valued random variables {Xn}∞

n=1 is called a discrete memoryless source (DMS). If
the Xn have common pmf p(x) =P(Xn = x), then H(p) = H(X1) is called the entropy
of the DMS.

Theorem 3.17 (Log Inequality).

log t ≤ (log e)(t−1), t > 0,

with equality if and only if t = 1.

Proof. First note that since log t = (loge) ln t, it suffices to prove the result for the
natural logarithm. The log inequality is so fundamental to information theory that we
give three proofs.

For the first proof, we use the fact that 1/t is strictly decreasing as follows (see
Figure 3.3). For t > 1,

0 1 2 3
−0.5

0

0.5

1

1.5

2

2.5

Figure 3.3. Plot of 1/t vs. t.

ln t =
∫ t

1

dτ
τ

<
∫ t

1
1dτ = t−1,

and for 0 < t < 1,

ln t =
∫ t

1

dτ
τ

=−
∫ 1

t

dτ
τ

<−
∫ 1

t
1dτ = t−1.

For the second proof, we apply the mean-value theorem [19, p. 108, Th. 5.10]

f (t) = f (τ)+ f ′(s)(t− τ)
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3.9 Expected Lengths of Codes 23

to f (t) := ln t. In this formula, s lies strictly between t and τ . Hence, because the
derivative f ′(s) = 1/s is strictly decreasing,b

f (t)< f (τ)+ f ′(τ)(t− τ), t 6= τ.

The reader should check the two cases τ < s < t and t < s < τ . Now take τ = 1 and
t 6= 1 to get ln t < 0+1(t−1) = t−1.

0 1 2 3

−1

0

1

2

Figure 3.4. Graph of ln t and its tangent at t = 1.

For the third proof, we expand the function ln t about the point t = 1 using a
Taylor series with remainder [19, pp. 110–111]. Thus,

ln t = (t−1)− (t−1)2

2τ2 ≤ t−1,

where τ is strictly between 1 and t. Note that the inequality is strict for t 6= 1.

Remark. Although the foregoing three proofs seem very different, at a certain
level they are all nearly the same. The first two proofs use the fact that the derivative
is strictly decreasing. The third proof uses the fact that the second derivative is strictly
negative, which implies that the first derivative is strictly decreasing.

3.9. Expected Lengths of Codes

Theorem 3.18. Let |X|< ∞. If C : X→ D∗ is a uniquely decodable code, and if
X is an X-valued random variable, then

E[`(C(X))]≥ H(X)

logD
.

b This inequality says that the curve f lies below that tangent line to the curve at the point (τ, f (τ)).
This is illustrated in Figure 3.4 with f (t) = ln t and τ = 1. The inequality implies that f is concave, but
we do not need this fact here.
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24 3 Data Compression Using Variable-Length Codes

Proof. We show that

H(X)− (logD)E[`(C(X))]≤ 0.

Let p denote the pmf of X , and write

H(X)− (logD)E[`(C(X))] = E[− log p(X)]+E[logD−`(C(X))]

= E

[
log

D−`(C(X))

p(X)

]

= (loge)∑
x

p(x) ln
(

D−`(C(x))

p(x)

)

≤ (loge)∑
x

p(x)
(

D−`(C(x))

p(x)
−1
)

(3.5)

= (loge)
(

∑
x

D−`(C(x))−∑
x

p(x)
)

= (loge)
(

∑
x

D−`(C(x))−1
)

≤ (loge)(1−1) (3.6)
= 0,

where we used the log inequality in (3.5) and the Kraft inequality (McMillan’s The-
orem) in (3.6).

This proves that there is a lower bound on the expected length of a uniquely
decodable source code. In other words, it is impossible to have a uniquely decodable
source code with an expected length lower than H(X)/ logD. The next theorem
shows that we can always achieve an expected length that is within one of this lower
bound.

Theorem 3.19 (Shannon Codes). Let |X|< ∞, and let X be an X-valued random
variable. Then there exists a prefix code C : X→ D∗ such that

H(X)

logD
≤ E[`(C(X))]<

H(X)

logD
+1.

Proof. Let p denote the pmf of X . The lower bound was shown in the previous
theorem. For the upper bound, observe that equality in (3.5) holds if and only if

D−`(C(x))

p(x)
= 1
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3.9 Expected Lengths of Codes 25

for each x with p(x)> 0. In other words, we would like to have `(C(x))≈ logD
1

p(x) .

Since |X| < ∞, let {x1, . . . ,xm} be an enumeration of all the points in X which
have a positive probability. Then `i :=

⌈
logD

1
p(xi)

⌉
satisfiesc

D−`i ≤ p(xi)< D−`i+1. (3.7)

This leads to two results. First,

m

∑
i=1

D−`i ≤
m

∑
i=1

p(xi) = 1.

Hence, by Kraft’s Theorem, there exists a prefix code with code lengths {`i}m
i=1.

Second,

log p(xi)< (−`i +1)(logD).

So

`i <
− log p(xi)

logD
+1,

which implies

m

∑
i=1

`i p(xi)<
−1

logD

m

∑
i=1

p(xi) log p(xi)+
m

∑
i=1

p(xi),

or

E[`(C(X))]<
H(X)

logD
+1.

Although Shannon codes are good, in some cases better codes can be found.

Example 3.20 (A Shannon Code That Can Be Improved [3]). Suppose that X =
{a,b} with P(X = a) = .9999 and P(X = b) = .0001. For a code alphabet of size
D = 2, the Shannon codeword lengths are `1 = 1 and `2 = 14, giving an expected
length of E[`(C(X))] = 1.0013. But the code C(a) = 0 and C(b) = 1 has lengths
`1 = 1 and `2 = 1, and its expected length is E[`(C(X))] = 1.

c Observe that `i :=
⌈
logD

1
p(xi)

⌉
satisfies `i ≥ logD

1
p(xi)

> `i−1. Multiplying this by minus one yields
−`i ≤ logD p(xi)<−`i +1, and (3.7) follows.
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26 3 Data Compression Using Variable-Length Codes

3.9.1. Shannon Codes under Mismatch [3]

Theorem 3.19 takes `i =
⌈
logD

1
p(xi)

⌉
, where p is the pmf of X . Suppose we

have ˜̀i :=
⌈
logD

1
q(xi)

⌉
instead, where q is the “wrong” pmf, perhaps obtained by a

statistical estimation procedure. Let us write
m

∑
i=1

˜̀i p(xi) ≈
m

∑
i=1

p(xi) logD
1

q(xi)

=
1

logD

m

∑
i=1

p(xi) log
1

q(xi)

=
1

logD

m

∑
i=1

p(xi)

[
log

p(xi)

q(xi)
+ log

1
p(xi)

]

=
D(p‖q)+H(p)

logD
,

whered

D(p‖q) := ∑
x

p(x) log
p(x)
q(x)

= Ep

[
log

p(X)

q(X)

]

is the Kullback–Leibler informational divergence or relative entropy. Since

1
logD

log
1

q(xi)
≤ ˜̀i <

1
logD

logq(xi)+1,

we see that

D(p‖q)+H(p)
logD

≤
m

∑
i=1

˜̀i p(xi)<
D(p‖q)+H(p)

logD
+1.

Thus, when the “wrong” lengths are used, the expected length of the code, where the
expectation is over the correct pmf, satisfies the above inequality. Since D(p‖p) = 0,
this recovers the result of Theorem 3.19.

3.10. Coding Sequences of Source Letters

3.10.1. A Simple Method

Suppose we have a uniquely decodable code C:X→ D∗ that satisfies

H(X)

logD
≤ E[`(C(X))]<

H(X)

logD
+1.

d The notation Ep[g(X)] means that the expectation should be computed using the pmf p for X .
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How might we encode X1, . . . ,Xn if they are i.i.d. with the same pmf as X? Consider
the code C̃n(X1, . . . ,Xn) :=C(X1) · · ·C(Xn). Then E[`(C̃n(X1, . . . ,Xn))]=E[`(C(X1))+
· · ·+ `(C(Xn))] = nE[`(C(X1))] = nE[`(C(X))]. Substituting this in the middle of the
above inequality, we see that

H(X)

logD
≤ E[`(C̃n(X1, . . . ,Xn))]

n
<

H(X)

logD
+1,

where the middle quotient is the expected number of code letters per source letter.

3.10.2. A Better Method

Theorem 3.21 (Variable-Length Source Coding Theorem). Let X be a finite set.
If X1,X2, . . . is an X-valued DMS with common pmf p, then for every blocklength
n≥ 1, there is a prefix code Cn : Xn→ D∗ such that

H(p)
logD

≤ E[`(Cn(X1, . . . ,Xn))]

n
<

H(p)
logD

+
1
n
.

Proof. Applying Theorem 3.19 to Y = (X1, . . . ,Xn), we have

H(Y )
logD

≤ E[`(Cn(Y ))]<
H(Y )
logD

+1,

or, somewhat more explicitly,

H(Y )
logD

≤ E[`(Cn(X1, . . . ,Xn))]<
H(Y )
logD

+1,

Since the Xn are i.i.d., we know from Example 3.15 that

H(Y ) = H(X1 · · ·Xn) = H(X1)+ · · ·+H(Xn) = nH(p).

Making this substitution and dividing by n completes the proof.

3.11. Optimal Variable-Length Prefix Codes (Huffman, 1952)

Example 3.22 (Cover and Thomas [3]). Consider the source alphabet with prob-
abilities given in table at the left in Figure 3.5. The first step in constructing a binary
Huffman code is to join the two source letters with the lowest probabilities as shown
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28 3 Data Compression Using Variable-Length Codes

x P(X = x)
a .25

b .25

c .2

d .15

e .15

x P(X = x)
a .25

b .25

c .2

d .15

e .15

x P(X = x)
a .25

b .25

c .2

d .15

e .15

x P(X = x)
a .25

b .25

c .2

d .15

e .15
0

1

.3

Figure 3.5. Probabilities for Example 3.22 (left). First step of Huffman code construction (right).

at the right in Figure 3.5. We label the upper symbol with a 0 and the lower symbol
with a 1. We also add the two probabilities and put the result on the outgoing edge.
Although we started with five source letters, we now think of having only four letters,
where the fourth letter has probability .3. Of these four letters, we join the two with
the lowest probabilities as shown at the left in Figure 3.6. We now think of having

x P(X = x)
a .25

b .25

c .2

d .15

e .15

x P(X = x)
a .25

b .25

c .2

d .15

e .15
0

1

0

1
.3

.45

x P(X = x)
a .25

b .25

c .2

d .15

e .15

x P(X = x)
a .25

b .25

c .2

d .15

e .15

0

1
0

1

0

1
.3

.45

.55

Figure 3.6. Huffman code construction step 2 (left) step 3 (right).

three source letters with probabilities .25, .45, and .3. Again we join the two with the
lowest probabilities as shown at the right in Figure 3.6. It remains to join the last two
probabilities as shown in Figure 3.7. When the probabilities sum to 1.0, we can then
find the codewords. For each symbol, follow the tree from left to right reading off the
labeled bits. For instance, the symbol d reads off 011. So the codeword is made up
of these bits in reverse order to get 110. To conclude, we note that E[`(C(X))] = 2.3
bits.

Example 3.23 (Cover and Thomas [3]). The construction of a ternary Huffman
code is similar, except that at each stage, we join the three symbols of lowest proba-
bility as shown in Figure 3.8. In this case, E[`(C(X))] = 1.5 ternary digits.

January 23, 2022



3.11 Optimal Variable-Length Prefix Codes (Huffman, 1952) 29

x P(X = x)
a .25

b .25

c .2

d .15

e .15

10

00

01

110

111

codewordsx P(X = x)
a .25

b .25

c .2

d .15

e .15

0

1
0

1

0

1
0

1
.3

.45

.55
1.0

Figure 3.7. Fourth step of Huffman code constuction.

x P(X = x)
a .25
b .25
c .2
d .15
e .15

0
1
20
21
22

0

0
1

21
2

.5

1.0

codewords

Figure 3.8. A ternary Huffman code.

Example 3.24 (Cover and Thomas [3]). For nonbinary Huffman codes, the num-
ber of source letters must be such that we can always take groups of three. In Fig-
ure 3.9 you can see that we have added a dummy symbol with zero probability. We
find that E[`(C(X))] = 1.7 ternary digits.

Here is the general rule for adding dummy symbols. For D ≥ 3, we may have
to add dummy symbols of probability zero to the source alphabet. Each reduction
of the Huffman procedure reduces the number of symbols by D−1 until there are D
symbols left. Thus,

|X|+# dummy symbols = 1+ k(D−1),

where k is the number of reductions. For example, if |X| = 5 and D = 3, then we
must solve

5+ ? = 1+ k(2), which implies ? = 0,

while if |X|= 6 and D = 3, then we must solve

6+ ? = 1+ k(2), which implies ? = 1.

January 23, 2022
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x P(X = x)
a .25
b .25
c .2
d .1
e .1
f .1

dummy 0

0
1
20
21
220
221
222

codewords

0

0
1

21
2

.2

.5

0
1

2

1.0

Figure 3.9. Another ternary Huffman code.

Problems

1. Read the first two paragraphs about Morse code in Wikipedia.

(a) When decoding Morse code, how do you know when the code for a letter
is finished?

(b) Is Morse code self-punctuating? Why or why not?

2. Consider the variable-length code

x C(x)
a 0
b 10
c 01
d 11

(a) Is it uniquely decodable?
(b) Find L(C) if all source symbols are equally likely.

3. Show that
lnbenRc

n
→ R as n→ ∞.

Hints: (i) Replace n by the continuous variable t. (ii) The inequality x− 1 ≤
bxc ≤ x may be helpful.

4. Show that H(XY ) = H(Y |X)+H(X).

5. Recall that the entropy of a discrete random variable X is

H(X) = ∑
x:p(x)>0

p(x) log
1

p(x)
=− ∑

x:p(x)>0
p(x) log p(x),
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where p(x) :=P(X = x) is the probability mass function of X . Show that H(X)≥
0.

6. Let X be a finite set, and let X be an X-valued random variable with probability
mass function p.

(a) Show that H(p)≤ log |X|. Hint: Show that H(p)− log |X| ≤ 0.
(b) Show that H(p) = log |X| if and only if p(x) = 1/|X| for all x.
(c) How that H(p) = 0 if and only if p(x0) = 1 for some x0 ∈ X, and p(x) = 0

for x 6= x0.

7. Given nonnegative numbers ai and bi, put a := ∑i ai and b := ∑i bi.

(a) Assuming b < ∞, show that

∑
i:0<ai<bi

ai log
bi

ai
< ∞.

(b) If 0 < a < ∞ and b < ∞, derive the log-sum inequality

∑
i

ai log
ai

bi
≥ a log

a
b
,

where the sum is understood as being over those i with ai > 0.e Hint: First
note that if the left-hand side is infinite, there is nothing to prove. One way
this can happen is if for some i with ai > 0, we have bi = 0. In this case, we
take ai log(ai/0) = ai log∞ = ai ·∞ = ∞ since ai > 0. Thus, the left-hand
side is infinite and there is nothing to prove. The right-hand side is finite
unless all the bi are zero. But in this case, the inequality reduces to ∞≥ ∞,
which is true. So, in your derivation, you may assume that the left-hand
side is finite and that bi > 0 for all i with ai > 0.

(c) Show that if the two sides of the log-sum inequality are finite and equal,
then bai = abi for all i.

Remark. By the log inequality, a log(a/b)≥ a−b. Hence,

∑
i

ai

[
log

ai

bi
−ai +bi

]
≥ 0.

e The sum is more correctly understood as
(

∑
i:ai>0 and ai≥bi

ai log
ai

bi

)
−
(

∑
i:0<ai<bi

ai log
bi

ai

)
.

Since this second sum is finite by part (a), the left-hand side of the log-sum inequality is well defined,
though it may be infinite.
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32 3 Data Compression Using Variable-Length Codes

This inequality often appears in the study of nonnegative matrix factorization
[5], [13, eq. (3)], [14, eq. (2)].

8. Kullback–Leibler Informational Divergence. The Kullback–Leibler informational
divergence or relative entropy of two pmfs p and q is

D(p‖q) := ∑
x

p(x) log
p(x)
q(x)

,

where the sum is understood to be over those x with p(x)> 0. Use the log-sum
inequality to show that D(p‖q)≥ 0, with equality if and only if p(x) = q(x) for
all x.

9. Show that if p is a pmf on a finite set X, then

H(p)≤ log |X| ≤ 1
|X|∑x

log
1

p(x)
.

Hint: Let u denote the uniform pmf on X, and consider the quantities D(p‖u)
and D(u‖p).

Remark. Both the left and right inequalities are achieved by p = u.

10. The Binary Entropy Function. If X has two points, say X= {a,b}, and if p(a) = θ ,
then p(b) = 1−θ . Hence,

H(p) = θ log
1
θ
+(1−θ) log

1
1−θ

=: h(θ),

where h is called the binary entropy function. It is understood that h(0) =
h(1) = 1. We can also write h(θ) =−[θ logθ +(1−θ) log(1−θ)].

(a) For 0 < θ < 1, show that h′(θ) = log(1−θ)− logθ .
(b) For 0 < θ < 1, show that h′′(θ) = (− loge)/[θ(1−θ)].
(c) Show that h has a maximum at θ = 1/2.
(d) MATLAB. The MATLAB function binaryentropy is given below. Run

the commands

t = linspace(0,1,200);
y = binaryentropy(t);
plot(t,y)

to plot the binary entropy function:

function y = binaryentropy(p)
y = zeros(size(p));
i = find(0<p & p<1);
y(i) = -(p(i).⁎log2(p(i)) + (1-p(i)).⁎log2(1-p(i)));
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11. Entropy of the Geometric Distribution. Let gθ denote the geometric distribution on
the positive integers; i.e., gθ (k) = (1−θ)θ k−1 for k = 1,2, . . . , where 0≤ θ < 1.

(a) Show that H(gθ ) = h(θ)/(1−θ). Hint: The mean of the geometric distri-
bution is 1/(1−θ); i.e., ∑

∞
k=1 k(1−θ)θ k−1 = 1/(1−θ).

(b) Show that limθ→1 H(gθ ) = ∞.
(c) MATLAB. Plot H(gθ ) as a function of θ .
(d) Put f (θ) := h(θ)/(1−θ). Show that f ′(θ) = (− logθ)/(1−θ)2.

12. A Distribution with Infinite Entropy.f

(a) Use an integral comparison test to show that
∞

∑
k=2

1
k(lnk)2 < ∞.

Hint: Evaluate (d/dt)(−1/ ln t).
(b) Use an integral comparison test to show that

∞

∑
k=2

1
k lnk

= ∞.

Hint: Evaluate (d/dt) ln(ln t).
(c) On account of part (a), there is a finite, positive constant C such that p(k) :=

C/(k ln2 k) is a pmf on {2,3, . . .}. Show that H(p) = ∞.

13. A Sufficient Condition for Finite Entropy. Show that if p is a distribution on the
positive integers with ∑

∞
k=1 kr p(k) < ∞ for some positive r, then H(p) < ∞.

Hints: In the sum for H(p), break the sum into two parts: {k ≥ 1 : p(k)≤ e−kr}
and {k ≥ 1 : p(k) > e−kr}. Use the fact that for 0 ≤ t ≤ e−1, the function
f (t) =−t log t is increasing. The other fact that you will need is that p(k)> e−kr

is equivalent to − log p(k)≤ kr(loge).

14. Find a binary Huffman code and a ternary Huffman code for the seven-letter
alphabet X := {a,b,c,d,e,f,g} if

x P(X = x)
a .49
b .26
c .12
d .04
e .04
f .03
g .02

f This construction was inspired by Baer [1].

January 23, 2022



34 3 Data Compression Using Variable-Length Codes

In each case, compute the expected length of the code.

15. Consider the first Huffman code example. Draw a binary tree as follows. From
the root, draw one edge and label its end with the source letters whose first bit is
a one. Draw the other edge and label its end with the other source letters. From
each group of source letters, draw two edges. At then ends, put the source letters
whose second bit is a one/zero. Continue until each source letter is at the end of
its own edge.

Remark. The point of this problem is that a prefix code defines a way of suc-
cessively partitioning a set until each partition set contains only one letter. It is a
way of playing “20 Questions.” If you know the item probabilities, then the best
way to play is to ask questions according to the Huffman code.

16. MATLAB. The MATLAB function entropy2 is given below. Put it in an M-file
and use the commands

p = [ 1/6 1/3 1/2 ];
H = entropy2(p)

to compute the entropy of p = (1/6,1/3,1/2). How does your answer compare
with log2(3)?

function H = entropy2(pin,varargin);
% H = entropy2(p,q) = -sum_{i:q(i)>0} q(i)⁎log2(p(i))
% If q=p, use H = entropy2(p).
% p and q can be matrices; e.g.,
%
% -sum_{i,j} q(i,j)⁎log p(j|i)
%
% where q(i,j) may be the joint pmf.
%
% You can also compute the relative entropy or
% informational divergence D(q||p) = entropy2(p./q,q)
if nargin > 1

qin = varargin{1};
else

qin = pin;
end
lt = prod(size(pin));
p = reshape(pin,lt,1); % convert pin to column vector
q = reshape(qin,1,lt); % convert qin to row vector
i = find(q>0);
H = - q(i) ⁎ log2( p(i) );
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17. MATLAB. The MATLAB function relent is given below. Put it in an M-file
and use the commands

p = [ 1/6 1/3 1/2 ];
q = [ 7/10 1/5 1/10];
D = relent(p,q)

to compute D(p‖q), where p = (1/6,1/3,1/2) and q = (7/10,1/5,1/10).

function D = relent(p,q)
% Compute the relative entropy or Kullback-Leibler
% informational divergence sum_i p(i) log2(p(i)/q(i)).
D = entropy2(q./p,p);

January 23, 2022

http://www.cae.wisc.edu/~gubner/ece729/matlab/relent.m


CHAPTER 4

Data Compression Using Fixed-Length
Codes

4.1. Introduction

Example 4.1. Let X1,X2,X3 be i.i.d. with P(Xi = 1) = p where, 0≤ p≤ 1. Con-
sider the compression scheme (x1,x2,x3)→ (y1,y2) defined by the table

x1x2x3 y1y2
0 0 0 0 0
0 0 1 0 1
0 1 0 1 0
1 0 0 1 1
0 1 1 0 0
1 0 1 0 0
1 1 0 0 0
1 1 1 0 0

We use the decompression scheme (y1,y2)→ (x̂1, x̂2, x̂3) defined by the table

y1y2 x̂1x̂2x̂3
0 0 0 0 0
0 1 0 0 1
1 0 0 1 0
1 1 1 0 0

At first glance, this may seem like a terrible way to compress data. After all, half of
the input sequences cannot be correctly recovered. However, notice that the prob-
ability of error is p3 + 3p2(1− p). If p = 1/1000, then the error probability is
2.998×10−6, or about 3×10−6. If p = 0, then the system never makes an error.

4.2. Achievable Rates for Source Codes

Recall that for variable-length codes, the goal was to minimize the expected code-
length, E[`(Cn(X1, . . . ,Xn))]. For fixed-length codes we take a different point of view.
Suppose |X|< ∞ . Then there are |X|n = exp(n log |X|) different possible realizations
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4.3 Shannon’s Source Coding Theorem 37

of the random source sequence (X1, . . . ,Xn). Our goal here is to find a subset of Xn

that has small cardinality and large probability. Somewhat more precisely, we want
to find a set An ⊂ Xn with

|An|< exp(n log |X|) and P((X1, . . . ,Xn) ∈ An)≈ 1.

Our results will be asymptotic in that we obtain both conditions together only when
the blocklength n is sufficiently large.

Definition 4.2. A real number R ≥ 0 is an achievable rate for a source
X1,X2, . . . , if ∀λ > 0, ∀∆R > 0, ∃n0 such that ∀n≥ n0, ∃An ⊂ Xn with

log |An|
n

< R+∆R and P((X1, . . . ,Xn) /∈ An)< λ .

The left-hand inequality is equivalent to |An|< exp(n[R+∆R]).

Implications of the Definition

The first thing to point out is that R = log |X| is always an achievable rate. To see
this, take An = Xn and write

log |An|
n

=
log |Xn|

n
=

n log |X|
n

= log |X|< log |X|+∆R,

and
P
(
(X1, . . . ,Xn) /∈ An

)
= P

(
(X1, . . . ,Xn) /∈ Xn)= 0 < λ .

Thus, there is no question that there are achievable rates. We will show later that if
R is an achievable rate, then any R′ > R is also achievable. Hence, any R ≥ log |X|
is an achievable rate. In the next section, we investigate under what conditions there
are any numbers less than log |X| that are achievable.

4.3. Shannon’s Source Coding Theorem

Theorem 4.3 (Shannon’s Source Coding Theorem). For a DMS with pmf p, we
have the following.
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38 4 Data Compression Using Fixed-Length Codes

(i) (Forward part): Every rate R≥ H(p) is achievable
(ii) (Converse part): Every rate 0≤ R < H(p) is not achievable.

Proof. (Forward part). We show that every R > H(p) is achievable. Since any
limit of achievable rates is achievable (Lemma 4.5 below), it will follow that H(p) =
limk→∞ H(p)+1/k is also achievable. For ∆R > 0, λ > 0, and n = 1,2, . . . , consider
the set

An :=
{
(x1, . . . ,xn) ∈ Xn:

∣∣∣1
n

n

∑
k=1

log
1

p(xk)
−H(p)

∣∣∣≤ ∆R
}
.

By the weak law of large numbers (WLLN) [7, p. 576],a

P
(
(X1, . . . ,Xn) /∈ An

)
= P

(∣∣∣∣
1
n

n

∑
k=1

log
1

p(Xk)
−H(p)

∣∣∣∣> ∆R
)
→ 0.

Hence, there is an n0 such that for all n≥ n0,

P
(
(X1, . . . ,Xn) /∈ An

)
< λ .

Using the notation x = (x1, . . . ,xn) and X = (X1, . . . ,Xn), observe that

x ∈ An ⇔−∆R≤ 1
n

n

∑
k=1

log
1

p(xk)
−H(p)≤ ∆R

⇔ H(p)−∆R≤ 1
n

log
1

p(x1) · · · p(xn)
≤ H(p)+∆R

⇔ exp(−n[H(p)−∆R])≥ P(X = x)≥ exp(−n[H(p)+∆R]).

Hence,

1≥ P(X ∈ An) = ∑
x∈An

P(X = x)

≥ ∑
x∈An

exp(−n[H(p)+∆R])

= |An|exp(−n[H(p)+∆R]).

a The WLLN says that if Y1,Y2, . . . are i.i.d. with finite mean E[Y1], then for every ε > 0,

P

(∣∣∣∣
1
n

n

∑
k=1

Yk−E[Y1]

∣∣∣∣> ε
)
→ 0 as n→ ∞.
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4.3 Shannon’s Source Coding Theorem 39

Rearranging this yields exp(n[H(p)+∆R])≥ |An|, or

log |An|
n

≤ H(p)+∆R < R+∆R.

Thus, R > H(p) is an achievable rate.
(Converse part). Suppose 0≤R<H(p) and 0< λ < 1. To obtain a contradiction,

suppose that R is achievable. Since 0 ≤ R < H(p), we can choose ∆R > 0 so small
that R+∆R < H(p)−2∆R; i.e., 0 < ∆R < (H(p)−R)/3. Furthermore, ∃n0 such that
∀n≥ n0, ∃Gn ⊂ Xn with

|Gn|< exp(n[R+∆R])≤ exp(n[H(p)−2∆R]) and P(X /∈ Gn)< λ . (4.1)

We may further assume n is so large that

exp(−n∆R)< (1−λ )/2 and P(X /∈ An)< (1−λ )/2,

where An is defined as before. Of course, we also have P(X = x)≤ exp(−n[H(p)−
∆R]) for x ∈ An. Next write

P(X ∈ Gn) = P(X ∈ [Gn∩An])+P(X ∈ [Gn∩Ac
n])

≤ P(X ∈ [Gn∩An])+P(X ∈ Ac
n)

≤ P(X ∈ [Gn∩An])+(1−λ )/2.

We also have

P(X ∈ [Gn∩An]) = ∑
x∈Gn∩An

P(X = x)

≤ ∑
x∈Gn∩An

exp(−n[H(p)−∆R])

≤ ∑
x∈Gn

exp(−n[H(p)−∆R])

= |Gn|exp[−n(H(p)−∆R)]

≤ exp(n[H(p)−2∆R])exp(−n[H(p)−∆R])

= exp(−n∆R)

< (1−λ )/2.

Hence, for large n, we have P(X ∈ Gn) ≤ 1− λ , which contradicts the right-hand
side of (4.1).
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4.3.1. The Asymptotic Equipartition Property and Typical Sequences

The key ideas in the proof of the forward part of Shannon’s Source Coding The-
orem are summarized in the following result, except for Property (iv).

Theorem 4.4 (Asymptotic Equipartition Property (AEP)). Using the notation
pn(x) := p(x1) · · · p(xn), the set An has the following properties:

(i) For all n, |An| ≤ exp(n[H(p)+∆R]).
(ii) For all n and x ∈ An, exp(−n[H(p)+∆R])≤ pn(x)≤ exp(−n[H(p)−∆R]).
(iii) For all sufficiently large n, pn(An)≈ 1.
(iv) Given 0 < λ < 1, for all sufficiently large n, |An| ≥ (1−λ )exp(n[H(p)−∆R]).

Proof. Only the fourth property needs justification. Given 0 < λ < 1, by (iii), we
have pn(An)> 1−λ for all sufficiently large n. Hence,

1−λ ≤ pn(An) = ∑
x∈An

pn(x)

≤ ∑
x∈An

exp(−n[H(p)−∆R]), by (ii),

= |An|exp(−n[H(p)−∆R]).

Discussion

Property (iii) of the AEP says that a random source block (X1, . . . ,Xn) lies in
An with probability close to one; for this reason, the sequences x ∈ An are called
typical. Property (ii) says that for x ∈ An, P(X = x)≈ exp[−nH(p)]. Properties (i)
and (iv) together say that |An| ≈ exp[nH(p)]. Hence, the sequences x ∈ An are nearly
uniformly distributed.

4.3.2. Interpretation of Fixed-Length Codes for Data Compression

Suppose X = {0,1} and that log and exp are to the base 2. Then there are
2n possibilities for the source sequence (X1, . . . ,Xn). Suppose |An| = 2nR, where
R ≤ log |X| = log2 2 = 1. If R = 3/4 and n = 16, |An| = 216(3/4) = 212. Thus, if
(X1, . . . ,Xn)∈ An, we can represent this 16-bit source sequence by a 12-bit codeword.
Of course, there is a positive probability (hopefully small) that (X1, . . . ,Xn) /∈ An. In
this case there is an error. The Source Coding Theorem tells for what rates R the
probability of an error can be made small as n→ ∞, namely, rates greater than Fix
0 < λ < 1.or equal to H(p). Thus, the minimum ratio of codeword length to number
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of input symbols is nR/n = R ≥ H(p). Compare this to the Variable-Length Source
Coding Theorem 3.21, which says, with D = 2,

H(p)≤ E[`(Cn(X1, . . . ,Xn))]

n
< H(p)+

1
n
.

Thus, the expected length for variable-length codes (per source letter) can also be
made close to H(p). However, `(Cn(X1, . . . ,Xn))/n is a random variable, and with
positive probability could be much greater than H(p).

To summarize the down side differences:

• Fixed length codes: occasional errors.
• Variable length codes: occasional long delays.

4.4. Properties of Achievable Rates

Let R := {R : R is achievable}.

Lemma 4.5. R is a closed set.

Proof. We must show that if Rk ∈ R is a sequence of achievable rates and if
Rk → R, then R ∈ R; i.e., a limit of achievable rates is also achievable. To show
R = limk→∞ Rk is achievable, let ∆R > 0 and λ > 0 be given. Let k ≥ K imply |Rk−
R| < ∆R/2. Note that |Rk−R| < ∆R/2⇒ Rk < R+∆R/2. Since RK is achievable,
∃n0 ∀n≥ n0, ∃An ⊂ Xn with

log |An|
n

< RK +
∆R
2

and P((X1, . . . ,Xn) /∈ An)< λ ,

Which implies

log |An|
n

<

(
R+

∆R
2

)
+

∆R
2

= R+∆R and P((X1, . . . ,Xn) /∈ An)< λ .

Hence R is achievable.

Definition 4.6. A subset C of a vector space V is convex if ∀x,y∈C , ∀ 0≤α ≤ 1,
αx+(1−α)y∈C. In other words C is convex if ∀x,y∈C, C contains the line joining
x and y. Examples of convex and nonconvex sets are shown in Figure 4.1.

Lemma 4.7. R is convex.

January 23, 2022



42 4 Data Compression Using Fixed-Length Codes

Figure 4.1. A convex set (left) and a nonconvex set (right).

Proof. We prove a stronger result: If R ∈R and R′ > R, then R′ ∈R. In other
words, if R is achievable, all rates greater than R are also achievable. Let R be
achievable, and let R′ > R. Since R is achievable, given any λ > 0 and ∆R > 0,
∃n0∀n≥ n0,∃An ⊂ Xn with

log |An|
n

< R+∆R < R′+∆R and P((X1, . . . ,Xn) /∈ An)< λ .

Hence, R′ is achievable.

Corollary 4.8. R is closed and convex.

For an i.i.d. source with common pmf p, Shannon’s Source Coding Theorem
shows that R = [H(p),∞), which is closed and convex.

Problems

1. The Set of Distributions is Convex. Let X be a finite or countably infinite set. We
denote by D(X) the set of all pmfs on X. In other words, D(X) is the set of
all nonnegative functions p on X with the property that ∑x p(x) = 1. Show that
D(X) is convex; i.e., show that if p,q ∈ D(X) and if 0 ≤ λ ≤ 1, then r :=
λ p+(1−λ )q also belongs to D(X).

2. The Unit Simplex. If |X| = n, we can identify D(X) with the subset of vectors in
IRn having nonnegative components that sum to one; i.e.,

∆
n−1 :=

{
p = (p1, . . . , pn) ∈ IRn : pk ≥ 0 and

n

∑
k=1

pk = 1
}
.

The set ∆n−1 is called the unit simplex in IRn. Sketch the unit simplex in IR2

and in IR3.

3. Concavity of Entropy. Let

f (t) :=
{
−t log t, 0 < t ≤ 1,

0, t = 0.
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Then if p is a pmf on X, we can write H(p) = ∑x f (p(x)). Use the fact that f is a
concave function of t ∈ [0,1] to show that H is a concave function of p ∈D(X);
i.e., show that for 0≤ λ ≤ 1,

H
(
λ p+(1−λ )q

)
≥ λH(p)+(1−λ )H(q).

4. Let p be a pmf on X, and let W (y|x) be a transition probability from X into
Y. In other words, for each fixed x ∈ X, W (y|x) is a pmf in the variable y ∈ Y.
Define a marginal pmf on Y by

(pW )(y) := ∑
x

p(x)W (y|x).

Show that g(p) := H(pW ) is a concave function of p.

5. Let X be a countably infinite set. We saw in Problem 3.12 that some pmfs have
infinite entropy. Let D̂(X) denote the set of all pmfs on X that have finite entropy.
Show that D̂(X) is a convex set.

6. Distance Properties of Distributions. We can define a notion of distance between
pmfs p,q ∈D(X). We putb

d(p,q) := ∑
x
|p(x)−q(x)|.

It is obvious that d(p,q) = d(q, p) and that d(p,q) = 0 if and only if p(x) = q(x)
for all x.

(a) Show that d satisfies the triangle inequality; i.e., if p,q,r ∈D(X), then

d(p,q)≤ d(p,r)+d(r,q).

(b) Show that d(p,q)≤ 2.
(c) If r = λ p+(1−λ )q, show that

d(r, p)≤ (1−λ )d(p,q)≤ 2(1−λ ) and d(r,q)≤ λd(p,q)≤ 2λ .

7. (a) Show that d(pn, p)→ 0 implies pn(x)→ p(x) for each x ∈ X.
(b) Let pn ∈D(X), and suppose that for each x ∈ X, the sequence of numbers

pn(x) converges to a limit, which we denote by p(x). If X is a finite set,
show that p ∈D(X) and that d(pn, p)→ 0.

b Sometimes d is called the variational distance. When |X| = n, we can regard D(X) as a subset of
IRn and write d(p,q) = ‖p−q‖1, where ‖ · ‖1 denotes the 1-norm on IRn. Similarly, when X is countably
infinite, we can regard D(X) as a subset of `1 (the set of all absolutely summable sequences) and write
d(p,q) = ‖p−q‖1, where now ‖ · ‖1 is the 1-norm on `1.
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44 4 Data Compression Using Fixed-Length Codes

(c) Show that in part (b), the assumption |X| < ∞ is essential. Hint: Give an
example of pn on a countably infinite set X for which limn→∞ pn(x) = 0 for
all x.

(d) Let pn be any sequence in D(X), where X is a finite set. Show that there
is a subsequence pnk that converges to a limit p ∈ D(X). Hints: Assume
|X|= 2 and apply the Bolzano–Weierstrass Theorem.c

8. Continuity of Entropy. Let f be as in Problem 4.3. Observe that from Problem 1.2,
f is a continuous function of t ∈ [0,1]. When X is a finite set, use the continuity
of f on [0,1] to show that H is a continuous function on D(X). In other words,
given p ∈D(X) and ε > 0, show that there is a δ > 0 such that if q ∈D(X) and
d(p,q)< δ , then |H(p)−H(q)|< ε .

9. The notion of distance between pmfs on X can be extended to pmfs on X×Y by

d(r,r′) = ∑
x,y
|r(x,y)− r′(x,y)|,

where r,r′ ∈D(X×Y). If we define the marginal pmfs

p(x) := ∑
y

r(x,y) and p′(x) := ∑
y

r′(x,y),

show that
d(p, p′)≤ d(r,r′).

10. Let X and Y be finite sets, and let PXY (x,y) be a joint pmf on X×Y. Show that
H(X |Y ) = H(PX |Y ) is a continuous function of PXY . More specifically, given
ε > 0, show that there is a δ > 0 such that

d(PXY ,QXY )< δ ⇒ |H(PX |Y )−H(QX |Y )|< ε.

Hint: Recall that H(X |Y ) = H(XY )−H(Y ).

11. Let PXY (x,y) and QXY (x,y) be two joint pmfs on X×Y . Determine whether or
not D(PX‖QX )≤ D(PXY‖QXY ).

c The Bolzano–Weierstrass Theorem says that if tn is a bounded sequence of real numbers, then there
is a converging subsequence tnk . Note that the definition of a subsequence requires that nk→ ∞ as k→ ∞.
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CHAPTER 5

Introduction to Channel Coding

The notion of a channel as a transition probability (i.e., a conditional probability)
is developed. This is followed by the general development of encoders and decoders.

5.1. Channels

Given a set X of channel input symbols, a set Y of channel output symbols,
and a positive integer n, a channel Wn is a transition probability from Xn into Yn. In
other words, if X= (X1, . . . ,Xn) is an Xn-valued random variable and Y= (Y1, . . . ,Yn)
is a Yn-valued random variable, then

Wn(B|x) = P(Y ∈ B|X = x), B⊂ Yn,

is the conditional probability that the random sequence Y of channel output symbols
lies in B given that the channel input sequence is X = x.

x YWn

Discrete Channels

If Y is a finite set, then so is Yn. In this case, Wn is given by a conditional
probability mass function, which we also denote by Wn, and we have

Wn(B|x) = ∑
y∈B

Wn(y|x).

In many applications, Wn is not explicitly given, but is defined implicitly.

Example 5.1. Let X = Y denote the integers {0, . . . ,m− 1} under mod-m addi-
tion. Let the components of Z := (Z1, . . . ,Zn) be i.i.d. X-valued random variables
with common pmf pZ(z) = P(Z = z) for z ∈ X. Let X be independent of Z, and put
Y := X+Z, where the componentwise addition is mod-m. Then

Wn(y|x) := P(Y = y|X = x) = P(X+Z = y|X = x)
= P(x+Z = y|X = x), by substitution,

= P(Z = y−x), by independence,

=
n

∏
k=1

pZ(yk− xk), by independence.
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46 5 Introduction to Channel Coding

Example 5.2 (Discrete Memoryless Channel (DMC)). Let us temporarily write
Xk := (X1, . . . ,Xk) and similarly for xk, Y k, and yk. Then Wn(y|x) =Wn(yn|xn). Using
the definition of conditional probability,

Wn(yn|xn) = P(Y n = yn|Xn = xn)

= P(Yn = yn|Y n−1 = yn−1,Xn = xn)

· P(Xn = xn|Y n−1 = yn−1,Xn−1 = xn−1)

P(Xn = xn|Xn−1 = xn−1)
Wn−1(yn−1|xn−1).

Let us consider the fractional factor. If we assume that the numerator is equal to
the denominator, then we are saying that the channel input at time n, Xn, does not
depend on any past channel outputs Y n−1 = (Y1, . . . ,Yn−1); in other words, there is no
feedback of past channel output symbols to the encoder. Under this assumption,

Wn(yn|xn) = P(Yn = yn|Y n−1 = yn−1,Xn = xn)Wn−1(yn−1|xn−1).

If we next assume that P(Yn = yn|Y n−1 = yn−1,Xn = xn) does not depend on yn−1 or
xn−1, then this probability is equal to P(Yn = yn|Xn = xn) [7, Example 12.1]. This
assumption says that the channel is memoryless. If we apply the same assumptions
to Wn−1(yn−1|xn−1) and so on, we arrive at

Wn(yn|xn) =
n

∏
k=1

P(Yk = yk|Xk = xk).

If the function of x and y defined by P(Yk = y|Xk = x) does not depend on k, then we
say that the channel is stationary, and we put W (y|x) := P(Yk = y|Xk = x). With all
of these assumptions,

Wn(y|x) =
n

∏
k=1

W (yk|xk) =: W n(y|x).

This is the discrete memoryless channel (DMC). Hence, it is important to realize
that the DMC terminology implies not only memorylessness, but also stationarity and
no feedback. The channel of Example 5.1 is a DMC.

Example 5.3 (Binary Symmetric Channel (BSC)). This channel is obtained by
taking m = 2 in Example 5.1 and putting pZ(1) = ε . This results in the probabil-
ity of flipping a bit being ε . For this reason, we say that this is a BSC with crossover
probability ε . This is illustrated in Figure 5.1.
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5.1 Channels 47

11
1− ε

ε

0 0
1− ε

ε

Figure 5.1. Binary symmetric channel with crossover probability ε .

Continuous Channels

If Y = IR, then we take Wn to be given by a conditional probability density func-
tion, which we denote by wn, and we have

Wn(B|x) =
∫

B
wn(y|x)dy.

Here too, wn is often given implicitly.

Example 5.4. Let X= Y = IR. Let the components of Z := (Z1, . . . ,Zn) be i.i.d.
real-valued random variables with common probability density pZ(z). Let X be in-
dependent of Z, and put Y := X+Z. Then

P(Y≤ y|X = x) = P(X+Z≤ y|X = x) = P(Z≤ y−x) =
n

∏
k=1

P(Zk ≤ yk− xk)

=
n

∏
k=1

∫ yk−xk

−∞

pZ(zk)dzk.

Differentiating with respect to the yk, we have

wn(y|x) =
n

∏
k=1

pZ(yk− xk).

This is an example of continuous memoryless channel.

For continuous memoryless channels, the most common choice for pZ is a Gaus-
sian or normal density function, which results in the discrete-time Gaussian chan-
nel. The standard Gaussian density is

ξ (z) :=
e−z2/2
√

2π
.
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48 5 Introduction to Channel Coding

It has zero mean and unit variance. The Gaussian density with mean m and variance
σ2 is given by

pZ(z) = ξ
( z−m

σ

)/
σ .

In this case we write pZ ∼ N(m,σ2). Of course, ξ ∼ N(0,1).

Waveform Channels

Example 5.5. Take X := IR, and consider a unit-energy signaling waveform s on
some time interval, say [0,T ]. The transmitter applies a gain x ∈ IR to the signaling
waveform s so that the waveform r(t) := xs(t)+N(t) arrives at the destination, where
N is additive white Gaussian noise (AWGN), which we take to be zero mean. The
receiver front end applies r to a correlator (or sampled lowpass filter) to produce the
effective channel output

Y :=
∫ T

0
r(t)s(t)dt = x+Z.

where Z is a zero-mean Gaussian random variable. Since the AWGN in different
time intervals is independent, signaling in the manner over n time intervals yields a
memoryless channel like the one in Example 5.4.

Example 5.6. Take X := {0,1}, and consider two equal-energy waveforms s0 and
s1 on the time interval [0,T ]. When x∈X= {0,1} is applied to the channel input, the
waveform r(t) := sx(t)+N(t) arrives at the destination, where N is again zero-mean
AWGN. This time the receiver front end produces the effective channel outputa

Y :=

{
1, if

∫ T
0 r(t)s1(t)dt ≥ ∫ T

0 r(t)s0(t)dt,

0, otherwise.

Again, since the AWGN in different time intervals is independent, signaling in this
manner yields a DMC. In fact, it is a BSC.

5.2. Encoders and Decoders

Encoders

A mapping f :{1, . . . ,N} → Xn is called an encoder. The integers 1, . . . ,N are
called messages.b The corresponding codewords are denoted by xi := f (i). Thus,

a The optimality of this procedure is usually established in a course on detection and estimation or in a
course on digital communication systems.

b Occasionally, we use {0, . . . ,N−1} for the set of messages.
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each xi ∈ Xn. The collection (x1, . . . ,xN) is the corresponding codebook. Knowing
the codebook (x1, . . . ,xN) is the same as knowing the encoder f , and we sometimes
just write f = (x1, . . . ,xN), which is an element of (Xn)N .

encoder
i xif

message codeword

Code Rates

If there are N = 2k messages, then each message can be thought of as a k-bit
word. Even for N not a power of 2, we think of each message as consisting of log2 N
bits. If we use natural logarithms, we say that each message consists of lnN nats.
We often do not specify the base of the logarithm and just write log. In this case, we
use exp for the inverse of log. Hence, if it is understood that the logarithm base is b,
then exp(x) = bx. In particular, if the logarithm base is 2, then exp(x) = 2x, and if the
logarithm base is e, then exp(x) = ex.

Given a code f :{1, . . . ,N} → Xn, or equivalently a codebook (x1, . . . ,xN), the
rate of the code is

R =
logN

n
. (5.1)

In this expression, n is the number of channel uses or channel symbols transmitted
for each message. If the logarithm base is 2, then the numerator has units of bits, and
the quotient R has units of bits per channel use or bits per channel symbol. If the
channel transmits Rc channel symbols per second, then

Rb := Rc
log2 N

n

has units of bits per second. Combining this with (5.1) yields

Rb = RcR.

Decoders

A mapping ϕ:Yn → {1, . . . ,N} is called a decoder. If for i = 1, . . . ,N we put
Di := {y : ϕ(y) = i}, then the Di are disjoint and their union is Yn. We call the Di
decoding sets.

decoder
îy ϕ
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50 5 Introduction to Channel Coding

5.3. Probabilistic Model

If we apply the output of the encoder to the channel, and we apply the output
of the channel to the decoder, then we obtain the channel coding system shown in
Figure 5.2. Notice that the input to the system is i and the output is î. We hope that

encoder decoderchannel
i î

xi Y
f ϕWn

Figure 5.2. A channel coding system.

most of the time î = i. To make this more precise, we assume that the input to the
encoder is a {1, . . . ,N}-valued random variable M, and we focus on the probability
of error P(ϕ(Y) 6= M). However, this problem is not well defined unless we specify
the joint distribution of M and Y. We take

P(M = i,Y ∈ B) :=
1
N
·Wn(B|xi), i = 1, . . . ,N, B⊂ Yn. (5.2)

Notice that since Wn(Y
n|xi) = 1, (5.2) implies that P(M = i) = 1/N; i.e., the random

message to be sent is chosen uniformly from the message set {1, . . . ,N}. It then
follows that

P(Y ∈ B|M = i) =
P(M = i,Y ∈ B)

P(M = i)
=Wn(B|xi). (5.3)

On account of the discussion following Definition 5.8 below, in the context of
channel coding, we almost always assume M and Y have the joint distribution given
by (5.2) where M is uniformly distributed.

5.4. Probability of Error and Achievable Rates

Example 5.7 (Repetition Codes on the BSC). Consider a BSC with crossover
probability ε = 0.1. Suppose we have N = 2 messages, say {0,1}. For n = 1, we
might use codewords x0 := 0 and x1 := 1. In this case, the probability of error is just
the crossover probability ε = 0.1. For n = 3, we might use codewords x0 := (0,0,0)
and x1 := (1,1,1) with majority rule decoding; i.e., if the number of 1s in y is two or
more, we decode î = 1, and zero otherwise. With this decoding rule, an error occurs
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if two or three of the transmitted bits are flipped by the channel.c This probability is
0.028. If we proceed in a similar way with n = 5 bits, the error probability is 0.0086.
This analysis suggests that if we fix N = 2 and let n→ ∞, we can drive the error
probability to zero. The downside is that the code rate (logN)/n also goes to zero.

The preceding example suggests that to get an interesting problem, we should
allow N to depend on n and then ask how the error probability behaves as a function
of n. Ideally, we want the error probability to get smaller as n increases. We also
want the code rate to stay away from zero.

Fix a desired code rate R. Suppose that given any error tolerance λ > 0, for any
sufficiently large block length n, there are codewords x1, . . . ,xN each in Xn and a
decoder ϕ:Yn → {1, . . . ,N} such that the rate of this code, (logN)/n, is not much
less than R, and the error probability satisfies P(ϕ(Y) 6= M) < λ . If this is the case,
then we say that R is an achievable rate.

Since this definition is not quite precise enough to be useful, we will use Defi-
nition 5.8, which is given below, after we make a few preliminary observations. To
begin, note that by the law of substitution,

P(ϕ(Y) 6= M|M = i) = P(ϕ(Y) 6= i|M = i)

= P(Y ∈ {y : ϕ(y) 6= i}|M = i)

= Wn({y : ϕ(y) 6= i}|xi), by (5.3). (5.4)

Using the law of total probability,

P(ϕ(Y) 6= M) =
N

∑
i=1

P(ϕ(Y) 6= M|M = i)P(M = i)

=
1
N

N

∑
i=1

P(ϕ(Y) 6= M|M = i), since M is uniform,

=
1
N

N

∑
i=1

Wn({y : ϕ(y) 6= i}|xi), by (5.4). (5.5)

Definition 5.8. A real number R ≥ 0 is an achievable rate for a channel (more
precisely, a sequence of channels Wn), under the average probability of error cri-
terion, if ∀λ > 0, ∀∆R > 0, ∃n0 such that ∀n ≥ n0, ∃ codewords x1, . . . ,xN each in

c Let Sn denote the number of flips in n bits. An error occurs if Sn ≥ n/2. Hence, the error probability
is 1−P(Sn < n/2). Since Sn is a binomial(n,ε) random variable, the error probability is given by the
MATLAB command 1−binocdf(floor(n/2),n,epsilon) when n is odd.
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Xn and there exists a decoder ϕ:Yn→{1, . . . ,N} with

logN
n

> R−∆R and
1
N

N

∑
i=1

Wn({y : ϕ(y) 6= i}|xi) < λ .

Although the reader may have reservations about restricting M to be uniformly
distributed, in many cases, we will be able to obtain a bound on (5.4) that does not
depend on i, sayd

Wn({y : ϕ(y) 6= i}|xi)< λ , i = 1, . . . ,N. (5.6)

If we can establish such a bound, then for any probability mass function q(i) on
{1, . . . ,N}, if we replace (5.2) with

P(M = i,Y ∈ B) := q(i)Wn(B|xi), i = 1, . . . ,N, B⊂ Yn,

then (5.3) still holds, and it follows that

P(ϕ(Y) 6= M) =
N

∑
i=1

P(ϕ(Y) 6= M|M = i)P(M = i)

=
N

∑
i=1

P(ϕ(Y) 6= M|M = i)q(i)

=
N

∑
i=1

Wn({y : ϕ(y) 6= i}|xi)q(i), by (5.4),

<
N

∑
i=1

λq(i), by (5.6),

= λ . (5.7)

Definition 5.9. A real number R ≥ 0 is an achievable rate for a channel (more
precisely, a sequence of channels Wn), under the maximum probability of error
criterion, if ∀λ > 0, ∀∆R > 0, ∃n0 such that ∀n ≥ n0, ∃ codewords x1, . . . ,xN each
in Xn and there exists a decoder ϕ:Yn→{1, . . . ,N} with

logN
n

> R−∆R and max
1≤i≤N

Wn({y : ϕ(y) 6= i}|xi) < λ .

d The condition (5.6) can also be expressed as max
1≤i≤N

Wn({y : ϕ(y) 6= i}|xi)< λ .
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To say that a rate R is achievable according to the above definition means that
given any error tolerance λ > 0, if we take any sufficiently large block length n, then
there are N codewords in Xn and a decoder ϕ such that the code rate (logN)/n is not
much less than R and max1≤i≤N P(ϕ(Y) 6= M|M = i) < λ (cf. (5.4)). Of course, as
shown by (5.7), no matter what distribution q we use for M, we will have P(ϕ(Y) 6=
M) < λ as well. Since this holds in particular for q being the uniform distribution,
it is clear that any rate that is achievable under the maximum probability of error
criterion is achievable under the average probability of error criterion.

5.5. Capacity Regions

The capacity region is the set of achievable rates for a given channel under a
given probability of error criterion. A weak converse theorem says that a capacity
region is contained in a specified bigger set.e A forward theorem says that a capacity
region contains a specified smaller subset. If the bigger set and the smaller set are the
same, then we say that the capacity region has been characterized. A central goal of
information theory is to characterize the capacity regions of various channels under
various assumptions, and to obtain as simple a characterization as possible.

Our focus will be on the capacity regions

Ca := {R≥ 0 : R is achievable under the average probability of error criterion},

and

Cm := {R≥ 0 : R is achievable under the maximum probability of error criterion}.

It is easy to check that R = 0 is achievable under either criterion. It is also easy to
see that if R > 0 is achievable, then any 0 ≤ R′ < R is also achievable. Hence, each
capacity region must be an interval (unless the region consist only of the origin). It is
also easy to show that any limit of achievable rates is achievable (Problem 5.3). This
implies that each capacity region must be a closed interval.f The right-hand endpoint
of this interval, which is the maximum achievable rate, is called the capacity of
the channel (more precisely, the sequence of channels Wn) under the corresponding
probability of error criterion.

Theorem 5.10. Cm = Ca.

e There is a notion of a strong converse, which is discussed briefly in a later chapter.
f A singleton set such as {0}= [0,0] is considered a (degenerate) interval.
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Proof. The fact that Cm ⊂ Ca follows from the paragraph below Definition 5.9.
It is the reverse inclusion that requires some work. This work includes two key
observations. The first one is that if a numerical average is less than λ , then at least
half the terms must individually be less than 2λ . The second observation provides
a simple method to construct a new code from an existing one by throwing away
codewords. These two observations are combined in Section 5.5.3, where the proof
that Ca ⊂ Cm is completed.

5.5.1. Small Averages

Suppose θ1, . . . ,θN are nonnegative numbers whose numerical average is less
than λ . Then more than half of the θi are individually less than 2λ . To establish this
claim, we first express it in symoblic terms. Suppose that

1
N

N

∑
i=1

θi < λ ,

where 0 < λ < ∞. Put G := {i : θi < 2λ}. We show that |G|> N/2. Write

λ >
1
N

N

∑
i=1

θi =
1
N

(
∑

i∈Gc
θi + ∑

i∈G
θi

)
≥ 1

N ∑
i∈Gc

θi ≥
1
N ∑

i∈Gc
2λ =

2λ
N
|Gc|.

It follows that |Gc|< N/2, and then |G|= N−|Gc|> N−N/2 = N/2.

5.5.2. New Codes from Old Codes by Throwing Away Codewords

Let f :{1, . . . ,N} → Xn be any encoder, and let ϕ:Yn → {1, . . . ,N} be any de-
coder. Then

Di := {y : ϕ(y) = i}
contains exactly those outputs y that are decoded to message i.

If G is any subset of {1, . . . ,N}, we define the modified encoder fG:G→ Xn by
fG(i) := f (i) = xi, i ∈ G, and we define the modified decoder ϕG:Yn→ G by

ϕG(y) :=





ϕ(y), y ∈
⋃

i∈G

Di,

i0, otherwise,

where i0 can be any fixed element of G. Hence, for i ∈ G with i 6= i0, ϕG(y) = i⇔
y ∈ Di, and we can write

{y : ϕG(y) 6= i}= {y : ϕ(y) 6= i}, for i ∈ G, i 6= i0. (5.8)
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Furthermore, if we put

H :=
(⋃

i∈G

Di

)c

,

then ϕG(y) = i0⇔ y ∈ Di0 ∪H. We can therefore write

{y : ϕG(y) 6= i} ⊂ Dc
i = {y : ϕ(y) 6= i}, for all i ∈ G. (5.9)

Suppose that instead of (5.6), we have only

Wn({y : ϕ(y) 6= i}|xi)< λ , i ∈ G,

where G is a proper subset of {1, . . . ,N}. Let fG and ϕG be the encoder and decoder
just described. Then by (5.9), we can write

Wn({y : ϕG(y) 6= i}|xi)≤Wn({y : ϕ(y) 6= i}|xi)< λ , i ∈ G. (5.10)

5.5.3. Proof that Ca ⊂ Cm

Suppose R is achievable under the average probability of error criterion. Then for
given λ > 0 and ∆R > 0, for all sufficiently large n, there exist codewords x1, . . . ,xN
each in Xn and there exists a decoder ϕ:Yn→{1, . . . ,N} with

logN
n

> R−∆R/2 and
1
N

N

∑
i=1

Wn({y : ϕ(y) 6= i}|xi)< λ/2.

By our observation about small averages in Section 5.5.1, there must be a subset
G⊂ {1, . . . ,N} with |G|> N/2 and

Wn({y : ϕ(y) 6= i}|xi)< 2(λ/2) = λ , i ∈ G.

By (5.10),
Wn({y : ϕG(y) 6= i}|xi)< λ , i ∈ G.

Since there is no harm is assuming n is so large that (log2)/n≤ ∆R/2, we have

log |G|
n

>
log(N/2)

n
=

logN
n
− log2

n

> R−∆R/2− log2
n

≥ R−∆R/2−∆R/2
= R−∆R.

We thus have an encoder-decoder pair ( fG,ϕG) with rate greater than R−∆R and
with maximum error probability less than λ ; i.e., R is achievable under the maximum
probability of error criterion.
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Problems

1. Using the notation of Example 5.2, suppose that

P(Y n = yn|Xn = xn) =W n(yn|xn) :=W (yn|xn) · · ·W (y1|x1)

for some transition probability W (·|·). Show that

P(Yn = yn|Y n−1 = yn−1,Xn = xn) =W (yn|xn)

and that

P(Xn = xn|Y n−1 = yn−1,Xn−1 = xn−1) = P(Xn = xn|Xn−1 = xn−1).

2. MATLAB. When X and Y are finite sets, we can identify X with the positive in-
tegers {1, . . . , |X|}, and we can identify Y with the positive integers {1, . . . , |Y|}.
Consider a joint pmf of the form PXY (i, j) = p(i)W ( j|i). We regard the in-
put pmf p = [p(1), . . . , p(|X|)] as a row vector. Since PY ( j) = ∑i PXY (i, j) =
∑i p(i)W ( j|i), we can also regard PY as a row vector. In fact, if we let W be the
matrix whose i j component is W ( j|i), then in MATLAB, the expression PY=p⁎W
computes the row vector of output probabilities PY . The commands

[m,n] = size(W); % m = # inputs, n = # outputs
Pmat = repmat(p’,1,n);
PXY = Pmat.⁎W;

compute the matrix whose i j component is PXY (i, j) = p( j)W ( j|i). The com-
mands

PY = p⁎W
PYmat = repmat(PY,m,1);
PXgY = PXY./PYmat;

compute the matrix whose i j component is PX |Y (i| j) = PXY (i, j)/PY ( j). Run the
script

W = [ 1/2 1/2 0; 1/4 0 3/4 ; 1/2 1/2 0 ];
p = [ 5/12 1/3 1/4]

[m,n] = size(W);
Pmat = repmat(p’,1,n);
PXY = Pmat.⁎W;

PY = p⁎W
PYmat = repmat(PY,m,1);
PXgY = PXY./PYmat;
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HX = entropy2(p)
HY = entropy2(PY)
HXY = entropy2(PXY)
HYgX = entropy2(W,PXY)
HXgY = entropy2(PXgY,PXY)

to compute H(X), H(Y ), H(XY ), H(Y |X), and H(X |Y ).

3. Limits of Achievable Rates Are Achievable. Let Rk be a sequence of achievable rates
under the average probability of error criterion. If Rk → R, show that R is also
an achievable rate under the average probability of error criterion.

4. The average on a class midterm is less than 40 on a 100-point test. Consider the
following statement:

Fewer than half the students got at least 80 points.

Determine whether the statement is true or false. Justify your answer.

January 23, 2022



CHAPTER 6

Converse Theorems for the DMC
As shown in Chapter 5, Cm =Ca. In this chapter, we show that for the DMC with

transition probability W ,
Ca ⊂ [0,sup

p
I(p×W )],

where p runs over all pmfs on the set of channel input symbols X, and I(p×W ) is
the mutual information defined below. We can express the subset relation in words
by saying that if R is achievable under the average probability of error criterion for a
DMC W , then R≤ supp I(p×W ). This result is known as the weak converse. At the
end of the chapter, we discuss the strong converse for the DMC.

6.1. Preliminaries

6.1.1. Notation

If p and q are pmfs on X and Y, respectively, then p×q is the joint pmf on X×Y
defined by

(p×q)(x,y) := p(x)q(y).

Thus, p×q represents the joint pmf of a pair of independent random variables. More
generally, if p is a pmf on X and W (y|x) is a transition probability from X into Y,
then p×W is the joint pmf on X×Y defined by

(p×W )(x,y) := p(x)W (y|x).

In this case, p×W represents the joint pmf of a pair of dependent random variables.
Of course the marginal on X is just p, while the marginal on Y is

(pW )(y) := ∑
x

p(x)W (y|x).

6.1.2. Mutual Information

If PXY (x,y) is any joint pmf, we define the (average) mutual information

I(PXY ) := E

[
log

PXY (X ,Y )
PX (X)PY (Y )

]
= D(PXY‖PX ×PY ),
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where D is the Kullback–Leibler informational divergence or relative entropy.
We often write I(X ∧Y ) instead of I(PXY ). Some authors write I(X ;Y ) instead of
I(X ∧Y ).

Several properties of mutual information (and entropy) are readily apparent. First,
because mutual information can be expressed as a divergence, we see that I(X ∧Y )≥
0, with equality if and only if X and Y are independent. Second, since

0≤ I(X ∧Y ) = E

[
log

PXY (X ,Y )
PX (X)PY (Y )

]

= E[− logPX (X)]+E[− logPY (Y )]−E[− logPXY (X ,Y )],

we see that

H(XY )≤ H(X)+H(Y ), (6.1)

with equality if and only if X and Y are independent. Third,

I(X ∧Y ) = H(Y )−H(Y |X) = H(X)−H(X |Y ),

from which it follows that

H(X)≥ H(X |Y ).

Since entropy is a measure of uncertainty, this last property is summarized by saying,
“conditioning reduces uncertainty.”

6.1.3. Markov Chains

When X , Y , and Z are random variables that model the signals in a cascade of
systems as in Figure 6.1 the joint distribution of X , Y , and Z usually implies that

X Y
system

Z
system

Figure 6.1. A cascade of systems.

P(Z = z|Y = y,X = x) does not depend on x. We use the notation X → Y → Z as
shorthand to indicate that P(Z = z|Y = y,X = x) does not depend on x. The notation
X → Y → Z is read as “X , Y , and Z form a Markov chain,” although in writing
we frequently use the redundant expression, “X → Y → Z is a Markov chain.” As
shown in the problems, the Markov-chain condition is equivalent to having X and Z
conditionally independent given Y .
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60 6 Converse Theorems for the DMC

Example 6.1. Let X and Y have any joint pmf, and suppose Z = ϕ(Y ) for some
deterministic function ϕ . In this case we show that X → Y → Z is a Markov chain.
To begin, write

P(Z = z|Y = y,X = x) = P(ϕ(Y ) = z|Y = y,X = x) = P(ϕ(y) = z|Y = y,X = x)

= P(ϕ(y) = z),

where we have used the law of substitution and the fact that a deterministic event is
independent of everything. Since the probability of a deterministic condition is one
if the condition is true and zero otherwise,

P(Z = z|Y = y,X = x) =
{

1, if ϕ(y) = z,
0, otherwise,

which does not depend on x.

Example 6.2. Suppose M and Y are random variables with P(Y ∈ B,M = i) =
Wn(B|xi)q(i), where q is a pmf on {1, . . . ,N}, and x1, . . . ,xN are given. Put f (i) := xi,
and define a new random variable X := f (M) = xM . We show that M→ X→ Y is a
Markov chain. To begin, write

P(Y ∈ B,X = x,M = i) = P(Y ∈ B, f (M) = x,M = i)

= P(Y ∈ B, f (i) = x,M = i)

=

{
P(Y ∈ B,M = i), if x = xi,

0, otherwise,

= Wn(B|x)1{xi}(x)q(i). (6.2)

Taking B = Yn shows that

P(X = x,M = i) = 1{xi}(x)q(i).

Thus,a

P(Y∈B|X= x,M = i)=
P(Y ∈ B,X = x,M = i)

P(X = x,M = i)
=

Wn(B|x)1{xi}(x)q(i)
1{xi}(x)q(i)

=Wn(B|x),

a The value assigned to P(Y ∈ B|X = x,M = i) when the denominator is zero can be any probability
measure on B; what is important about conditional probability is that its product with the denominator
always equal the joint probability; i.e., we need

P(Y ∈ B|X = x,M = i)P(X = x,M = i) = P(Y ∈ B,X = x,M = i).

This is clearly holds for all x — check the two cases x = xi and x 6= xi.
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which does not depend on i. You are asked to show in the problems that for any
deterministic function ϕ(y),

M→ X→ Y is a Markov chain ⇒ M→ X→ ϕ(Y) is a Markov chain.

6.1.4. Data Processing Inequalities

Data processing inequalities say that if X → Y → Z is a Markov chain, then
“the mutual information between close things is greater than or equal to the mutual
information between far things.” More precisely, it is shown in the problems that

X → Y → Z ⇒ I(X ∧Z)≤
{

I(X ∧Y )
I(Y ∧Z).

Lemma 6.3 (Data Processing). Let M, X, and Y be as in Example 6.2. Then

I(M∧ϕ(Y))≤ I(X∧ϕ(Y))≤ I(X∧Y).

Proof. The left-hand inequality follows because we noted in Example 6.2 that
M→ X→ ϕ(Y) is a Markov chain. The right-hand inequality follows because we
showed in Example 6.1 that X→ Y→ ϕ(Y) is a Markov chain.

Lemma 6.4. If X and Y are as in Example 6.2 and Wn =W n is a DMC, then

H(Y|X) =
n

∑
k=1

H(Yk|Xk) and I(X∧Y)≤
n

∑
k=1

I(Xk ∧Yk).

Proof. First, it follows from (6.2), that P(Y = y|X = x) =W n(y|x). From this it
follows that P(Yk = yk|X = x) = W (yk|xk), which implies (cf. Problem 6.6) P(Yk =
yk|Xk = xk) =W (yk|xk). Hence,

H(Y|X) = E[− logW n(Y|X)] =
n

∑
k=1

E[− logW (Yk|Xk)] =
n

∑
k=1

H(Yk|Xk).

To derive the inequality, write

I(X∧Y) = H(Y)−H(Y|X)
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= H(Y)−
n

∑
k=1

H(Yk|Xk)

≤
n

∑
k=1

H(Yk)−
n

∑
k=1

H(Yk|Xk), by (6.1),

=
n

∑
k=1

I(Xk ∧Yk).

6.1.5. Fano’s Inequality

Theorem 6.5 (Fano’s Inequality). Let M and V be two random variables taking
values in {1, . . . ,N}. Then

H(M|V )≤ P(M 6=V ) log(N−1)+h(P(M 6=V )),

where h is the binary entropy function (Problem 3.10).

Corollary 6.6. H(M)≤ P(M 6=V ) logN + log2+ I(M∧V ).

Proof of Corollary. Since h is the entropy of a pmf on two points, h(P(M 6=
V ))≤ log2. Since N−1 < N, Fano’s inequality implies

0≤ P(M 6= v) logN + log2−H(M|V ).

Now add H(M) to both sides to obtain the result, since H(M)−H(M|V ) = I(M∧V ).

Proof of Fano’s Inequality. Consider the random variable Z := 1{M 6=V}. Using
the law of total probability,b

H(M|V ) := E

[
log

1
P(M|V )

]
= E

[
E

[
log

1
P(M|V )

∣∣∣∣Z
]]

= E

[
log

1
P(M|V )

∣∣∣∣Z = 1
]
P(M 6=V )+E

[
log

1
P(M|V )

∣∣∣∣Z = 0
]
P(M =V ).

Next, by Jensen’s inequality (Problem 1.1), the conditional expectations satisfy

E

[
log

1
P(M|V )

∣∣∣∣Z = 1
]
≤ logE

[
1

P(M|V )

∣∣∣∣Z = 1
]

b We write P(m|v) for PM|V (m|v) and P(v) for PV (v) to simplify the notation.
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and

E

[
log

1
P(M|V )

∣∣∣∣Z = 0
]
≤ logE

[
1

P(M|V )

∣∣∣∣Z = 0
]
.

It remains to evaluate the two conditional expectations on the right. Observe that

P(M = m,V = v|M 6=V ) =
P(M = m,V = v)

P(M 6=V )
1{m}c(v) =

P(m|v)P(v)
P(M 6=V )

1{m}c(v)

and

P(M = m,V = v|M =V ) =
P(M = m,V = v)

P(M =V )
1{m}(v) =

P(m|v)P(v)
P(M =V )

1{m}(v).

Hence,

E

[
1

P(M|V )

∣∣∣∣Z = 1
]
= ∑

v
∑
m

1
P(m|v)

P(m|v)P(v)
P(M 6=V )

1{m}c(v)

=
1

P(M 6=V ) ∑
v

P(v)∑
m

1{m}c(v) =
N−1

P(M 6=V )
.

Similarly,

E

[
1

P(M|V )

∣∣∣∣Z = 0
]
= ∑

v
∑
m

1
P(m|v)

P(m|v)P(v)
P(M =V )

1{m}(v)

=
1

P(M =V ) ∑
v

P(v)∑
m

1{m}(v) =
1

P(M =V )
.

Putting this all together yields

H(M|V ) ≤ P(M 6=V ) log
N−1

P(M 6=V )
+P(M =V ) log

1
P(M =V )

= P(M 6=V ) log(N−1)+h(P(M 6=V )).

6.2. The Weak Converse

Theorem 6.7 (Weak Converse for the DMC). If R is an achievable rate for a
DMC W under the average probability of error criterion, then R≤ supp I(p×W ).
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Proof. Fix any 0 < λ < 1 and any ∆R > 0. Since R is achievable, for all suffi-
ciently large n, there exist codewords x1, . . . ,xN and there exists a decoder ϕ with

logN
n

> R−∆R and P(ϕ(Y) 6= M)< λ ,

where M,X,Y have joint pmf (cf. Example 6.2)

P(M = i,X = x,Y = y) =
1
N

1{xi}(x)W
n(y|x).

Since M is uniformly distributed, H(M) = logN. By the corollary to Fano’s inequal-
ity,

logN = H(M)≤ λ logN + log2+ I(M∧ϕ(Y)).

Rearrange this as
(1−λ ) logN ≤ I(M∧ϕ(Y))+ log2.

Since (logN)/n > R−∆R, we have logN > n(R−∆R), and so

(1−λ )n(R−∆R) ≤ I(X∧Y)+ log2, by the Data Processing Lemma,

≤
n

∑
k=1

I(Xk ∧Yk)+ log2, by Lemma 6.4,

≤ n · sup
p

I(p×W )+ log2.

Hence,

R≤
supp I(p×W )

1−λ
+

log2
n(1−λ )

+∆R.

Since λ > 0 and ∆R > 0 can be arbitrarily small, and n can be arbitrarily large, we
must have R≤ supp I(p×W ).

6.3. The Strong Converse

Definition 6.8. Given λ > 0, a real number R≥ 0 is λλλ -achievable for a channel
(more precisely, a sequence of channels Wn), under the average probability of error
criterion, if ∀∆R > 0, ∃n0 such that ∀n≥ n0, ∃ codewords x1, . . . ,xN each in Xn and
there exists a decoder ϕ:Yn→{1, . . . ,N} with

logN
n

> R−∆R and P(ϕ(Y) 6= M)< λ ,

where P(M = i,Y = y) =W n(y|xi)/N.
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A rate R is achievable ⇔ ∀λ > 0, R is λ -achievable. In other words, if we let
Ca,λ denote the set of λ -achievable rates, then

Ca =
⋂

λ>0

Ca,λ .

Since 0 < λ1 < λ2 implies Ca,λ1 ⊂ Ca,λ2 ,

⋂

0<λ<1

Ca,λ ⊂
⋂

λ>0

Ca,λ .

Since the reverse inclusion is trivially true, we have

Ca =
⋂

0<λ<1

Ca,λ .

We next observe that for fixed λ > 0, Ca ⊂ Ca,λ . A strong converse says that for
0 < λ < 1, Ca,λ ⊂ Ca. If a strong converse holds, then Ca,λ = Ca for 0 < λ < 1.

Since Ca,λ ⊂ Ca is equivalent to C c
a ⊂ C c

a,λ , we can say the following: If a rate
R is such that you cannot drive the error probability to zero, then asymptotically, you
cannot drive the error probability to any number less than λ .

Theorem 6.9 (Strong Converse for the DMC). For a DMC W and 0 < λ < 1,
Ca,λ ⊂ Ca.

Proof. We prove the equivalent formula C c
a ⊂ C c

a,λ . Put C := supp I(p×W ). The
weak converse shows that Ca ⊂ [0,C]. In a later chapter, we show that Ca ⊃ [0,C]
(the forward theorem). Thus, Ca = [0,C]. It now follows that R∈C c

a implies R >C.
Choose any 0 < ∆R < (R−C)/2. Suppose ( f ,ϕ) is an encoder-decoder pair with

log(N)

n
> R−∆R >C and P(ϕ(Y) 6= M)< λ .

It can be proved thatc

P(ϕ(Y) 6= M)≥ 1− 4A
n(R−C)2 − exp

[
−n
(

R−C
2
−∆R

)]
→ 1,

where 0 < A < ∞ depends on W but not on n or N. The conditions P(ϕ(Y) 6= M)< λ
and P(ϕ(Y) 6= M)→ 1 are contradictory.

c See, e.g., Gallager [6, pp. 173–175] for a proof of this result, which is due to Wolfowitz (1957).
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Problems

1. (a) Show that if X and Y have the same pmf, then H(Y |X) = H(X |Y ).
(b) MATLAB. If PX = PY , is it true that PX |Y = PY |X ? Explore this question as

follows. Recall Problem 5.2. In the script of that problem, PY = PX . Run
the script and print out PXgY and W. Are they the same?

(c) MATLAB. Compute relent(PXY,p’⁎PY) and compare it with the mu-
tual information HY-HYgX.

2. Chain Rule for Mutual Information. Recall that the mutual information between X
and Y is

I(X ∧Y ) := E

[
log

PXY (X ,Y )
PX (X)PY (Y )

]
.

Similarly, the mutual information between X and Y Z is

I(X ∧Y Z) := E

[
log

PXY Z(X ,Y,Z)
PX (X)PY Z(Y,Z)

]
.

The conditional mutual information is

I(X ∧Z|Y ) := E

[
log

PXZ|Y (X ,Z|Y )
PX |Y (X |Y )PZ|Y (Z|Y )

]
.

Derive the chain rules for mutual information,

I(X ∧Y Z) = I(X ∧Y )+ I(X ∧Z|Y )

and
I(X ∧Y Z) = I(X ∧Z)+ I(X ∧Y |Z).

3. Show that conditional mutual information is nonnegative. In other words, show
that I(X ∧Y |Z)≥ 0, with equality if and only if X and Y are conditionally inde-
pendent given Z. Hint: Explain why

I(X ∧Y |Z = z) := E

[
log

PXY |Z(X ,Y |z)
PX |Z(X |z)PY |Z(Y |z)

∣∣∣∣Z = z
]
≥ 0

for all z, and then use the laws of total probability and substitution.

4. Show that

M→ X→ Y is a Markov chain ⇒ M→ X→ ϕ(Y) is a Markov chain.
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5. Data Processing Inequality. If X and Z are conditionally independent given Y ,
show that I(X ∧Y ) ≥ I(X ∧Z). Hint: Use the two chain rules for mutual infor-
mation.

6. Show that if PZ|Y X (z|y,x) does not depend on x, then X and Z are conditionally
independent given Y . Hint: Since

PXZ|Y (x,z|y) =
PXY Z(x,y,z)

PY (y)
=

PZ|Y X (z|y,x)PY X (y,x)
PY (y)

= PZ|Y X (z|y,x)PX |Y (x|y),

it suffices to show that PZ|Y X (z|y,x) = PZ|Y (z|y).

7. Data Processing Inequality Again. Suppose X and Z are conditionally independent
given Y . Show that I(Y ∧Z)≥ I(X∧Z). Hint: Expand I(XY ∧Z) in two different
ways.

8. Putd

H(Y |X = x) := E
[
− logPY |X (Y |X)

∣∣X = x
]
= ∑

y
PY |X (y|x) log

1
PY |X (y|x)

.

Use the law of total probability to show that

H(Y |X) = ∑
x

H(Y |X = x)P(X = x).

9. In this problem you will derive three intuitive results. Part (c) says there is less
uncertainty in ϕ(Y ) than in Y . Part (e) says that reducing conditioning increases
uncertainty. Part (g) says that there is more mutual information between X and
Y than between X and ϕ(Y ). Part (h) says that the uncertainty in X given ϕ(Y )
is more than the uncertainty of X given Y .

(a) How that H(ϕ(Y )|Y ) = 0. Hint: Conditioned on Y = y, ϕ(Y ) is a constant
random variable.

(b) Show that I(Y ∧ϕ(Y )) = H(ϕ(Y )).
(c) Show that H(ϕ(Y ))≤ H(Y ).
(d) Show that I(Z∧X |Y ) = H(Z|Y )−H(Z|XY ).
(e) Show that H(Z|XY )≤ H(Z|Y ).
(f) Show that I(X ∧ϕ(Y )|Y ) = 0.
(g) Show that I(X ∧Y )≥ I(X ∧ϕ(Y )).

d The second equality follows by the law of substitution and evaluation of the resulting conditional
expectation.
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(h) Show that H(X |ϕ(Y ))≥ H(X |Y ).

10. Show that I(p×W ) is a concave function of p. Hint: Use the fact that

I(X ∧Y ) = H(Y )−H(Y |X)

= H(pW )−∑
x

H(Y |X = x)p(x)

= H(pW )−∑
x

H
(
W (·|x)

)
p(x).

Problem 4.4 may also be helpful.

11. Continuity of Mutual Information. Let X and Y be finite sets, and let PXY (x,y) be
a joint pmf on X×Y. Show that I(X ∧Y ) = I(PXY ) is a continuous function of
PXY . More specifically, given ε > 0, show that there is a δ > 0 such that

d(PXY ,QXY )< δ ⇒ |I(PXY )− I(QXY )|< ε.
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CHAPTER 7

General Techniques for Studying Channel
Codes

7.1. More about Decoders

Given codewords x1, . . . ,xN , each in Xn, decoder design usually starts with a
“bright idea” in the form of subsets of Yn, say B1, . . . ,BN , that depend on the code-
words. If y ∈ Bi, we would like to put ϕ(y) := i. However, we need to say more in
order to guarantee that ϕ is well defined.

Example 7.1 (Maximum-Likelihood Decoding Sets). The sets

Bi := {y : Wn(y|xi)≥Wn(y|x j) for all j},

are used for maximum-likelihood (ML) decoding. Later we need the fact that⋃N
i=1 Bi =Yn. This can be seen examining the numbers Wn(y|x1), . . . ,Wn(y|xN). Find

the largest; if there is a tie, it just means that y belongs to more than one of the Bi.

Although maximum likelihood is a good idea, it has a problem as far as using
it as a decoder. The most obvious problem is that the Bi may not be disjoint. For
example, if y ∈ Bi and if Wn(y|xi) =Wn(y|xi ′) for some xi 6= xi ′ , then y ∈ Bi′ as well.
In this case, how should we define ϕ(y)? Should we put ϕ(y) = i or should we put
ϕ(y) = i ′?

Suppose we had taken

Bi := {y : Wn(y|xi)>Wn(y|x j) for all j 6= i}.

In this case, the Bi would be disjoint. However, as noted in the previous paragraph,
it may happen that Wn(y|xi) = Wn(y|xi ′) for some xi 6= xi ′ . In this case y does not
belong to any Bi; how should we define ϕ(y)?

The next section addresses both situations; i.e., what to do if the Bi are not disjoint
and what to do if

⋃N
i=1 Bi 6= Yn.

7.1.1. Decoders from Subsets

Given arbitrary subsets B1, . . . ,BN of Yn, if y belongs to more than one Bi, an-
nounce the smallest corresponding value of i. If y does not belong to any Bi, announce
some fixed message, say N.
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70 7 General Techniques for Studying Channel Codes

Notation

In order to work with this definition mathematically, it is convenient to introduce
the following notation. Let

F1 := B1

Fi := Bi∩Bc
i−1∩·· ·∩Bc

1, i = 2, . . . ,N.

Note that Fi∩Fj =∅ for i 6= j. Next, put

F :=
( N⋃

i=1

Fi

)c

= Fc
1 ∩·· ·∩Fc

N .

Then F ∩Fi =∅ for i = 1, . . . ,N, and

F1∪·· ·∪FN ∪F = Yn.

If we put

ϕ(y) :=
N

∑
i=1

i1Fi(y)+N1F(y),

then
ϕ(y) = i ⇔ y ∈ Fi, i = 1, . . . ,N−1,
ϕ(y) = N ⇔ y ∈ FN ∪F.

7.1.2. Decoder Properties

Now that we have ϕ expressed in terms of the foregoing notation, we can make
some important observations that will enable us to derive bounds on the quantity
Wn({y : ϕ(y) 6= i}|xi) in (5.5) and (5.6).

We begin with

ϕ(y) 6= i⇔ y ∈ Fc
i , i = 1, . . . ,N−1. (7.1)

Next, since ϕ(y) = N⇔ y ∈ FN ∪F , we have

ϕ(y) 6= N⇔ y ∈ Fc
N ∩Fc,

where it is important to note that

Fc
N ∩Fc ⊂ Fc

N .

Hence,
ϕ(y) 6= i⇒ y ∈ Fc

i , i = 1, . . . ,N. (7.2)
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To conclude, observe that

Fc
i =





Bc
1, i = 1,

Bc
i ∪
(⋃

j<i

B j

)
, i = 2, . . . ,N.

(7.3)

We can now write

Fc
i ⊂ Bc

i ∪
(⋃

j 6=i

B j

)
, i = 1, . . . ,N. (7.4)

From (7.2) and (7.4), we have

{y : ϕ(y) 6= i} ⊂ Bc
i ∪
(⋃

j 6=i

B j

)
, i = 1, . . . ,N, (7.5)

and from (7.1) and (7.3) we have

{y : ϕ(y) 6= i}= Fc
i ⊃ Bc

i , i = 1, . . . ,N−1. (7.6)

There are two special cases to be mentioned. First, if the Bi are disjoint, then
Fi = Bi, and we have from (7.2) that

{y : ϕ(y) 6= i} ⊂ Bc
i , i = 1, . . . ,N.

Second, if the union of the Bi is equal to Yn (e.g., ML decoding), then

Bc
i ⊂

⋃

j 6=i

B j.

It then follows from (7.5) that

{y : ϕ(y) 6= i} ⊂
⋃

j 6=i

B j, i = 1, . . . ,N. (7.7)

7.2. The Random Coding Argument

Let g be a nonnegative function defined on some set Z, and let Z be a Z-valued
random variable such that E[g(Z)]< λ . Then there is at least one z∈ Z with g(z)< λ .
To see this, suppose otherwise that g(z)≥ λ for all z. Then we would have E[g(Z)]≥
λ , which contradicts the hypothesis that E[g(Z)]< λ .
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We employ the random coding argument as follows. Write the error probability
in (5.5) as a function of the codewords,a

en(x1, . . . ,xN) :=
1
N

N

∑
i=1

Wn({y : ϕ(y) 6= i}|xi).

If we can find a random codebook (X1, . . . ,XN) such that E[en(X1, . . . ,XN)]< λ , then
there must be at least one codebook (x1, . . . ,xN) ∈ (Xn)N with en(x1, . . . ,xN)< λ .

For later use, note that

E[en(X1, . . . ,XN)] = E

[
1
N

N

∑
i=1

Wn({y : ϕ(y) 6= i}|Xi)

]

=
1
N

N

∑
i=1

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
. (7.8)

Our approach is to obtain a bound on E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
that does not depend

on i. To this end, we first compute the conditional expectation

E
[
Wn({y : ϕ(y) 6= i}|Xi)

∣∣Xi = x
]
.

We then have by the law of total probability for expectation that

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
= ∑

x
E
[
Wn({y : ϕ(y) 6= i}|Xi)

∣∣Xi = x
]
P(Xi = x). (7.9)

Problems

1. Consider the following subsets,

B1 := {1101,0111,1001}
B2 := {0101,1101,0001}
B3 := {1110,1001,0101,1000}.

Your friend suggests defining a decoder ϕ by the following rule: If y= b1b2b3b4,
put ϕ(y) = i if y ∈ Bi. If this is a well-defined decoding rule, prove it. If the rule
is not well defined, explain why and modify the rule to make it well defined.

a In general, the decoder ϕ is defined in terms of the codewords. However, to keep the notation from
getting out of hand, we just write ϕ(y) instead of the more explict ϕx1 ,...,xN (y).
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CHAPTER 8

Forward Theorem for the DMC

8.1. Joint Typicality

The success of the asymptotic equipartition property (AEP) (Theorem 4.4) in
summarizing the key concepts used to prove Shannon’s Source Coding Theorem sug-
gests the following extension.

When PXY (x,y) is any joint probability mass function on X×Y, we use the nota-
tion

PX (x) := ∑
y

PXY (x,y) and PY (y) := ∑
x

PXY (x,y)

for the marginal probability mass functions on X and Y, respectively. Next, for x =
(x, . . . ,xn) ∈ Xn and y = (y1, . . . ,yn) ∈ Yn, we put

Pn
XY (x,y) :=

n

∏
k=1

PXY (xk,yk).

The reader should verify that the marginals on Xn and Yn satisfy

∑
y

Pn
XY (x,y) =

n

∏
k=1

PX (xk) =: Pn
X (x) and ∑

x
Pn

XY (x,y) =
n

∏
k=1

PY (yk) =: Pn
Y (y).

Given ε > 0, we say that x and y are jointly typical if pair (x,y) belongs to the set

An :=
{
(x,y) ∈ Xn×Yn :

∣∣∣∣
1
n

log
1

Pn
X (x)

−H(PX )

∣∣∣∣≤ ε,
∣∣∣∣
1
n

log
1

Pn
Y (y)

−H(PY )

∣∣∣∣≤ ε,

and
∣∣∣∣
1
n

log
1

Pn
XY (x,y)

−H(PXY )

∣∣∣∣≤ ε
}
.

By writing |t| ≤ ε as −ε ≤ t ≤ ε , it is easy to show that

An =
{
(x,y) ∈ Xn×Yn : exp

(
−n[H(PX )+ ε]

)
≤ Pn

X (x)≤ exp
(
−n[H(PX )− ε]

)
,

exp
(
−n[H(PY )+ ε]

)
≤ Pn

Y (y)≤ exp
(
−n[H(PY )− ε]

)
,

and exp
(
−n[H(PXY )+ ε]

)
≤ Pn

XY (x,y)≤ exp
(
−n[H(PXY )− ε]

)}
.
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74 8 Forward Theorem for the DMC

We thus have upper and lower bounds on the marginal probabilities Pn
X (x) and Pn

Y (y)
and on the joint probabilities Pn

XY (x,y).

Theorem 8.1 (Joint Asymptotic Equipartition Property (Joint AEP)). Let An be
defined as in Section 8.1, where 0 < ε < 1 and PXY (x,y) have been given. The set of
jointly typical pairs An has small cardinality in the sense that

|An| ≤ exp(n[H(PXY )+ ε]).

For large n, the set An has high Pn
XY probability in the sense that

lim
n→∞

Pn
XY (An) = 1.

It then follows that for large n,

|An| ≥ (1− ε)exp(n[H(PXY )− ε]).

If Qn(x,y) := Pn
X (x)Pn

Y (y), then

Qn(An)≤ exp(−n[I(PXY )−3ε]),

and for sufficiently large n,

Qn(An)≥ (1− ε)exp(−n[I(PXY )+3ε]).

Proof. Because we have a lower bound on PXY (x,y) for (x,y) ∈ An, we can write

1 = ∑
(x,y)

Pn
XY (x,y)≥ ∑

(x,y)∈An

Pn
XY (x,y) ≥ ∑

(x,y)∈An

exp
(
−n[H(PXY )+ ε]

)

= |An|exp
(
−n[H(PXY )+ ε]

)
.

Rearranging yields the upper bound on |An|.
To prove the limit result, it suffices to prove that 1−Pn

XY (An) = Pn
XY (A

c
n)→ 0. Let

(X1,Y1),(X2,Y2), . . . be i.i.d. pairs with common probability mass function PXY . Put
X := (X1, . . . ,Xn) and Y := (Y1, . . . ,Yn). Then

P
(
(X,Y) /∈ An

)
= P

(∣∣∣∣
1
n

n

∑
k=1

log
1

PX (Xk)
−H(PX )

∣∣∣∣> ε,

or
∣∣∣∣
1
n

n

∑
k=1

log
1

PY (Yk)
−H(PY )

∣∣∣∣> ε,

or
∣∣∣∣
1
n

n

∑
k=1

log
1

PXY (Xk,Yk)
−H(PXY )

∣∣∣∣> ε
)
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≤ P

(∣∣∣∣
1
n

n

∑
k=1

log
1

PX (Xk)
−H(PX )

∣∣∣∣> ε
)

+P

(∣∣∣∣
1
n

n

∑
k=1

log
1

PY (Yk)
−H(PY )

∣∣∣∣> ε
)

+P

(∣∣∣∣
1
n

n

∑
k=1

log
1

PXY (Xk,Yk)
−H(PXY )

∣∣∣∣> ε
)
.

In each probability on the right, the terms in the sums are i.i.d., and the expectation
of each logarithm is the corresponding entropy. Hence, by the weak law of large
numbers, each probability tends to zero as n→ ∞.

Since Pn
XY (An)→ 1, for large n, we have Pn

XY (An)≥ 1− ε . Hence,

1− ε ≤ Pn
XY (An)

= ∑
(x,y)∈An

Pn
XY (x,y)

≤ ∑
(x,y)∈An

exp
(
−n[H(PXY )− ε]

)

= |An|exp
(
−n[H(PXY )− ε]

)
.

Rearranging yields the lower bound on |An|.
To establish the last two inequalities, write

Qn(An) = ∑
(x,y)∈An

Pn
X (x)P

n
Y (y)

≤ ∑
(x,y)∈An

exp
(
−n[H(PX )− ε]

)
exp
(
−n[H(PY )− ε]

)

= |An|exp
(
−n[H(PX )− ε]

)
exp
(
−n[H(PY )− ε]

)

≤ exp(n[H(PXY )+ ε])exp
(
−n[H(PX )− ε]

)
exp
(
−n[H(PY )− ε]

)

= exp(−n[I(PXY )−3ε]),

and

Qn(An) = ∑
(x,y)∈An

Pn
X (x)P

n
Y (y)

≥ ∑
(x,y)∈An

exp
(
−n[H(PX )+ ε]

)
exp
(
−n[H(PY )+ ε]

)

= |An|exp
(
−n[H(PX )+ ε]

)
exp
(
−n[H(PY )+ ε]

)

≥ (1− ε)exp(n[H(PXY )− ε])exp
(
−n[H(PX )+ ε]

)
exp
(
−n[H(PY )+ ε]

)

= (1− ε)exp(−n[I(PXY )+3ε]).
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8.2. The Typicality Decoder for the DMC

Recall that in ML decoding, the sets Bi were defined only in terms of the channel
transition probability Wn. In typicality decoding, the sets Bi depend not only on Wn
but also on a probability mass function p on X. In the next section, we use p to
construct a random codebook, but for now, p is just a parameter used to construct the
Bi.

For a DMC, recall that Wn(y|x) = W n(y|x) := ∏
n
k=1 W (yk|xk). The typicality

decoder is defined in terms of the setsa

Bi := {y : (xi,y) ∈ An},

where now we take PXY (x,y) := p(x)W (y|x) in the definition of An (Section 8.1). In
other words, the decoder decides message i was sent if xi and y are jointly typical. If
y is jointly typical with more than one codeword, we decide in favor of the smallest
value of i. If there is no codeword with which y is jointly typical, then we announce
message N.

8.3. Forward Theorem for the DMC

For a DMC W , put

C := sup
p

I(p×W ).

Theorem 8.2 (Forward Theorem for the DMC). For a DMC W, if R≤C, then R
is achievable under the average probability of error criterion; i.e., [0,C]⊂ Ca.

Proof. Since limits of achievable rates are achievable, it suffices to show that for
fixed p, I(p×W ) is an achievable rate. Again, since limits of achievable rates are
achievable, it suffices to show that any 0 < R < I(p×W ) is an achievable rate. Fix
any 0 < λ < 1 and any ∆R > 0. Choose any

0 < ε <
I(p×W )−R

3
.

a When we use a random codebook, Bi = {y : (Xi,y) ∈ An} depends on the random codeword Xi.
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Put PXY (x,y) := p(x)W (y|x), and for n ≥ 1, define the jointly typical sets An as in
Section 8.1. Put N := bexp(nR)c. For all sufficiently large n, the following three
conditions all hold:

exp(−n[I(p×W )−R−3ε])< λ/2,

logN
n

> R−∆R, and Pn
XY (A

c
n)< λ/2.

The first inequality holds because I(p×W )−R− 3ε > 0; the second one holds by
Problem 3.3; the third one holds by the joint AEP.

It remains to prove the existence of a codebook and decoder with P(ϕ(Y) 6=M)<
λ . First note that for any codebook and decoder, we have by (7.5) that

Wn({y : ϕ(y) 6= i}|xi)≤Wn(Bc
i |xi)+Wn

(⋃

j 6=i

B j

∣∣∣∣xi

)
.

We next apply the random coding argument of Section 7.2. Consider random code-
words X1, . . . ,XN chosen i.i.d. with P(Xi = x) := pn(x). Using the above right-hand
side in (7.9), we get

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
≤ T1 +T2, (8.1)

where
T1 := ∑

x
E
[
Wn(Bc

i |Xi)
∣∣Xi = x

]
pn(x),

and

T2 := ∑
x
E

[
Wn

(⋃

j 6=i

B j

∣∣∣∣Xi

)∣∣∣∣Xi = x
]

pn(x).

Below we show that if we use a typicality decoder with

Bi := {y : (xi,y) ∈ An},

then T1 and T2 are each upper bounded by λ/2. Then (8.1), and therefore (7.9), will
be upper bounded by λ , which implies (7.8) is also upper bounded by λ . Hence, as
argued in Section 7.2 there will exist an encoder-decoder pair with the required rate
and with P(ϕ(Y) 6= M)< λ ; i.e., R will be achievable under the average probability
of error criterion.

To bound T1, write

T1 = ∑
x
E

[
∑

y:(Xi,y)/∈An

Wn(y|Xi)

∣∣∣∣Xi = x
]

pn(x)
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= ∑
x
E

[
∑

y:(x,y)/∈An

Wn(y|x)
∣∣∣∣Xi = x

]
pn(x)

= ∑
x

∑
y:(x,y)/∈An

Wn(y|x)pn(x).

Since we are working with a DMC, Wn(y|x) = W n(y|x). Hence, Wn(y|x)pn(x) =
W n(y|x)pn(x) = Pn

XY (x,y). In other words, T1 = Pn
XY (A

c
n)< λ/2.

To bound T2, write

T2 ≤∑
j 6=i

∑
x
E
[
Wn(B j|Xi)

∣∣Xi = x
]
pn(x), by the union bound,

= ∑
j 6=i

∑
x
E

[
∑

y:(X j ,y)∈An

Wn(y|Xi)

∣∣∣∣Xi = x
]

pn(x)

= ∑
j 6=i

∑
x
E

[
∑

y:(X j ,y)∈An

Wn(y|x)
∣∣∣∣Xi = x

]
pn(x), by the law of subst.,

= ∑
j 6=i

∑
x
E

[
∑

y:(X j ,y)∈An

Wn(y|x)
]

pn(x), by independence,

= ∑
j 6=i

E

[
∑

y:(X j ,y)∈An

∑
x

W n(y|x)pn(x)
]

= ∑
j 6=i

E

[
∑

y:(X j ,y)∈An

Pn
Y (y)

]

= ∑
j 6=i

∑
x′

pn(x′) ∑
y:(x′,y)∈An

Pn
Y (y)

= (N−1)Qn(An)

≤ (N−1)exp(−n[I(PXY )−3ε]), by the joint AEP,
≤ N exp(−n[I(PXY )−3ε])
≤ exp(nR)exp(−n[I(PXY )−3ε]), since N := bexp(nR)c ≤ exp(nR),

= exp(−n[I(p×W )−R−3ε]), since PXY (x,y) := p(x)W (y|x),
< λ/2.

8.4. Generalization to Countably Infinite Sets

There is a difficulty in extending our proof of the Forward Theorem to the case
when X or Y is a countably infinite set such as the positive integers. Recall the
jointly typical sets An in Section 8.1. If X or Y is countably infinite, it may happen
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that H(PX ) or H(PY ) is infinite (e.g., Problem 3.12). In this case, the definition of An
does not make sense. In some cases, this difficulty can be circumvented by carrying
out the proof only for the p that maximizes I(p×W ) if it can be shown that for this
p, H(p), H(pW ), and H(p×W ) are all finite.
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CHAPTER 9

Evaluation of the DMC Capacity

9.1. Weakly Symmetric Channels

Let W be a transition probability from a finite set X into a finite set Y. Recall that
C = supp I(p×W ). Now, if PXY (x,y) := p(x)W (y|x),

I(p×W ) = I(X ∧Y ) = H(Y )−H(Y |X)

= H(Y )−∑
x∈X

p(x)H(Y |X = x)

= H(Y )−∑
x∈X

p(x)H(W (·|x))

≤ log |Y|−∑
x∈X

p(x)H(W (·|x)),

where equality holds⇔ PY (y) = ∑
x∈X

p(x)W (y|x) is the uniform pmf on Y.

The foregoing observation suggests that to find channels whose capacity is easy
to evaluate, we look for channels with the properties that

(i) H(W (·|x)) does not depend on x; in this case, H(Y |X) does not depend on p.
(ii) We can find an input pmf p such that the output pmf pW is the uniform pmf on

Y; i.e., (pW )(y) = 1/|Y|.
For such channels, the maximum mutual information is log |Y|−H(W (·|x)), which
does not depend on x.

Definition 9.1. A DMC W is symmetric if

(i) For fixed x,x′ ∈ X, the numbers {W (·|x)} are a permutation of {W (·|x′)}.
(ii) For fixed y,y′ ∈ Y, the numbers {W (y|·)} are a permutation of {W (y′|·)}.

If we arrange the entries of W in a matrix, where x is the row index and y is the
column index, then the first condition says that the rows are permutations of each
other, and the second condition says that the columns are permutations of each other.

The main implication of the symmetry conditions stems from the fact that when
you add up a list of numbers, the order in which you add does not change the sum.
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9.1 Weakly Symmetric Channels 81

More specifically, the first condition of a symmetric channel implies that

H(W (·|x)) = ∑
y

W (y|x) log
1

W (y|x)

does not depend on x. The second condition implies that if p is the uniform pmf on
X; i.e., p(x) = 1/|X|, then

(pW )(y) =
1
|X|∑x

W (y|x)

does not depend on y. Since the (pW )(y) are nonnegative and sum to one, we must
have (pW )(y) = 1/|Y| as we want.

Example 9.2. The mod-D adder channels of Example 5.1, of which the BSC of
Example 5.3 (Figure 9.1) is a special case, are symmetric channels. Since W (y|x) =

11
1− ε

ε

0 0
1− ε

ε

Figure 9.1. Binary symmetric channel with crossover probability ε .

pZ(y−x), for fixed x, as y runs over {0, . . . ,D−1}, so does the mod-D difference y−
x. This also happens if we fix y and let x run over {0, . . . ,D−1}. Since H(W (·|x)) =
H(pZ(· − x)) = H(pZ), the capacity of the mod-D adder channel is C = logD−
H(pZ). In particular, the BSC with crossover probability pZ(1) = ε has capacity

C = 1−h(ε) bits per channel use,

where h is the binary entropy function and base-2 logarithms are used.

A little thought shows that the second condition in the definition of a symmetric
channel is stronger than we need. This suggests the following definition.

Definition 9.3. A DMC W is weakly symmetric if

(i) For fixed x,x′ ∈ X, the numbers {W (·|x)} are a permutation of {W (·|x′)}.
(ii) ∑x W (y|x) does not depend on y.

If we think of W as a matrix, then the second condition says that the column sums
are all the same.
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82 9 Evaluation of the DMC Capacity

Example 9.4 (Cover and Thomas [3]). Let X= {0,1},Y = {0,1,2},

W (y|0) =
(

1
3
,

1
6
,

1
2

)

W (y|1) =
(

1
3
,

1
2
,

1
6

)
.

Then W is weakly symmetric, but not symmetric.

Example 9.5 (Binary Erasure Channel (BEC)). The binary erasure channel
(BEC) is shown in Figure 9.2. It is defined as follows. Let Y = {0,1,E},

1
1− ε

ε

0
1− ε

ε
E

1

0

Figure 9.2. Binary erasure channel with erasure probability ε .

W (·|0) = (1− ε ,ε ,0)
W (·|1) = (0 ,ε ,1− ε).

Although the rows are permutations of each other, the column sums are not constant;
hence this channel is not weakly symmetric. However, since its rows are permutations
of each other H(W (·|x)) = h(ε) does not depend on x. Let us now examine pW .
Letting β := p(1), we have

(pW )(0) = (1− ε)(1−β )
(pW )(E) = ε
(pW )(1) = (1− ε)β .

Hence,

H(pW ) = (1−β )(1− ε) log
1

(1−β )(1− ε)
+ ε log

1
ε
+β (1− ε) log

1
β (1− ε)

= (1− ε)h(β )+h(ε).
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Then
I(p×W ) = [(1− ε)h(β )+h(ε)]−h(ε) = (1− ε)h(β ),

Maximizing over p means maximizing over 0 ≤ β ≤ 1. Since β = 1/2 maximizes
the binary entropy function with value log2, we have

C = sup
0≤β≤1

(1− ε)h(β ) = (1− ε) log2.

Using base-2 logarithms, we see that the capacity of the BEC is 1−ε bits per channel
use. In other words, on average, a fraction of ε bits are erased over many uses of the
channel.

Problems

1. Let X= Y = {1,2,3}, and let

W (·|1) = ( 2
3 ,

1
3 ,0),

W (·|2) = ( 1
3 ,

1
3 ,

1
3 ),

W (·|3) = (0, 1
3 ,

2
3 ).

The goal of this problem is to find the capacity of the DMC with transition prob-
ability W .

(a) Let PX ,Y (x,y) := p(x)W (y|x). If p(2) is fixed, show that H(Y ) is maximized
if p(1) = p(3), and this maximum value does not depend on p(2).

(b) Find sup
p

I(p×W ). What is the maximizing distribution p?

2. Consider the discrete memoryless Z channel:

11

0 0

1− ε

ε

1

Letting p = PX (1), find p to maximize I(X ∧Y ).

3. Let X and Y be the binary-valued input and output of a DMC defined as follows.
Let X , N1, and N2 be independent {0,1}-valued random variables, and put Y :=
X⊕N1⊕N2, where ⊕ denotes mod-2 addition (exclusive or):

0⊕0 = 0, 1⊕0 = 1, 0⊕1 = 1, and 1⊕1 = 0.
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If P(N1 = 1) = P(N2 = 1) = ε , and if W (y|x) := P(Y = y|X = x), find the capac-
ity of the DMC W .

4. Let W1 and W2 be two discrete memoryless channels with capacities

C1 := sup
q

I(X1∧Y1) and C2 := sup
q

I(X2∧Y2),

where PX1Y1(x,y) := q(x)W1(y|x) and PX2Y2(x,y) := q(x)W2(y|x). If we define the
new DMC

W (y1,y2|x1,x2) :=W1(y1|x1)W2(y2|x2),

then W can be considered as modeling parallel DMCs that are independent.
Show that the capacity of W is C1 +C2; i.e., show that

sup
p

I(X1X2∧Y1Y2) =C1 +C2,

where
PX1X2Y1Y2(x1,x2,y1,y2) = p(x1,x2)W1(y1|x1)W2(y2|x2).

5. The cascade of DMCs W (y|x) and V (z|y) is

U(z|x) := ∑
y

V (z|y)W (y|x).

Given an arbitrary input pmf p(x), define the joint pmf

PXY Z(x,y,z) := p(x)W (y|x)V (z|y).

Show that
sup

p
I(X ∧Z)≤min(CW ,CV ),

where
CW := sup

p
I(p∧W ), and CV := sup

q
I(q×V ).
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CHAPTER 10

Codeword Constraints
If a is nonnegative “cost” function defined on X, we may require that all code-

words satisfy

an(x) :=
1
n

n

∑
k=1

a(xk)≤ A

for some constant A. In other words, the total cost to transmit a codeword cannot
exceed nA. When X = IR, we usually take a(x) = x2 as a measure of the energy
required to send the symbol x, and an(x) = ‖x‖2/n is the average power used to
transmit the codeword.

If Amax := supx∈X a(x) is finite, and if A ≥ Amax, then all codewords satisfy
an(x) ≤ A, and the constraint is said to be inactive. If A < Amin := infx∈X a(x), then
no codewords satisfy an(x)≤ A.

Definition 10.1. A real number R≥ 0 is an achievable rate for a channel (more
precisely, a sequence of channels Wn), under the average probability of error criterion
and codeword constraint A , if ∀λ > 0, ∀∆R> 0, ∃n0 such that ∀n≥ n0, ∃ codewords

x1, . . . ,xN each in Xn and satisfying an(xi)≤ A, and there exists a decoder ϕ:Yn→
{1, . . . ,N} with

logN
n

> R−∆R and
1
N

N

∑
i=1

Wn({y : ϕ(y) 6= i}|xi)< λ .

The definition of achievable rate under the maximum probability of error and
codeword constraint A is similar.

10.1. Capacity Regions

Let DA(X) denote the set of pmfs p on X with the property that ∑x a(x)p(x)≤ A.
We put

C(A) := sup
p∈DA(X)

I(p×W ).
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86 10 Codeword Constraints

If X is a random variable with pmf p, then E[a(X)] = ∑x a(x)p(x). Hence, we can
also write

C(A) = sup
{

I(X ∧Y ) : E[a(X)]≤ A and PY |X (y|x) =W (y|x)
}
.

We denote by Ca(A) the set of all rates that are achievable under Definition 10.1.
We denote by Cm(A) the set of achievable rates under the maximum probability of
error and codeword constraint A. In this chapter we prove the weak-converse result
that Ca(A) ⊂ [0,C(A)] and the forward result [0,C(A)] ⊂ Cm(A). Since we trivially
have Cm(A)⊂ Ca(A), it follows that

Cm(A) = Ca(A) = [0,C(A)].

10.1.1. Capacity-Cost Function

We call C(A) the capacity-cost function. As mentioned in the last footnote,
for A < Amin, no codeword can satisfy an(x) ≤ A. Hence, for such A there are no
achievable rates, and the capacity region is empty. Although we may put C(A) :=−∞

when the capacity region is empty, we usually just restrict attention to A ≥ Amin.
However, if X is an infinite set, it may happen that there is no x ∈ X that achieves
the infimum Amin := infx∈X a(x). In this case, no codeword can satisfy an(x) ≤ Amin
and the capacity region is empty. In these cases, it is understood that we would
restrict attention to A > Amin. Capacity-cost curves are always nondecreasing as
shown in Figure 10.1. This can be established mathematically as follows. From

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

0.6

A

C
(A

)

Figure 10.1. A typical capacity-cost function C(A).

the definition of achievable rate, it is clear that A1 ≤ A2 implies C (A1) ⊂ C (A2),
which then implies C(A1) ≤ C(A2). Hence, C(A) is nondecreasing. We also point
out that if Amax := supx∈X a(x) is finite, then C(A) becomes constant for large A; in
particular, for A≥ Amax, C(A) =C(Amax). This follows because, as mentioned in the
last footnote, if A≥ Amax, then all codewords satisfy an(x)≤ A.
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10.2 Weak Converse 87

10.2. Weak Converse

Theorem 10.2 (Weak Converse for the DMC under a Codeword Constraint). If
R is an achievable rate for a DMC W under the average probability of error criterion
and codeword constraint A , then R≤ C(A) .

Proof. Fix any 0 < λ < 1 and any ∆R > 0. Since R is achievable, for all suffi-
ciently large n, there exist codewords x1, . . . ,xN with an(xi)≤ A and there exists a
decoder ϕ with

logN
n

> R−∆R and P(ϕ(Y) 6= M)< λ ,

where M,X,Y have joint pmf (cf. Example 6.2)

P(M = i,X = x,Y = y) =
1
N

I{xi}(x)W
n(y|x). (10.1)

Since M is uniformly distributed, H(M) = logN. By the corollary to Fano’s inequal-
ity,

logN = H(M)≤ λ logN + log2+ I(M∧ϕ(Y)).

Rearrange this as
(1−λ ) logN ≤ I(M∧ϕ(Y))+ log2.

Since (logN)/n > R−∆R, we have logN > n(R−∆R), and so

(1−λ )n(R−∆R) ≤ I(X∧Y)+ log2, by the Data Processing Lemma,

≤
n

∑
k=1

I(Xk ∧Yk)+ log2, by Lemma 6.4.

Rewrite this as

(1−λ )(R−∆R) ≤ 1
n

n

∑
k=1

I(Xk ∧Yk)+
log2

n
.

To see what is really happening in this average of mutual informations, consider the
random variables V̂ , X̂ , and Ŷ with joint pmf

PV̂ X̂Ŷ (k,x,y) :=
1
n

pk(x)W (y|x), y ∈ Y,x ∈ X,k ∈ {1, . . . ,n}. (10.2)
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where pk(x) := P(Xk = x) is induced by the joint pmf in (10.1). Then

I(X̂ ∧ Ŷ |V̂ ) =
n

∑
k=1

I(X̂ ∧ Ŷ |V̂ = k)P(V̂ = k)

=
1
n

n

∑
k=1

∑
x,y

PX̂Ŷ |V̂ (x,y|k) log
PX̂Ŷ |V̂ (x,y|k)

PX̂ |V̂ (x|k)P̂Y |V̂ (y|k)

=
1
n

n

∑
k=1

∑
x,y

pk(x)W (y|x) log
W (y|x)
(pkW )(y)

=
1
n

n

∑
k=1

I(Xk ∧Yk).

We can now write

R ≤ I(X̂ ∧ Ŷ |V̂ )

1−λ
+

log2
n(1−λ )

+∆R

≤ I(X̂ ∧ Ŷ )
1−λ

+
log2

n(1−λ )
+∆R, by Problem 10.3,

≤ C(A)
1−λ

+
log2

n(1−λ )
+∆R,

since P̂Y |X̂ (y|x) =W (y|x), and E[a(X̂)]≤ A by Problem 10.2.

Since λ > 0 and ∆R > 0 can be arbitrarily small, and n can be arbitrarily large,
we must have R≤C(A).

10.3. A Forward Theorem

Theorem 10.3 (Forward Theorem for the DMC under a Codeword Constraint).
For a DMC W, if R ≤ C(A) , then R is achievable under the maximum probability

of error criterion and codeword constraint A ; i.e., [0,C(A)]⊂ Cm(A) .

Proof. Since limits of achievable rates are achievable, it suffices to show that for
fixed p with ∑x a(x)p(x)≤ A , I(p×W ) is an achievable rate. Again, since limits of
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achievable rates are achievable, it suffices to show that any 0 < R < I(p×W ) is an
achievable rate. Fix any 0 < λ ′ < 1 and any ∆R > 0. Put λ := λ ′/2 Choose any

0 < ε <
I(p×W )−R

3
.

Put PXY (x,y) := p(x)W (y|x), and for n ≥ 1, define the jointly typical sets An as in
Section 8.1. Put N := bexp(nR)c. For all sufficiently large n, the following three
conditions all hold:

exp(−n[I(p×W )−R−3ε])< λ/2,

logN
n

> R−∆R /2 , and Pn
XY (A

c
n)< λ/ 4 .

The first inequality holds because I(p×W )−R− 3ε > 0; the second one holds by
Problem 3.3; the third one holds by the joint AEP.

We need that two other conditions hold for all sufficiently large n. The first is
that (log4)/n < ∆R/2. The second is that if X = (X1, . . . ,Xn) with the Xk being i.i.d.
with pmf p such that E[a(Xk)] = ∑x a(x)p(x)≤ A, then

P(an(X)> A) = P

(
1
n

n

∑
k=1

a(Xk)> A
)
< λ/4.

This can be done by the weak law of large numbers.

It remains to prove the existence of a codebook with an(xi)≤ A and decoder
with P(ϕ(Y) 6= M) < λ . First note that for any codebook and decoder, we have by
(7.5) that

Wn({y : ϕ(y) 6= i}|xi)≤Wn(Bc
i |xi)+Wn

(⋃

j 6=i

B j

∣∣∣∣xi

)
.

We next apply the random coding argument of Section 7.2. Consider random code-
words X1, . . . ,XN chosen i.i.d. with P(Xi = x) := pn(x). Using the above right-hand
side in (7.9), we get

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
≤ T1 +T2, (10.3)

where
T1 := ∑

x
E
[
Wn(Bc

i |Xi)
∣∣Xi = x

]
pn(x),
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and

T2 := ∑
x
E

[
Wn

(⋃

j 6=i

B j

∣∣∣∣Xi

)∣∣∣∣Xi = x
]

pn(x).

Below we show that if we use a typicality decoder with

Bi := {y : (xi,y) ∈ An and an(xi)≤ A },

then T1 and T2 are each upper bounded by λ/2. Then (8.1), and therefore (7.9), will
be upper bounded by λ , which implies (7.8) is also upper bounded by λ . Hence, as
argued in Section 7.2 there will exist an encoder-decoder pair with the required rate
and with P(ϕ(Y) 6= M)< λ ; i.e., R will be achievable under the average probability
of error criterion.

To bound T1, we need the observation that

Wn(Bc
i |xi) ≤Wn({y : (xi,y /∈ An}|xi)+Wn({y : an(xi)> A}|xi)

= Wn({y : (xi,y /∈ An}|xi)+ I(A,∞)(an(xi)).

Then

T1 ≤ ∑
x
E

[
∑

y:(Xi,y)/∈An

Wn(y|Xi)

∣∣∣∣Xi = x
]

pn(x) +P(an(Xi)> A)

≤ ∑
x
E

[
∑

y:(x,y)/∈An

Wn(y|x)
∣∣∣∣Xi = x

]
pn(x) +λ/4

= ∑
x

∑
y:(x,y)/∈An

Wn(y|x)pn(x) +λ/4 .

Since we are working with a DMC, Wn(y|x) = W n(y|x). Hence, Wn(y|x)pn(x) =
W n(y|x)pn(x) = Pn

XY (x,y). In other words, T1 ≤ Pn
XY (A

c
n)+λ/4 < λ/2.

To bound T2, write

T2 ≤ ∑
j 6=i

∑
x
E
[
Wn(B j|Xi)

∣∣Xi = x
]
pn(x), by the union bound,

≤ ∑
j 6=i

∑
x
E

[
∑

y:(X j ,y)∈An

Wn(y|Xi)

∣∣∣∣Xi = x
]

pn(x)

January 23, 2022



10.3 A Forward Theorem 91

= ∑
j 6=i

∑
x
E

[
∑

y:(X j ,y)∈An

Wn(y|x)
∣∣∣∣Xi = x

]
pn(x), by the law of subst.,

= ∑
j 6=i

∑
x
E

[
∑

y:(X j ,y)∈An

Wn(y|x)
]

pn(x), by independence,

= ∑
j 6=i

E

[
∑

y:(X j ,y)∈An

∑
x

W n(y|x)pn(x)
]

= ∑
j 6=i

E

[
∑

y:(X j ,y)∈An

Pn
Y (y)

]

= ∑
j 6=i

∑
x′

pn(x′) ∑
y:(x′,y)∈An

Pn
Y (y)

= (N−1)Qn(An)

≤ (N−1)exp(−n[I(PXY )−3ε]), by the joint AEP,
≤ N exp(−n[I(PXY )−3ε])
≤ exp(nR)exp(−n[I(PXY )−3ε]), since N := bexp(nR)c ≤ exp(nR),

= exp(−n[I(p×W )−R−3ε]), since PXY (x,y) := p(x)W (y|x),
< λ/2.

We have now shown that there is a random codebook X1, . . . ,XN with
P(an(Xi)> A)< λ/4 and

E

[
1
N

N

∑
i=1

W n({y : ϕ(y) 6= i}|Xi)

]
< λ .

By the random coding argument, there is a codebook realization x1, . . . ,xN such that
with our typicality decoder,

1
N

N

∑
i=1

W n({y : ϕ(y) 6= i}|xi)< λ .

However, since we did not guarantee that P(an(Xi) > A) = 0, it may happen that
some xi have an(xi) > A. To avoid this question, we use our observation on small
averages in Section 5.5.1 to say that there must be at least N/2 codewords with

W n({y : ϕ(y) 6= i}|xi)< 2λ .

Let G denote the set of all such messages i excluding the possible case i = N. Then
|G|> N/2−1. For i ∈ G, we claim that an(xi)≤ A; for if an(xi)> A, then Bi =∅,
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which implies, by (7.6), that {y : ϕ(y) 6= i}=Yn, which implies the above probability
is one, which is not less than 2λ . We also note that

log |G|
n

>
log(N/2−1)

n
≥ log(N/2−N/4)

n
=

logN/4
n

=
logN

n
− log4

n
> (R−∆R/2)−∆R/2
= R−∆R.

We thus have a modified encoder-decoder pair ( fG,ϕG) showing that R is achievable
under the maximum probability of error and codeword constraint A.

Problems

1. Show that if M, X, and Y have the joint pmf in (10.1), then for any function g(x),

E[g(X)] =
1
N

N

∑
i=1

g(xi).

Remark. If x = (x1, . . . ,xn) and g(x) = a(xk), then

E[a(Xk)] =
1
N

N

∑
i=1

a(xi,k),

where xi,k is the kth component of codeword xi. If pk denotes the pmf of Xk, then
the above display says that

∑
x

a(x)pk(x) =
1
N

N

∑
i=1

a(xi,k).

2. Let V̂ , X̂ , and Ŷ have the joint pmf of (10.2). Show that if each codeword xi
satisfies an(xi) ≤ A, then E[a(X̂)] ≤ A. Hint: The remark in Problem 10.1 may
be helpful.

3. Let V̂ , X̂ , and Ŷ have the joint pmf of (10.2). Show that

I(X̂ ∧ Ŷ )≥ I(X̂ ∧ Ŷ |V̂ ).

Hint: Use chain rules for mutual information along with the fact that V̂ → X̂→ Ŷ
is a Markov chain.
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CHAPTER 11

Continuous Channels

11.1. Differential Entropy

By analogy with the entropy of probability mass functions, the differential en-
tropy of a probability density function (pdf) p is

Hd(p) :=
∫

p(x) log
1

p(x)
dx.

If X is a continuous random variable with density pX , we sometimes write Hd(X)
instead of Hd(pX ). In this case, we can also write Hd(X) = E[− log pX (X)].

Example 11.1. Although differential entropy is defined by analogy with entropy,
the two are fundamentally different. One way to see this is to approximate the above
integral by a Riemann sum. For ∆ > 0,

∫
p(x) log

1
p(x)

dx ≈∑
k

[
p(k∆) log

1
p(k∆)

]
∆

= ∑
k

p(k∆)∆ log
∆

p(k∆)∆

= ∑
k

p(k∆)∆ log
1

p(k∆)∆
+(log∆)∑

k
p(k∆)∆.

For small ∆, p(k∆)∆ is approximately a probability that lies in [0,1]. Hence, the first
sum is nearly an ordinary entropy, which must be nonnegative. However, the second
sum is approximately (log∆)

∫
p(x)dx = log∆, which is a negative number for ∆< 1.

Example 11.2 (Invariance with Respect to Translation). We show that

Hd(p(·− x0)) = Hd(p),

which does not depend on the shift x0. Write

H(p(·− x0)) =
∫

p(x− x0) log
1

p(x− x0)
dx =

∫
p(y) log

1
p(y)

dy = Hd(p),

where the second equality follows by making the change of variable y = x− x0.
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It is instructive to writea

Hd(p) =
∫

{x:p(x)>1}
p(x) log

1
p(x)

dx+
∫

{x:p(x)≤1}
p(x) log

1
p(x)

dx,

where the left-hand integral is omitted if p(x) ≤ 1 for all x. Notice that the left-
hand integral is negative, while the right-hand one is positive. If at least one of these
integrals is finite, then the differential entropy is well defined since we allow ±∞

as possible values for Hd(p). Otherwise, since the expression −∞+∞ is undefined,
the differential entropy is undefined. In the Problems you will construct a densities
whose differential entropy is +∞, −∞, and undefined.

Example 11.3. If X is a continuous random variable satisfying E[|X |r] < ∞ for
some r > 0, then it can be shown that the above right-hand integral is finite,1 thus
implying Hd(X)< ∞. Hence, if pX (x)≤ 1 and E[|X |r]< ∞, then 0≤ Hd(X)< ∞.

Example 11.4. We show that if for some δ > 0,
∫

p(x)1+δ dx<∞, then the above
left-hand integral is finite, thus implying Hd(p) > −∞. Since limt→∞(log t)/tδ = 0,
let t0 be such that for t > t0, we have (log t)/tδ ≤ 1. Then write
∫

p(x)>1
p(x) log p(x)dx =

∫

1<p(x)≤t0
p(x) log p(x)dx+

∫

p(x)>t0
p(x) log p(x)dx

≤
∫

1<p(x)≤t0
p(x) log t0 dx+

∫

p(x)>t0
p(x)p(x)δ dx

≤ log t0
∫

p(x)dx+
∫

p(x)>t0
p(x)1+δ dx

= log t0 +
∫

p(x)1+δ dx < ∞.

We summarize Examples 11.3 and 11.4 by writing

E[|X |r]< ∞ ⇒ Hd(X)< ∞ and
∫

p(x)1+δ dx < ∞ ⇒ Hd(X)>−∞.

Example 11.5. Let X have the unbounded density p(x) = 1/(2
√

x) for 0< x≤ 1.
For 0 < δ < 1,

∫ 1

0
p(x)1+δ dx =

1
21+δ

∫ 1

0
x−(1+δ )/2 dx =

1
2δ (1−δ )

< ∞.

a Recall that although the values of a pmf always lie between zero and one, a density p(x) may be
greater than one for many values of x; e.g., the uniform density on [0,1/2] or the Gaussian density with
σ < 1/

√
2π . In fact, a density can be unbounded; e.g., p(x) = 1/(2

√
x) for 0 < x≤ 1.
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For all r > 0,

E[|X |r] = 1
2

∫ 1

0
xr−1/2 dx =

1
2r+1

< ∞.

Hence, this density satisfies −∞ < Hd(p)< ∞.

Example 11.6. We show that if p is a bounded density, then Hd(p)>−∞. Sup-
pose that p(x)≤ B < ∞ for all x. Then

∫
p(x)1+δ dx≤

∫
p(x)Bδ dx = Bδ

∫
p(x)dx = Bδ < ∞.

Hence, Hd(p)>−∞.

We will see shortly that differential entropy can be negative, even −∞ (Prob-
lem 11.6). This property makes it distinctly different from the entropy of pmfs and
discrete random variables.

11.2. Divergence for Densities

If p and q are probability densities, then their Kullback–Leibler informational
divergence or relative entropy is

D(p‖q) :=
∫

p(x) log
p(x)
q(x)

dx,

where the integral is understood to be over those x with p(x) > 0. Just as in the dis-
crete pmf case, the log inequality can be used to show that for densities, −D(p‖q)≤
0; hence D(p‖q)≥ 0.

Example 11.7. Let g denote the Gaussian density with mean m and variance σ2.
If p also has mean m and variance σ2, we show that

D(p‖g) =−Hd(p)+ 1
2 log(2πσ2e),

where e is the base of the natural logarithm. Since

g(x) =
e−(x−m)2/(2σ2)

√
2πσ

,

we have

logg(x) =− (x−m)2

2σ2 loge− 1
2 log(2πσ2),
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where the factor loge accounts for the fact that log may not be the natural logarithm.
Now writeb

D(p‖g) =
∫

p(x)[log p(x)− logg(x)]dx

= −Hd(p)+
∫

p(x)
[
(x−m)2

2σ2 loge+ 1
2 log(2πσ2)

]
dx

= −Hd(p)+
σ2

2σ2 loge+ 1
2 log(2πσ2)

= −Hd(p)+ 1
2 log(2πσ2e).

From the preceding example and the fact that D(p‖q) ≥ 0, we see that for any
continuous random variable X with mean m and variance σ2,c

Hd(X)≤ 1
2 log(2πσ2e), (11.1)

with equality if X ∼ N(m,σ2). Thus,

Hd(g) = 1
2 log(2πσ2e).

As we expect from Example 11.2, Hd(g) does not depend on the mean of the density.
Notice also that for small σ2, the above logarithm is negative, while for large σ2, the
logarithm is positive. Hence, differential entropy can be positive or negative!

The divergence between joint densities pXY and qXY is

D(pXY‖qXY ) :=
∫ ∫

pXY (x,y) log
pXY (x,y)
qXY (x,y)

dxdy.

If X and Y are random variables with joint density pXY , then

D(pXY‖qXY ) = E

[
log

pXY (X ,Y )
qXY (X ,Y )

]
.

By taking qXY (x,y) = (pX × pY )(x,y) := pX (x)pY (y), we get the mutual information

I(X ∧Y ) := D(pXY‖pX × pY ).

Again, mutual information is nonnegative, and equal to zero if and only if X and Y
are independent.

b By Example 11.3, we know that Hd(p) < ∞. This can be used to justify breaking the integral into a
sum of integrals.

c This inequality captures a special case of Example 11.3; i.e., if X has finite second moment, then
Hd(X)< ∞.
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11.3. Divergence for Mixed Random Variables

Sometimes we have a pair of random variables X and Y where X is discrete and Y
is continuous. If p(x) is the marginal pmf of X and w(y|x) is the conditional density
of Y given that X = x, we call

pXY (x,y) := p(x)w(y|x)

the joint “density” of X and Y . To justify this terminology, first recall that by defini-
tion, w allows us to compute

P(Y ∈ B|X = x) =
∫

B
w(y|x)dy.

Then

P(X ∈ A,Y ∈ B) = ∑
x∈A

P(X = x,Y ∈ B)

= ∑
x∈A

P(Y ∈ B|X = x)P(X = x)

= ∑
x∈A

∫

B
w(y|x)dy p(x)

= ∑
x∈A

∫

B
p(x)w(y|x)dy.

Taking A = X shows that

P(Y ∈ B) = ∑
x

∫

B
p(x)w(y|x)dy =

∫

B

[
∑
x

p(x)w(y|x)
]

dy,

which implies that the marginal density for Y is

pY (y) = (pw)(y) := ∑
x

p(x)w(y|x).

If we also have a mixed “density” qXY (x,y), we put

D(pXY‖qXY ) := ∑
x

∫
pXY (x,y) log

pXY (x,y)
qXY (x,y)

dy.

Taking qXY (x,y) = (pX × pY )(x,y) := pX (x)pY (y) yields the mutual information

I(X ∧Y ) := D(pXY‖pX × pY ).
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11.4. The Discrete-Time Gaussian Channel

The definitions of achievable rates for a continuous channel under a codeword
power constraint are as in Chapter 10, but with X= Y = IR, a(x) = x2, and

W (B|x) =
∫

B
w(y|x)dy,

where w(y|x) is a transition density; i.e., for each x, w(·|x) is a probability density.
The Gaussian channel is given by w(y|x) = g(y−x), where g is the N(0,σ2) density

g(t) :=
e−(t/σ)2/2
√

2πσ
.

This structure corresponds to having a channel whose output is Y = X +Z, where X
is the channel input symbol and Z is additive noise having the Gaussian density g.

Theorem 11.8 (Coding Theorem for the Gaussian Channel). A rate R is achiev-
able for the discrete-time, memoryless Gaussian channel with variance σ2 under the
average or maximum probability of error criterion and codeword power constraint A
if and only if

0≤ R≤ 1
2 log

(
1+ A

σ2

)
.

Proof. For the Gaussian channel w(y|x) = g(y− x), first note that

Hd(Y |X = x) = Hd(w(·|x)) = Hd(g(·− x)) = Hd(g) = 1
2 log(2πσ2e).

Hence, if X and Y have conditional density pY |X (y|x) = g(y− x),

Hd(Y |X) = 1
2 log(2πσ2e).

This holds whether X is a discrete or continuous random variable. Furthermore,
whether X is discrete or continuous, Y is continuous. This was shown in the previous
section for the case of discrete X . A similar argument works for continuous X . We
can now write

I(X ∧Y ) = Hd(Y )−Hd(Y |X) = Hd(Y )− 1
2 log(2πσ2e)

≤ 1
2 log(2π var(Y )e)− 1

2 log(2πσ2e),
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with equality if Y is Gaussian. Note that to make Y Gaussian, it suffices to take X
Gaussian.d To maximize the mutual information, we need to maximize the variance
of Y . We now assume X has finite second moment E[X2] ≤ A and mean m. By the
law of total probability,

E[Y ] = E[E[Y |X ]] = E[X ] = m,

and
E[Y 2] = E[E[Y 2|X ]] = E[σ2 +X2] = σ2 +E[X2].

Hence, var(Y )=E[Y 2]−(E[Y ])2 =σ2+E[X2]−m2 is maximized if X has zero mean.
In this case,

I(X ∧Y )≤ 1
2 log

(
1+

E[X2]

σ2

)
≤ 1

2 log
(

1+
A

σ2

)
,

where the second inequality uses the monotonicity of the logarithm. This bound is
achieved if X ∼ N(0,A).

The adaptation of the weak converse proof to the Gaussian channel shows that an
achievable rate under the average probability of error criterion and codeword power
constraint A must satisfy R≤ sup I(X∧Y ), where pY |X (y|x) = g(y−x) and E[X2]≤A.
This supremum is given by the above right-hand side.

The adaptation of the forward proof to the Gaussian channel can be carried out
for p ∼ N(0,A),e thus showing that any rate strictly less than the above right-hand
side is achievable.

11.4.1. Parallel Gaussian Channels

We generalize the foregoing by taking X = Y = IRr and a(x) = ‖x‖2, the square
of the Euclidean norm of x ∈ IRr. Thus, if x = [x1, . . . ,xr]

T,

a(x) = ‖x‖2 =
r

∑
`=1

x2
` .

The channel output is Y = X +Z, where X ∈ IRr is the channel input symbol and Z is
r-dimensional Gaussian noise whose components are independent, but not identically
distributed, with the `th component of Z being N(0,σ2

` ).

d In this case, (pw)(y) =
∫

p(x)w(y|x)dx =
∫

p(x)g(y− x)dx is the convolution of two Gaussian den-
sities, which corresponds to the density of the sum of two independent Gaussian random variables, which
is Gaussian.

e Using the joint density pXY (x,y) = p(x)g(y− x) with p being Gaussian implies X and Y are jointly
Gaussian. Hence, the differential entropies Hd(pX ), Hd(pY ), and Hd(pXY ) are all finite in the continuous
analog of the joint AEP.
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We consider the problem

max
E[‖X‖2]≤A

I(X ∧Y ).

Put A` := E[X2
` ]. Then our constraint is that ∑` A` ≤ A. As before, we can write

I(X ∧Y ) = Hd(Y )−Hd(Y |X) = Hd(Y )−
r

∑
`=1

1
2 log(2πσ2

` e)

≤
r

∑
`=1

Hd(Y`)− 1
2 log(2πσ2

` e)

≤
r

∑
`=1

1
2 log(2π(σ2

` +A`)e)− 1
2 log(2πσ2

` e)

=
r

∑
`=1

1
2 log

(
1+

A`

σ2
`

)
.

It remains to maximize this sum as a function of A1, . . . ,Ar over A` ≥ 0 and subject
to the constraint ∑` A` ≤ A. This is a standard problem using Lagrange multipliers.
Although there is no closed-form solution, it is not hard to show that an appropriate
Lagrange multiplier exists and to compute it and the optimal solution numerically [8,
Ch. 5]. In the case r = 4 and σ2

1 < · · · < σ2
4 , if the Lagrange multiplier is λ > 0,

then the relationship between λ , the noise levels σ2
` and the optimal values of A` is

illustrated in Figure 11.1. This picture suggests the colorful terminology of “water-
filling.”

A1

A2

A3

0

1/λ

σ2
1

σ2
2

σ2
3

σ2
4

Figure 11.1. Water-filling solution [A1, . . . ,A4]
T for achieving capacity of parallel Gaussian channels with

noise levels σ2
1 < · · ·< σ2

4 . The Lagrange multiplier is λ > 0. Here A1 +A2 +A3 = A and A4 = 0.
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11.5. Continuous-Time Channels

11.5.1. Projections

Let L2 denote the set of finite-energy waveforms on a given time interval such as
(−∞,∞), [0,∞), or [0,T ]. By finite energy, we mean

‖x‖2 :=
∫
|x(t)|2 dt < ∞,

where the integral is over the time interval under consideration. In digital communi-
cation systems, we usually transmit signaling waveforms from a particular finite-
dimensional signal subspace S of L2. If dimS = n, we may write every s ∈ S

in terms of an orthonormal basis β1, . . . ,βn, where by orthonormal we mean that
〈βi,β j〉= δi j, where the inner product is

〈u,v〉 :=
∫

u(t)v(t)dt.

Note that 〈u,u〉= ‖u‖2.
For x ∈ L2, its projection onto S is

Px :=
n

∑
k=1
〈x,βk〉βk ∈ S.

It is easy to check that if s ∈ S, say s = ∑
n
j=1 c jβ j, then Ps = s. It follows that for

x∈ L2, P(Px) = Px; i.e., P is idempotent. We also have the orthogonality property,

〈x−Px,s〉= 0, s ∈ S.

This can be seen by first writing

〈x−Px,β j〉 = 〈x,β j〉−
〈 n

∑
k=1
〈x,βk〉βk,β j

〉

= 〈x,β j〉−
n

∑
k=1
〈x,βk〉〈βk,β j〉

= 〈x,β j〉−〈x,β j〉= 0.

If s = ∑
n
j=1 c jβ j, we have by linearity that 〈x−Px,s〉= 0.

The orthogonality property can be rewritten as 〈x,s〉 = 〈Px,s〉. In other words,
for s ∈ S, the inner product of any x with s is the same as the inner product of the
projection of x with s.
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11.5.2. Approximately-Bandlimited Signaling Waveforms

Consider a digital communication system with signaling waveforms on [0,T ].
Due to physical channel considerations or to regulatory considerations, suppose we
want to use signaling waveforms that are bandlimited with cutoff frequency W .
Since the only finite-energy waveform that is both time-limited and bandlimited is
the zero waveform, we select signaling waveforms from a subspace S whose ele-
ments have “most” of their energy concentrated in the frequency band [−W,W ]. This
is accomplished by using

βk(t) :=
{

ψk−1(2t/T −1)/
√

λk, 0≤ t ≤ T,
0, otherwise,

where the {ψk}∞
k=0 are the angular prolate spheroidal wave functions, and the cor-

responding λk are strictly decreasing eigenvalues. If we use the signal subspace
S := {β1, . . . ,βn}, where n ≈ 2WT , then the waveforms in S will have nearly all
of their energy concentrated in the desired frequency band. For details, see [22],
[24], or [8, Ch. 8].

11.5.3. White Noise

We say that a random process Ξ(t) is white noise if

E[Ξ(t1)Ξ(t2)] =
N0
2 δ (t1− t2),

where the parameter N0/2 is the channel noise power, and δ is the Dirac delta or
unit impulse.

Lemma 11.9. If

U = 〈u,Ξ〉=
∫

u(t)Ξ(t)dt and V = 〈v,Ξ〉=
∫

v(τ)Ξ(τ)dτ,

then
E[UV ] = E[〈u,Ξ〉〈v,Ξ〉] = N0

2 〈u,v〉.
Proof. Write

E[UV ] = E

[(∫
u(t)Ξ(t)dt

)(∫
v(τ)Ξ(τ)dτ

)]

=
∫ (∫

u(t)E[Ξ(t)Ξ(τ)]dt
)

v(τ)dτ

= N0
2

∫ (∫
u(t)δ (t− τ)dt

)
v(τ)dτ

= N0
2

∫
u(τ)v(τ)dτ = N0

2 〈u,v〉.
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The projection of white noise Ξ onto a signal subspace S is

Ξ̂ := PΞ =
n

∑
k=1
〈Ξ,βk〉βk.

Proposition 11.10. If Ξ is a zero-mean, white-noise process, then the random
variables 〈u,Ξ− Ξ̂〉 and 〈v, Ξ̂〉 are uncorrelated.

Proof. We must show that

E
[
〈u,Ξ− Ξ̂〉〈v, Ξ̂〉

]
= E

[
〈u,Ξ− Ξ̂〉

]
E
[
〈v, Ξ̂〉

]
.

Since the process has zero mean, the random variables 〈u,Ξ〉 and 〈v, Ξ̂〉 both have
zero mean, and so the above right-hand side is zero. To show the left-hand side is
zero, write it as

E[〈u,Ξ− Ξ̂〉〈v, Ξ̂〉] = E[〈u,Ξ〉〈v, Ξ̂〉]−E[〈u, Ξ̂〉〈v, Ξ̂〉].

We show that these last two expectations are equal. From the above formula for Ξ̂,

〈v, Ξ̂〉=
n

∑
k=1
〈Ξ,βk〉〈v,βk〉.

Hence,

E[〈u,Ξ〉〈v, Ξ̂〉] =
n

∑
k=1
〈v,βk〉E[〈u,Ξ〉〈Ξ,βk〉] = N0

2

n

∑
k=1
〈u,βk〉〈v,βk〉

by the above lemma. We also have

E[〈u, Ξ̂〉〈v, Ξ̂〉] = E

[( n

∑
i=1
〈Ξ,βi〉〈u,βi〉

)( n

∑
k=1
〈Ξ,βk〉〈v,βk〉

)]

=
n

∑
k=1

n

∑
i=1
〈u,βi〉〈v,βk〉E[〈Ξ,βi〉〈Ξ,βk〉]

=
n

∑
k=1

n

∑
i=1
〈u,βi〉〈v,βk〉N0

2 〈βi,βk〉

= N0
2

n

∑
k=1
〈u,βk〉〈v,βk〉.
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11.5.4. Gaussian Processes

A random process Ξ(t) is said to be Gaussian if for all u, 〈u,Ξ〉 is a scalar Gaus-
sian random variable. Since a random variable with zero variance is constant almost
surely, we consider such random variables to be Gaussian with mean equal to their
constant value and variance zero. For waveforms u1, . . . ,um and scalars c1, . . . ,cm,

c1〈u1,Ξ〉+ · · ·+ cm〈um,Ξ〉=
〈 m

∑
i=1

ciui,Ξ

〉
.

Since the right-hand side is Gaussian, we have that 〈u1,Ξ〉, . . . ,〈um,Ξ〉 are jointly
Gaussian random variables. If the ui are orthogonal, and if Ξ is a zero-mean, white-
noise process, then E[〈ui,Ξ〉〈u j,Ξ〉] = N0

2 〈ui,u j〉, and thus 〈u1,Ξ〉, . . . ,〈um,Ξ〉 are
uncorrelated. Since they are jointly Gaussian, they are independent [7, pp. 365–366].
By combining this observation and the preceding proposition, we have the following
important result.

Theorem 11.11. If Ξ(t) is a Gaussian white-noise process with zero mean, then
{Ξ(t)− Ξ̂(t)} and {Ξ̂(t)} are independent Gaussian random processes.

Proof. It suffices to show that for every u and v, the random variables 〈u,Ξ− Ξ̂〉
and 〈v, Ξ̂〉 are jointly Gaussian and uncorrelated. The details are left to Problem
11.13.

11.5.5. Detection of Signals in Additive White Gaussian Noise

We say that a random process Ξ(t) is white Gaussian noise if it is zero mean,
white, and Gaussian. We say that a signaling waveform s is transmitted over an
additive white Gaussian noise (AWGN) channel if the received waveform is

Y (t) = s(t)+Ξ(t).

If s belongs to a finite-dimensional signal subspace S, then we may project the re-
ceived waveform onto S. The projection is

Ŷ := PY = P(s+Ξ) = Ps+PΞ = s+ Ξ̂,

since s ∈ S implies Ps = s. Notice that

Y − Ŷ = (s+Ξ)− (s+ Ξ̂) = Ξ− Ξ̂.
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Observe that knowledge of the pair Ŷ and Y−Ŷ is equivalent to knowledge of Y since
the pair can be computed from Y , and Y can be computed from the pair. Furthermore,
Y −Ŷ does not depend on the signal, and Y −Ŷ = Ξ− Ξ̂ is independent of Ξ̂, which is
the additive noise in Ŷ = s+ Ξ̂. Hence, Y −Ŷ cannot help us to detect the transmitted
signal s.

The foregoing discussion implies that we can base our detection of s on Ŷ . For-
tunately, the waveform Ŷ is equivalent to the vector of coefficients f

Y := [〈Y,β1〉, . . . ,〈Y,βn〉]T.

Hence,
Y = s+ΞΞΞ,

where s := [〈s,β1〉, . . . ,〈s,βn〉]T is the vector of coefficients of the expansion of s∈ S,
and ΞΞΞ := [〈Ξ,β1〉, . . . ,〈Ξ,βn〉]T is the vector of coefficients used to compute Ξ̂.

We have shown that problem of detecting a continuous-time waveform from
a finite-dimensional waveform signal subspace in additive white Gaussian noise is
equivalent to detecting a finite-dimensional column vector in the presence of a col-
umn vector of noise random variables that are i.i.d. Gaussian.

11.5.6. The Bandlimited Gaussian Channel

Consider the signal subspace S of approximately-bandlimited waveforms on [0,T ]
that were introduced in Section 11.5.2. Recall that if the cutoff frequency is W , then
the dimension of S is n= 2WT . For signals s∈ S, suppose we have a power constraint
of the form

1
T

∫ T

0
|s(t)|2 dt ≤ P.

We can write this more compactly as ‖s‖2 ≤ TP. Since s ∈ S, it is easy to check that

‖s‖2 =
n

∑
j=1
|〈s,β j〉|2 = ‖s‖2.

Hence, the power constraint can be rewritten as ‖s‖2 ≤ TP, or, since n = 2WT ,

1
n‖s‖2 ≤ P

2W
.

f It is clear that Ŷ can be obtained from Y. To obtain Y from Ŷ , recall from the end of Section 11.5.1
that 〈Ŷ ,βk〉= 〈Y,βk〉.
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Assuming additive white Gaussian noise Ξ, we observe that the components of
the noise vector ΞΞΞ satisfy E[〈Ξ,βi〉〈Ξ,β j〉] = N0

2 δi j; i.e., they are uncorrelated. Since
they are jointly Gaussian and have zero mean, they are i.i.d. N(0,σ2), where σ2 =
N0/2.

The formula Y = s+ΞΞΞ is thus seen to describe a discrete-time Gaussian channel,
whose capacity is

1
2 log2

(
1+

P/(2W )

N0/2

)
= 1

2 log2

(
1+

P

WN0

)

measured in bits per channel use. To express this in units of bits per second, observe
that n channel uses take T seconds. So we multiply the above formula by n/T and
apply the formula n = 2WT to get

W log2

(
1+

P

WN0

)
bits per second.

By l’Hôpital’s rule [19, p. 109], the wideband limit is

lim
W→∞

W log2

(
1+

P

WN0

)
=

P

N0
log2 e.

Thus, although the capacity is strictly increasing as the bandwidth W increases, the
capacity does not become infinite. The limit also says that for large bandwidth, the
capacity increases linearly with the power constraint P.

Notes

Note 11.1. We show that if p is a density with
∫ |x|r p(x)dx < ∞ for some r > 0,

then ∫

{x:p(x)≤1}
p(x) ln

1
p(x)

dx < ∞.

To do this, partition the range of integration as

{x : p(x)≤ 1} = {x : p(x)≤ 1}∩ [−1,1]

∪{x : p(x)≤ 1}∩{x : |x|> 1 and p(x)≤ e−|x|
r}

∪{x : p(x)≤ 1}∩{x : |x|> 1 and p(x)> e−|x|
r}.

Next, we put f (t) :=−t ln t for t > 0 and f (0) := 0. Then f is strictly increasing on
[0,1/e] and strictly decreasing on [1/e,1]. Also, for t ∈ [0,1], f (t) is maximized at
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t = 1/e with maximum value 1/e. With these facts in mind, we can write the integral
in question as I1 + I2 + I3, where

I1 :=
∫

{x:p(x)≤1}∩[−1,1]
f (p(x))dx≤

∫

{x:p(x)≤1}∩[−1,1]
e−1 dx≤

∫ 1

−1
e−1 dx = 2/e,

I2 :=
∫

{x:p(x)≤1}∩{x:|x|>1 and p(x)≤e−|x|r }
f (p(x))dx

≤
∫

{x:p(x)≤1}∩{x:|x|>1 and p(x)≤e−|x|r }
f (e−|x|

r
)dx

=
∫

{x:p(x)≤1}∩{x:|x|>1 and p(x)≤e−|x|r }
|x|re−|x|r dx

≤
∫

∞

−∞

|x|re−|x|r dx < ∞,

and

I3 :=
∫

{x:p(x)≤1}∩{x:|x|>1 and p(x)>e−|x|r }
f (p(x))dx

=
∫

{x:p(x)≤1}∩{x:|x|>1 and −ln p(x)<|x|r}
p(x)[− ln p(x)]dx

=
∫

{x:p(x)≤1}∩{x:|x|>1 and −ln p(x)<|x|r}
|x|r p(x)dx

≤
∫

∞

−∞

|x|r p(x)dx < ∞.

Problems

1. Compute the differential entropy of the uniform density on [0,T ]. For what
values of T is the differential entropy positive? For what values of T is the
differential entropy negative?

2. Find the differential entropy of an exponential random variable X with density
p(x) = λe−λx for x≥ 0. Hint: E[X ] = 1/λ .

3. Compute the differential entropy of p(x) = 1/(2
√

x ) for 0 < x ≤ 1. Hint:
(d/dx)[2

√
x(lnx−2)] = (lnx)/

√
x.

4. Show that the Cauchy density p(x) = (1/π)/(1+ x2) has finite differential en-
tropy.

5. Construct a density with infinite differential entropy. Hint: Review Problem 3.12.
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6. Verify that the following density [2] has differential entropy −∞. For k ≥ 1, put

ak := k, bk := k+2−ke−2k
, and ck := e2k

.

Define the density p(x) = ck for x ∈ [ak,bk], and p(x) = 0 otherwise.

(a) Show that
∫

∞

0 p(x)dx = 1.

(b) Show that ∫ bk

ak

p(x) ln
1

p(x)
dx =−1,

and thus Hd(p) =−∞.

7. Construct a density for which the differential entropy is undefined.

8. Let q denote the exponential density, q(x) := λe−λx for x ≥ 0. Let p be any
density on [0,∞) with mean m. Show that Hd(p) ≤ λm loge− logλ . Show that
equality holds if p = q, in which case Hd(p) = log(e/λ ).

9. Let X be a continuous random variable with finite second moment. Rearrange
(11.1) to show that if the natural logarithm is used to compute the differential
entropy, then

var(X)≥ e2Hd(X)

2πe
.

Remark. Since the mean is the minimum mean-squared-error constant estimator
of X , it follows that for all constants c,

E[|X− c|2]≥ E
[∣∣X−E[X ]

∣∣2]= var(X)≥ e2Hd(X)

2πe
.

10. Let X and Y be random variables such that X has a conditional density given
Y . Assume that this conditional density has finite second moments for all y.
Show that if the natural logarithm is used to compute the conditional differential
entropy, then

E
[∣∣X−E[X |Y ]

∣∣2]≥ e2Hd(X |Y )

2πe
.

Hint: Apply the result of the preceding problem to the conditional density. Then
average over Y and apply Jensen’s inequality.

Remark. Since the conditional expecatation is the minimum mean-squared-error
estimator of X based on Y , we have that for all functions ϕ satisfying E[ϕ(X)2]<
∞,

E[|X−ϕ(X)|2]≥ E
[∣∣X−E[X |Y ]

∣∣2]≥ e2Hd(X |Y )

2πe
.
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11. Show that the divergence between two joint “densities” of mixed random vari-
ables is nonnegative.

12. Let X , Y , and Z be random variables with X being discrete with pmf p(x), Y
being continuous with conditional density w(y|x), and Z being discrete with con-
ditional pmf v(z|y,x). In other words, X , Y , and Z have joint “density”

pXY Z(x,y,z) := p(x)w(y|x)v(z|y,x).

Then the marginal joint “density” of the continuous variable Y and the discrete
variable Z is

pY Z(y,z) = ∑
x

p(x)w(y|x)v(z|y,x).

Then

I(X ∧Y ) = D(pXY‖pX × pY ) and I(X ∧Y Z) = D(pXY Z‖pX × pY Z),

where (pX × pY Z)(x,y,z) := pX (x)pY Z(y,z).

(a) Propose a definition of I(X ∧Z|Y ) so that

I(X ∧Y Z) = I(X ∧Y )+ I(X ∧Z|Y ).

(b) Show that if v(z|y,x) does not depend on x, then I(X ∧Z|Y ) = 0.

13. Complete the proof of Theorem 11.11.
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CHAPTER 12

Rate-Distortion Theory

12.1. Introduction

The rate-distortion problem begins with a source alphabet X and a reproduction
alphabet Y. For n = 1,2, . . . , we consider mappings q:Xn → Yn with the property
that q takes N < |Xn| distinct values in Yn. The idea is that for x∈Xn, q(x)∈Yn is an
“approximation” or “quantization” of x. To measure the error or distortion, we use a
function dn:Xn×Yn→ [0,∞). If X = (X1, . . . ,Xn) is an n-tuple of X-valued random
variables, we can consider the mean distortion,

E
[
dn
(
X,q(X)

)]
.

Example 12.1 (Probability of Error). Suppose X = Y and dn(x,y) = 1 if x 6= y
and dn(x,y) = 0 if x = y. In other words, dn is the trivial metric on Xn. Then

E
[
dn
(
X,q(X)

)]
= P(q(X) 6= X))

is just the probability of error for a block source code.

Example 12.2 (Hamming Distance). The Hamming distance between x and y
is the number of entries in which they differ. Since 1{x}c(y) = 1 if y 6= x and is zero
otherwise, the formula

n

∑
k=1

1{xk}c(yk)

counts the number of positions in which x and y differ. The normalized Hamming
distance distortion measure is

dn(x,y) :=
1
n

n

∑
k=1

1{xk}c(yk).

Example 12.3 (Squared Error). If X = Y = IR, then the Euclidean distance be-
tween x and y is

‖x−y‖2 =
n

∑
k=1
|xk− yk|2.
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12.2 Achievable Rate-Distortion Pairs 111

We call ‖x−y‖2 the squared error. The normalized squared error distortion mea-
sure is

dn(x,y) =
1
n
‖x−y‖2 =

1
n

n

∑
k=1
|xk− yk|2.

Thus,

E
[
dn
(
X,q(X)

)]
=

1
n
E[‖X−q(X)‖2]

differs from the mean-squared error formula in Chapter 2 only by the factor 1/n.

The last two examples illustrate the concept of a single-letter distortion mea-
sure, that is, a distortion measure of the form

dn(x,y) =
1
n

n

∑
k=1

d(xk,yk),

where d:X×Y→ [0,∞). The normalized Hamming distance uses d(x,y) = 1{x}c(y),
and the normalized squared-error uses d(x,y) = |x− y|2.

12.2. Achievable Rate-Distortion Pairs

Definition 12.4. We say that a pair of nonnegative real numbers (R,D) is an
achievable rate-distortion pair for a source X1,X2, . . . , if ∀∆D > 0, ∀∆R > 0, ∃n0
such that ∀n≥ n0, ∃q:Xn→ Yn taking at most N distinct values with

logN
n

< R+∆R and E
[
dn
(
X,q(X)

)]
< D+∆D,

where X := (X1, . . . ,Xn). The rate-distortion region is the set of achievable rate-
distortion pairs.

For fixed R≥ 0, if (R,D) is achievable, then it is easy to see that for any D′ > D,
the pair (R,D′) is also achievable. Similarly, for fixed D≥ 0, if (R,D) is achievable,
then for any R′ > R, the pair (R′,D) is also achievable. Hence, to determine the
rate-distortion region, it suffices to characterize either the rate-distortion function

R(D) := inf{R≥ 0 : (R,D) is achievable},
or the distortion-rate function

D(R) := inf{D≥ 0 : (R,D) is achievable}.
Typical rate-distortion functions are shown in Figure 12.1. Of course, R(D) and
D(R) depend on the distribution of the source X1,X2, . . . , although we suppress this
dependence in the notation.

January 23, 2022



112 12 Rate-Distortion Theory

0
0

0
0

Figure 12.1. Typical rate-distortion functions R(D).

12.2.1. Properties of the Rate-Distortion Function for a DMS

Put
d(x) := inf

y∈Y
d(x,y) and d(x) := sup

y∈Y
d(x,y).

Since d is nonnegative, d(x) ≥ 0. If Y is a finite set, then d(x) < ∞. Otherwise,
we may have d(x) = ∞ for some x. If X1,X2, . . . is a discrete memoryless X-valued
source with common pmf p, then

E
[
dn
(
X,q(X)

)]
≤ E

[
1
n

n

∑
k=1

d(Xk)

]
= ∑

x
p(x)d(x) =: Dmax.

Similarly
E
[
dn
(
X,q(X)

)]
≥∑

x
p(x)d(x) =: Dmin.

We always have Dmin ≥ 0. If d(x) is finite for all x, and if X is a finite set, then
Dmax < ∞. Otherwise, we may have Dmax = ∞.

If Dmax is finite and Dmax ≤ D < ∞, then for all R ≥ 0, the pair (R,D) is achiev-
able, and so R(D) = inf{R≥ 0}= 0. Conversely, if D < Dmin, then there is no R≥ 0
for which (R,D) is achievable,a and so R(D) = inf∅ := +∞. Thus, the only inter-
esting values of D are those with Dmin ≤ D < Dmax, even if Dmax = ∞.

We conclude this subsection by noting that there is no loss of generality in as-
suming d(x) = 0. To see this, consider the modified distortion function d̂(x,y) :=
d(x,y)− d(x). Since

E
[
d̂n
(
X,q(X)

)]
= E

[
dn
(
X,q(X)

)]
−Dmin,

(R,D) is achievable under the modified distortion function if and only if (R,D+Dmin)
is achievable under the original distortion function.

a To see this, take ∆D = Dmin−D > 0 in Definition 12.4.
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12.3. Properties of R̃(D)

If X and Y are finite sets and D≥ Dmin, let

R̃(D) := inf
W :E[d(X ,Y )]≤D

I(X ∧Y ),

where in computing the mutual information and the expectation, we use PXY (x,y) =
p(x)W (y|x). In other words, to compute R̃(D), we minimize I(p×W ) as a function
of the transition probability W , subject to the inequality constraint on W that

∑
x

∑
y

d(x,y)p(x)W (y|x)≤ D.

For a discrete memoryless source and a single-letter distortion measure, we will
show that for fixed D≥ 0, the pair (R,D) is achievable if and only if R≥ R̃(D). Thus,
R(D) = R̃(D) for a discrete memoryless source.

To indicate the plausibility of the foregoing assertion, we show that R̃ has some
of the same properties as R(D). If PXY (x,y) = p(x)W (y|x), then since

E[d(X ,Y )] = ∑
x

p(x)∑
y

d(x,y)W (y|x),

it follows that
Dmin ≤ E[d(X ,Y )]≤ Dmax.

For future use, we note that when Y is a finite set, Dmin can be attained if W is chosen
properly. For example, for each x, let yx satisfy d(x,yx) = d(x). Put

W (y|x) :=
{

1, y = yx,
0, y 6= yx.

Then

E[d(X ,Y )] = ∑
x

p(x)∑
y

d(x,y)W (y|x) = ∑
x

p(x)d(x,yx) = ∑
x

p(x)d(x) = Dmin.

Thus, for D ≥ Dmin, when we compute R̃(D), the set of W over which we take the
infimum is nonempty.

Just as we argued that R(D) is only interesting for Dmin ≤ D < Dmax, we can
do the same for R̃. If D < Dmin, then in the definition of R̃(D), there are no W s
over which to take the infimum. In this case, R̃(D) = inf∅ := +∞. If D ≥ Dmax,
then E[d(X ,Y )] ≤ D for all transition probabilities W , even ones for which W (y|x)
does not depend on x; hence, for such W , X and Y are independent, which implies
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I(X ∧Y ) = 0. Thus, R̃(D) = 0 for such D. So the only interesting values of D are
those with Dmin ≤ D < Dmax.

Note also that with the modified distortion function d̂ defined in the previous
section,

E[d̂(X ,Y )] = E[d(X ,Y )]−Dmin.

Thus, for R̃, there is no loss of generality in assuming d(x) = 0.

12.4. Preparation for the Converse

The converse theorem of the next section shows that if (R,D) is an achievable
pair for a discrete memoryless source, then R≥ R̃(D). Hence,

R(D) := inf{R≥ 0 : (R,D) is achievable} ≥ R̃(D).

To carry out this proof, we need some properties of R̃ that we now establish.

Lemma 12.5. R̃(D) is nonincreasing and convex on [Dmin,∞).

Proof. As we increase the value of D, the infimum defining R̃(D) is over a larger
set of W , and so R̃(D) cannot increase. To prove convexity, we must show that for all
0≤ λ ≤ 1, and any Dmin ≤ D1 < D2,

R̃(λD1 +(1−λ )D2)≤ λ R̃(D1)+(1−λ )R̃(D2).

Suppose R̃(D1) = I(p×W1) and R̃(D2) = I(p×W2). Put

Pλ
XY := p× [λW1 +(1−λ )W2],

or in more detail,

Pλ
XY (x,y) = p(x)[λW1(y|x)+(1−λ )W2(y|x)].

Then under Pλ
XY ,

E[d(X ,Y )] = ∑
x

∑
y

Pλ
XY (x,y)d(x,y)

= λEW1 [d(X ,Y )]+(1−λ )EW2 [d(X ,Y )]

≤ λD1 +(1−λ )D2.

Hence,

R̃(λD1 +(1−λ )D2) ≤ I(Pλ
XY )

= I(p× [λW1 +(1−λ )W2])

≤ λ I(p×W1)+(1−λ )I(p×W2)

= λ R̃(D1)+(1−λ )R̃(D2).
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Corollary 12.6. R̃ is continuous on (Dmin,∞).

Proof. It is well known [28, p. 5] that convexity on an interval implies continuity
at all interior points of the interval.

A convex function on an interval need not be continuous at its endpoints. To see
this, consider the function f (Dmin) = 1 and f (D) = 0 for D > Dmin. Fortunately, the
function R̃ is continuous at Dmin.

Lemma 12.7. R̃ is continuous at D = Dmin.

Proof. (Based on [4, p. 125].) It suffices to show that for every nonnegative
sequence Dn→ Dmin, we have R̃(Dn)→ R̃(Dmin). To show that R̃(Dn)→ R̃(Dmin),
we show that given any subsequence R̃(Dnk), there is a further subsequence such
that R̃(Dnk`

)→ R̃(Dmin). So suppose R̃(Dnk) is any subsequence. Note that this is
a bounded sequence of real numbers since 0 ≤ I(p×W ) ≤ H(p) ≤ log |X|. Hence,
there is a converging sub-subsequence, R̃(Dnk`

). Since the infimum defining R̃(D) is
always achieved,b we have

R̃(Dnk`
) = I(p×W`)

for some W` satisfying

∑
x

p(x)∑
y

W`(y|x)d(x,y)≤ Dnk`
. (12.1)

Furthermore, since the W` lie in a sequentially compact set, there is a further sub-
sequence W`i →W∞ for some transition probability W∞ as i→ ∞. By continuity of
I(p×W ) in W ,

lim
`→∞

R̃(Dnk`
) = lim

i→∞
R̃(Dnk`i

) = lim
i→∞

I(p×W`i) = I(p×W∞).

Also, from (12.1) with ` replaced by `i, letting i→ ∞ yields

∑
x

p(x)∑
y

W∞(y|x)d(x,y)≤ Dmin.

Hence,

R̃(Dmin) := inf
W :E[d(X ,Y )]≤Dmin

I(p×W )≤ I(p×W∞) = lim
i→∞

I(p×W`i) = lim
i→∞

R̃(Dnk`i
).

Since R̃ is nonincreasing, R̃(Dmin)≥ R̃(Dnk`i
). Letting i→∞ yields the desired result.

b The infimum is achieved because I(p×W ) is a continuous function of W , and the set of W over which
the infimum is taken is sequentially compact.
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12.5. The Converse Theorem

Theorem 12.8. Assuming finite source and reproduction alphabets, if (R,D) is
achievable for a discrete memoryless source, then R≥ R̃(D).

Proof. It suffices to restrict attention to Dmin ≤ D < Dmax, where R̃ is finite,
continuous, and convex there. Let 0 < ∆D<Dmax−D and ∆R> 0 be given. Suppose
Y = q(X), where q:Xn→ Yn takes at most N distinct values,

n(R+∆R)> logN and E[dn(X,q(X))]< D+∆D.

Since q takes at most N distinct values, H(Y) = H(q(X))≤ logN. Hence,

n(R+∆R) > H(Y)

≥ H(Y)−H(Y|X), since H(Y|X)≥ 0,
= I(X∧Y)

= H(X)−H(X|Y)

=
n

∑
k=1

H(Xk)−H(X|Y), since the Xk are i.i.d.,

=
n

∑
k=1

H(Xk)−H(Xk|Y,X1, . . . ,Xk−1), chain rule for cond. entropy,

≥
n

∑
k=1

H(Xk)−H(Xk|Yk), reducing conditioning increases entropy,

=
n

∑
k=1

I(Xk ∧Yk)

≥
n

∑
k=1

R̃
(
E[d(Xk,Yk)]

)
, by definition of R̃.

Now write

R+∆R ≥ 1
n

n

∑
k=1

R̃
(
E[d(Xk,Yk)]

)

≥ R̃
(

1
n

n

∑
k=1

E[d(Xk,Yk)]

)
, since R̃ is convex,

= R̃
(
E[dn(X,Y)]

)

≥ R̃(D+∆D), since R̃ is nonincreasing.
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Since ∆R > 0 is arbitrary, we must have R ≥ R̃(D+∆D). Since ∆D > 0 is arbitrary,
and since R̃ is continuous at D, we must have R≥ R̃(D).

12.6. Preparation for the Forward Theorem

Lemma 12.9. For 0≤ x,y≤ 1 and n≥ 1,

(1− xy)n ≤ 1− x+ e−yn.

Proof. For fixed y ∈ [0,1], put g(x) := (1− xy)n. Then g′(x) is a nondecreasing
function of x ∈ [0,1], which implies g itself is a convex function of x. Hence,

(1− xy)n = g(x) = g
(
(1− x)0+ x1

)
≤ (1− x)g(0)+ xg(1) = 1− x+ x(1− y)n.

Since we show below that (1− y)n ≤ e−yn, we can write

(1− xy)n ≤ 1− x+ xe−yn ≤ 1− x+ e−yn.

To show that (1− y)n ≤ e−yn, put f (y) := e−y−1+ y. Since f (0) = 0 and f ′(y)≥ 0
for y≥ 0, we have f (y)≥ 0 for y≥ 0.c Thus, for 0≤ y≤ 1, we have 0≤ 1−y≤ e−y,
and raising to the nth power yields the result.

12.6.1. The Joint AEP for Rate Distortion

Given ε and a joint pmf PXY , we define the distortion-typical sets for rate distor-
tion (cf. Section 8.1)

Ân :=
{
(x,y) ∈ Xn×Yn :

∣∣∣∣
1
n

log
1

Pn
X (x)

−H(PX )

∣∣∣∣≤ ε,
∣∣∣∣
1
n

log
1

Pn
Y (y)

−H(PY )

∣∣∣∣≤ ε,
∣∣∣∣
1
n

log
1

Pn
XY (x,y)

−H(PXY )

∣∣∣∣≤ ε,

and
∣∣dn(x,y)−E[d(X ,Y )]

∣∣≤ ε
}
.

There are two important things to notice about Ân. First, Ân⊂An, where An is the col-
lection of jointly typical pairs defined in Section 8.1. Hence, the probability bounds

c This can be seen by the mean-value theorem or by writing f (y) =
∫ y

0 1− e−t dt ≥ 0 for y≥ 0.
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on Pn
X (x), Pn

Y (y), and Pn
XY (x,y) there hold here as well for (x,y) ∈ Ân. In addition, if

(x,y) are distortion typical, then

dn(x,y)≤ E[d(X ,Y )]+ ε.

If PXY is chosen so that E[d(X ,Y )]≤ D, then dn(x,y)≤ D+ ε .

Theorem 12.10 (Joint AEP for Rate Distortion). Let Ân be defined as above. For
large n, the set Ân has high Pn

XY probability in the sense that

lim
n→∞

Pn
XY (Ân) = 1.,

and for all n and (x,y) ∈ Ân,

Pn
Y (y)≥ Pn

Y |X (y|x)exp(−n[I(PXY )+3ε]).

Proof. We show that Pn
XY (Â

c
n)→ 0. Let (X1,Y1),(X2,Y2), . . . be i.i.d. pairs with

common probability mass function PXY . Put X := (X1, . . . ,Xn) and Y := (Y1, . . . ,Yn).
Then

P
(
(X,Y) /∈ Ân

)
= P

(∣∣∣∣
1
n

n

∑
k=1

log
1

PX (Xk)
−H(PX )

∣∣∣∣> ε,

or
∣∣∣∣
1
n

n

∑
k=1

log
1

PY (Yk)
−H(PY )

∣∣∣∣> ε,

or
∣∣∣∣
1
n

n

∑
k=1

log
1

PXY (Xk,Yk)
−H(PXY )

∣∣∣∣> ε,

or
∣∣∣∣
1
n

n

∑
k=1

d(Xk,Yk)−E[d(X ,Y )]
∣∣∣∣> ε

)

≤ P

(∣∣∣∣
1
n

n

∑
k=1

log
1

PX (Xk)
−H(PX )

∣∣∣∣> ε
)

+P

(∣∣∣∣
1
n

n

∑
k=1

log
1

PY (Yk)
−H(PY )

∣∣∣∣> ε
)

+P

(∣∣∣∣
1
n

n

∑
k=1

log
1

PXY (Xk,Yk)
−H(PXY )

∣∣∣∣> ε
)

+P

(∣∣∣∣
1
n

n

∑
k=1

d(Xk,Yk)−E[d(X ,Y )]
∣∣∣∣> ε

)
.

In each probability on the right, the terms in the sums are i.i.d., and the expectation
of each logarithm is the corresponding entropy. Hence, by the weak law of large
numbers, each probability tends to zero as n→ ∞.
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For the rest of the proof, use the fact that Ân ⊂ An, where An is the jointly typical
set in Section 8.1. Use the probability bounds there to upper bound

Pn
Y |X (y|x) =

Pn
XY (x,y)
Pn

X (x)
= Pn

Y (y)
Pn

XY (x,y)
Pn

X (x)Pn
Y (y)

.

12.7. The Forward Theorem

Theorem 12.11. Assuming finite source and reproduction alphabets and a dis-
crete memoryless source, if R > R̃(D), then (R,D) is achievable.

Proof. Let p be the pmf of the discrete memoryless source. Let W be such that
with PXY (x,y) = p(x)W (y|x),

E[d(X ,Y )]≤ D and R̃(D) = I(p×W ).

We show that if R > R̃(D), then (R,D) is achievable. Let ∆D > 0 and ∆R > 0 be
given. Choose ε so that

0 < ε <
R− I(p×W )

3
and ε <

∆D
3

.

With these choices of PXY and ε , let Ân be as above with n so large that

P((X,Y) /∈ Ân)< ε/dmax and e−exp(n[R−I(p×W )−3ε]) < ε/dmax,

where
dmax := max

x,y
d(x,y).

Let N := dexp(nR)e. Given y1, . . . ,yN each in Yn, consider the mapping q:Xn→ Yn

defined by q(x) = yi if (x,yi) ∈ Ân. If there is more than one such i, use the smallest,
and if there is no such i, put q(x) = yN . It is convenient to put

B :=
N⋃

i=1

Bi, where Bi := {x : (x,yi) ∈ Ân}.

Then if x∈B, there is an i with (x,yi) distortion typical, and thus dn(x,q(x))≤D+ε .
Hence,

E
[
dn
(
X,q(X)

)]
= E

[
dn
(
X,q(X)

)
1B(X)

]
+E
[
dn
(
X,q(X)

)
1Bc(X)

]

≤ D+ ε +dmaxP(X ∈ Bc). (12.2)
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To analyze this last probability, write

P(X ∈ Bc) = ∑
x

pn(x)1Bc(x) = ∑
x

pn(x)
N

∏
i=1

1Bc
i
(x) = ∑

x
pn(x)

N

∏
i=1

1Âc
n
(x,yi)

=: α(y1, . . . ,yN).

We now employ the random coding argument. Let Y1, . . . ,YN be i.i.d. with common
pmf (pW )n(y). Then

E[α(Y1, . . . ,YN)] = ∑
x

pn(x)E[1Âc
n
(x,Y)]N .

Next write
E[1Âc

n
(x,Y)] = 1−E[1Ân

(x,Y)].

Then

E[1Ân
(x,Y)] = ∑

y:(x,y)∈Ân

Pn
Y (y)

≥ ∑
y:(x,y)∈Ân

Pn
Y |X (y|x)exp(−n[I(PXY )+3ε]), by Theorem 12.10.

We now have

E[α(Y1, . . . ,YN)]

≤∑
x

Pn
X (x)

[
1− ∑

y:(x,y)∈Ân

Pn
Y |X (y|x)exp(−n[I(PXY )+3ε])

]N

≤∑
x

Pn
X (x)

[
1− ∑

y:(x,y)∈Ân

Pn
Y |X (y|x)+ e−N exp(−n[I(PXY )+3ε])

]
, by Lemma 12.9,

=

[
1− ∑

(x,y)∈Ân

Pn
XY (x,y)

]
+ e−N exp(−n[I(X∧Y )+3ε])

= P((X,Y) ∈ Âc
n)+ e−N exp(−n[I(X∧Y )+3ε])

≤ P((X,Y) ∈ Âc
n)+ e−exp(n[R−I(X∧Y )−3ε])

< 2ε/dmax.

Hence, there is a realization of y1, . . . ,yN with α(y1, . . . ,yN) < 2ε/dmax. Returning
to (12.2), we have

E
[
dn
(
X,q(X)

)]
≤ D+3ε < D+∆D.

We saw earlier that D ≥ Dmax ⇒ R(D) = 0. We also saw that for a DMS with
pmf p, D ≥ Dmax ⇒ R̃(D) = 0. In the case of a DMS, we can find all D for which
R(D) = 0. Of course this is equivalent to finding all D for which R̃(D) = 0.
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Proposition 12.12. Assuming finite source and reproduction alphabets, a dis-
crete memoryless source with pmf p satisfies R(D) = 0⇔ D≥ D∗, where

D∗ := min
y ∑

x
p(x)d(x,y).

Proof. We first show that D≥D∗⇒ R̃(D) = 0. Let y0 be any value of y achieving
the minimum in the definition of D∗; i.e.,

∑
x

p(x)d(x,y0) = D∗.

Put

W0(y) :=
{

1, y = y0,
0, y 6= y0.

If PXY (x,y) = p(x)W0(y), then X and Y are independent, and so I(p×W0) = 0. Also,

E[d(X ,Y )] = ∑
x

∑
y

p(x)W0(y)d(x,y) = ∑
x

p(x)d(x,y0) = D∗.

These observations show that for D≥ D∗,

R̃(D) = inf
E[d(X ,Y )]≤D

I(X ∧Y )≤ I(p×W0) = 0.

To prove that R̃(D) = 0⇒ D≥ D∗, suppose

0 = R̃(D) = inf
W :E[d(X ,Y )]≤D

I(p×W ).

Since the infimum must be achieved, there is a W with E[d(X ,Y )] ≤ D and I(p×
W ) = 0. Now I(X ∧Y ) = 0 implies X and Y are independent, which means that
W (y|x) =W (y) does not depend on x. Hence,

D≥ E[d(X ,Y )] = ∑
x

∑
y

p(x)W (y)d(x,y) = ∑
y

W (y)
[
∑
x

p(x)d(x,y)
]

≥∑
y

W (y)D∗ = D∗.

12.8. Computation of R̃(D)

Example 12.13. Let X= Y = {0,1} equipped with mod-2 addition. Let p(1) :=
β < 1/2 so that p(0) = 1−β > 1/2. Consider the Hamming distortion d(x,y) := 0
if x = y and d(x,y) := 1 otherwise. We show that

R̃(D) := inf
W :E[d(X ,Y )]≤D

I(p×W ) =

{
h(β )−h(D), 0≤ D≤min{β ,1−β},

0, D > min{β ,1−β}.
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Consider

I(p×W ) = I(X ∧Y )

= H(X)−H(X |Y )
= H(X)−∑

y
PY (y)H(PX |Y (·|y))

= H(X)−∑
y

PY (y)H(PX |Y (·+ y|y)), (addition mod 2),

= H(X)−∑
y

PY (y)H(X−Y |Y = y)

= H(X)−H(X−Y |Y )
≥ H(X)−H(X−Y )

= H(X)−h(P(X 6= Y ))

= H(p)−h(P(X 6= Y )).

Now, observe that E[d(X ,Y )] =E[1{X 6=Y}] =P(X 6=Y ). So, if E[d(X ,Y )]≤D, P(X 6=
Y )≤ D. Since h(·) is increasing on [0,1/2],

I(p×W ) ≥ H(p)−h(P(X 6= Y ))

≥ H(p)−h(D), 0≤ D≤ 1/2.

In fact, since H(p) = h(β ), and β < 1/2,

I(p×W )≥ h(β )−h(D), 0≤ D≤ β .

Now, equality will hold if X −Y and Y are independent, and if E[d(X ,Y )] = P(X 6=
Y ) = D. Let Z := X −Y ; then X = Y +Z, where Z and Y are independent. We want
H(Z) = h(P(Z = 1)) = h(P(X 6= Y )) = h(D); i.e., we want P(Z = 1) = D.

Let r = P(Y = 1). If Z and Y are independent with P(Z = 1) = D, and r = P(Y =
1), can r be chosen so that if X := Y +Z, then P(X = 1) = β? That is, can we find r
such that if X = Y +Z, Y , and Z are independent, then

β = P(X = 1) = P(X = 1|Y = 0)P(Y = 0)+P(X = 1|Y = 1)P(Y = 1)
= D(1− r)+(1−D)r ?

If this holds,

r =
β −D
1−2D

.

Note that 0 ≤ D ≤ β < 1/2 implies 0 ≤ r < 1. So, given β and D, put r := (β −
D)/(1−2D). Consider independent random variables Y and Z such that P(Y = 1)= r
and P(Z = 1) = D. Put X := Y +Z. Then P(X = 1) = β , and

E[d(X ,Y )] = P(X 6= Y ) = P(Z = 1) = D and I(X ∧Y ) = h(β )−h(D).
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Hence, R̃(D) = h(β )−h(D), 0≤ D≤ β < 1/2.
If D> β , let W (0|x) = 1; then X and Y are independent and I(X∧Y ) = 0; also, for

this choice of W , E[d(X ,Y )] = ∑
1
x=0 p(x)W (0|x)d(x,0) = β < D. Hence, R̃(D) = 0

for D > β .
Similarly, if β ≥ 1/2, we would have argued, I(p×W ) ≥ h(1− β )− h(D) for

0≤D≤ 1−β . We could then show that r := (β−D)/(1−2D) implies 0< 1−r≤ 1,
since (1− r) = [(1−β )−D]/(1−2D), where 0≤D < 1−β ≤ 1/2. For D≥ 1−β ,
take W (1|x) = 1. Then E[d(X ,Y )] = 1−β ≤ D.

Example 12.14. Let X = Y = {0,1, . . . ,m− 1} with mod-m addition. We again
use the Hamming distortion, d(x,y) := 1 if x 6= y and d(x,y) = 0 if x = y. Let P(X =
x) = 1/m for all x ∈ X. Find R̃(D). As in last example, write

I(p×W ) = H(X)−H(X |Y )
= H(X)−H(X−Y |Y )
≥ H(X)−H(X−Y ),

with equality⇔ X−Y and Y are independent. Let Z := X−Y . Observe that

E[d(X ,Y )] = E[1{X 6=Y}] = P(X 6= Y ) = P(X−Y 6= 0) = P(Z 6= 0).

Next,

H(X−Y ) = H(Z) = P(Z = 0) log
1

P(Z = 0)
+

m−1

∑
z=1

P(Z = z) log
1

P(Z = z)

≤ P(Z = 0) log
1

P(Z = 0)
+P(Z 6= 0) log

m−1
P(Z 6= 0)

= h(P(Z 6= 0))+P(Z 6= 0) log(m−1),

by the log-sum inquality, with equality⇔

P(Z = z) =
P(Z 6= 0)

m−1
, for z 6= 0. (12.3)

Since h(θ)+θ log(m−1) is strictly increasing for 0≤ θ ≤ (m−1)/m, we have

E[d(X ,Y )] = P(Z 6= 0)≤ D≤ m−1
m

⇒ H(Z)≤ h(D)+D log(m−1),

with equality if and only if (12.3) holds with P(Z 6= 0) = D. Now suppose also that
Y and Z are independent with

P(Y = y) = r(y), P(Z = 0) = 1−D, and P(Z = z) =
D

m−1
, z 6= 0.
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Can we find a probability mass function r such that if X := Y +Z, then P(X = x) =
1/m for all x∈X? By Problem 12.7, it suffices to take r to be the uniform distribution.
With this choice of r and P(Z = 0) = 1−D, we have E[d(X ,Y )] = D and

I(X ∧Y ) = H(X)−H(X |Y )
= log |X|−

[
h(D)+D log(|X|−1)

]
,

which gives,

R̃(D) =

{
log |X|−

[
h(D)+D log(|X|−1)

]
, 0≤ D < |X|−1

|X| ,

0, D≥ |X|−1
|X| .

The case D≥ (|X|−1)/|X| can be handled by taking W (y|x) := 1/|X|. Then

E[d(X ,Y )] = ∑
x

p(x)∑
y

W (y|x)d(x,y)

= ∑
x

p(x)∑
y6=x

W (y|x)

= ∑
x

p(x)
|X|−1
|X|

≤ D.

Furthermore, W (y|x) = 1/|X| implies X and Y are independent, which implies that
I(X ∧Y ) = 0. Since the mutual information cannot be negative, we have shown that
the infimum must be zero, that is, R̃(D) = 0 for D≥ (|X|−1)/|X|. A sketch of R̃(D)
for the case |X|= 5 is shown at the left in Figure 12.1.

12.9. The Shannon Lower Bound

Consider a distortion measure d(x,y) such that for all y, y′ ∈ Y, {d(·,y)} and
{d(·,y′)} are permutations of each other. Put

η(D) := sup
q:∑x q(x)dc(x)≤D

H(q)

where dc(x) := d(x,y0) for some fixed y0 ∈ Y. Since H(q) = H(q′) when q′ is a
permutation of q, we see that η(D) does not depend on y0.

Theorem 12.15 (Shannon Lower Bound). Let d have the permutation property
of the preceding paragraph. Assuming finite source and reproduction alphabets and
a discrete memoryless source with pmf p,

R(D)≥ H(p)−η(D),
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where η is nondecreasing and concave.

Proof. It is clear that η is a nondecreasing function of D. We next show that
η is a concave function of D. Suppose η(D1) = H(q1) and η(D2) = H(q2), where
∑x q1(x)dc(x)≤D1 and ∑x q2(x)dc(x)≤D2. Put q = λq1+(1−λ )q2 where 0≤ λ ≤
1. Then,

∑
x

q(x)dc(x) = λ ∑
x

q1(x)dc(x)+(1−λ )∑
x

q2(x)dc(x)

≤ λD1 +(1−λ )D2.

Furthermore,

η(λD1 +(1−λ )D2) ≥ H(q)

≥ λH(q1)+(1−λ )H(q2), since H is concave,
= λη(D1)+(1−λ )η(D2).

We now establish the lower bound. Suppose that E[d(X ,Y )]≤ D. Then

D ≥∑
x

∑
y

PXY (x,y)d(x,y)

= ∑
y

PY (y)
[
∑
x

PX |Y (x|y)d(x,y)
︸ ︷︷ ︸

=: d̂(y)

]
.

With d̂(y) as above,

I(X ∧Y ) = H(X)−H(X |Y )
= H(X)−∑

y
PY (y)H(X |Y = y)

= H(X)−∑
y

PY (y)H
(
PX |Y (·|y)

)

≥ H(X)−∑
y

PY (y)η(d̂(y)), by def. of η ,

≥ H(X)−η(∑
y

PY (y)d̂(y)), since η is concave,

= H(X)−η(E[d(X ,Y )]),

≥ H(X)−η(D), since η is nondecreasing.

Remark. It can be shown that the Shannon lower bound holds with equality
if d has the additional property that for any x,x′ ∈ X, {d(x, ·)} and {d(x′, ·)} are
permutations of each other.
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Problems

1. Derive the chain rule for conditional entropy,

H(UV |Y ) = H(U |Y )+H(V |YU).

2. Show that if N := dexp(nR)e, then

lim
n→∞

logN
n

= R.

3. Prove the second part of Theorem 12.10.

4. Show that the rate-distortion region is closed.

5. Fix 0≤ D≤ β < 1/2, and put r := (β −D)/(1−2D). Let Y and Z be indepen-
dent, {0,1}-valued random variables with P(Y = 1) = r and P(Z = 1) = D. If
X := Y +Z mod-2, find P(Y = y|X = x) for x,y ∈ {0,1}.

6. Let X and Y be countable sets. Suppose that for some y0 ∈Y, we have W (y0|x) =
1 for all x ∈ X. Show that X and Y are independent.

7. Let X := {0,1, . . . ,m− 1} with addition mod-m. Let Y and Z be independent
X-valued random variables. If the pmf of Y is uniform, show that the pmf of
X := Y +Z is uniform.

8. Show that the function g(θ) := h(θ)+ θ log(m− 1) is increasing for 0 ≤ θ ≤
(m−1)/m.

9. For the source and distortion function in Example 12.14, compute Dmax as in
Section 12.2.1 and compute D∗ using Proposition 12.12. Does Dmax = D∗?

10. Consider a binary source taking values 0 and 1 with equal probability 1/2. Find
R̃(D) for the distortion function

d(x,y) :=





0, y = x,
1, x = 1,y = 0,
∞, x = 0,y = 1.

A sketch of R̃(D) is shown at the right in Figure 12.1.

11. If X is a continuous random variable, put

R̃(D) := inf
w:E[d(X ,Y )]≤D

I(p×w),

where d(x,y) := |x− y|2 and w is a conditional “density.” If p is a Gaussian
density with zero mean and variance σ2, find R̃(D).
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CHAPTER 13

Source Coding Revisited — Discrete
Stationary Sources

13.1. Stationarity and the Entropy Rate

Let X be a finite set. Let X1,X2, . . . be an X-valued, discrete-time random process
such that for all positive integers n and k,

P(Xk+1 = x1, . . . ,Xk+n = xn) = P(X1 = x1, . . . ,Xn = xn),

where x1, . . . ,xn are in X. In this case, the process is said to be (strictly) stationary.
For such processes, we show later that

(a) H(Xn|X1, . . . ,Xn−1) is nonincreasing with n.
(b) 1

n H(X1, . . . ,Xn)≥ H(Xn|X1, . . . ,Xn−1).

(c) 1
n H(X1, . . . ,Xn) is nonincreasing with n.

(d) limn→∞
1
n H(X1, . . . ,Xn) = limn→∞ H(Xn|X1, . . . ,Xn−1).

The fact that entropy is bounded below by zero combined with properties (a)
and (c) implies that these limits exist.

The entropy rate of a stationary process X1,X2, . . . is

H := lim
n→∞

1
n

H(X1, . . . ,Xn).

We then have the following generalization of the Variable-Length Source Coding
Theorem 3.21. (Note: If X1,X2, . . . are i.i.d. with common pmf p, then H = H(p).)

Theorem 13.1 (Variable-Length Source Coding Theorem for Stationary Source).
Let X be a finite set, and let X1,X2, . . . be a stationary X-valued source. Then for
every blocklength n≥ 1, there is a prefix code Cn:Xn→ D∗ such that

1
n H(X1 · · ·Xn)

logD
≤ E[`(Cn(X1, . . . ,Xn))]

n
<

1
n H(X1 · · ·Xn)

logD
+

1
n
.

Furthermore, given ε > 0, for all sufficiently large n,

H

logD
≤ E[`(Cn(X1, . . . ,Xn))]

n
<

H

logD
+ ε.
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13.2. Ergodic Sources

A stationary process X1,X2, . . . that is ergodic has the additional property that for
every function f (x),a

lim
n→∞

1
n

n

∑
k=1

f (Xk) = E[ f (X1)], a.s.,

whenever E[| f (X1)|] < ∞. For example, an i.i.d. sequence has this property by the
strong law of large numbers.

Example 13.2 (A Stationary Process That Is Not Ergodic). Let Z be a binary ran-
dom variable taking the values 0 and 1 with equal probability. Put Xk := Z for all k.
Then

lim
n→∞

1
n

n

∑
k=1

Xk = Z,

which is either zero or one, and is therefore never equal to E[X1] = E[Z] = 1/2!

An ergodic process also has the property that if f (x1, . . . ,xm) is a function of m
variables, then

lim
n→∞

1
n

n

∑
k=1

f (Xk,Xk+1, . . . ,Xk+(m−1)) = E[ f (X1, . . . ,Xm)], a.s.,

whenever E[| f (X1, . . . ,Xm)|]< ∞.

13.3. The Shannon–McMillan–Breiman Theorem

For ∆R > 0, put

An :=
{
(x1, . . . ,xn) ∈ Xn:

∣∣∣∣
1
n

log
1

pn(x1, . . . ,xn)
−H

∣∣∣∣≤ ∆R
}
,

where pn(x1, . . . ,xn) := P(X1 = x1, . . . ,Xn = xn). Then x = (x1, . . . ,xn) ∈ An implies

exp(−n[H +∆R])≤ pn(x)≤ exp(−n[H −∆R]).

a The abbreviation “a.s.” stands for almost surely.
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With X= (X1, . . . ,Xn), it would be nice to have limn→∞P(X /∈ An) = 0. If the Xk were
i.i.d., we could use the weak law of large numbers. For stationary ergodic processes,
we use the the following result.

Theorem 13.3 (Shannon–McMillan–Breiman). Let X be a finite set, and let X1,
X2, . . . be a stationary, ergodic, X-valued process. Then

lim
n→∞

P((X1, . . . ,Xn) /∈ An) = 0.

Proof. See below.

With the Shannon–McMillan–Breiman Theorem, it is straightforward to adapt
the proof of Shannon’s Source Coding Theorem 4.3 to prove the following result.

Theorem 13.4 (Source Coding Theorem for a Stationary Source). Let X be a fi-
nite set, and let X1,X2, . . . be a stationary, ergodic, X-valued source. Then every
R≥H is achievable, and every R < H is not achievable.

Proof. Apply the Shannon–McMillan–Breiman Theorem.

The remainder of this section is devoted to proving the Shannon–McMillan–
Breiman theorem.

Lemma 13.5. Let X be a finite set, and let X1,X2, . . . be a stationary, ergodic,
X-valued process. For m≥ 1,

lim
n→∞
n>m

1
n

logQm(X1, . . . ,Xn) =−H(Xm+1|Xm, . . . ,X1), a.s.,

where for n > m,

Qm(x1, . . . ,xn) := P(X1 = x1, . . . ,Xm = xm)

·
n

∏
k=m+1

P(Xk = xk|Xk−1 = xk−1, . . . ,Xk−m = xk−m).

Proof. Write,

1
n

logQm(X1, . . . ,Xn) =
1
n

log pm(X1, . . . ,Xm)

+
1
n

n

∑
k=m+1

logPXk|Xk−1···Xk−m
(Xk|Xk−1, . . . ,Xk−m).
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Clearly, 1
n log pm(X1, . . . ,Xm)→ 0 a.s. as n→ ∞. Since

E
[
logPXk|Xk−1,...,Xk−m

(Xk|Xk−1, . . . ,Xk−m)
]
= −H(Xk|Xk−1, . . . ,Xk−m)

= −H(Xm+1|Xm, . . . ,X1),

and since the source is ergodic, the term

1
n

n

∑
k=m+1

logPXk|Xk−1,...,Xk−m
(Xk|Xk−1, . . . ,Xk−m)→−H(Xm+1|Xm, . . . ,X1)

almost surely.

Lemma 13.6. Let X be a finite set, and let X1,X2, . . . be a stationary X-valued
process. For any ∆R > 0 and ε > 0, for sufficiently large m and n, n > m,

P

(∣∣∣∣
1
n

logQm(X1, . . . ,Xn)−
1
n

log pn(X1, . . . ,Xn)

∣∣∣∣> ∆R
)
< ε.

Proof. Write, by Markov’s inequality,

P

(∣∣∣∣
1
n

log
Qm(X1, . . . ,Xn)

pn(X1, . . . ,Xn)

∣∣∣∣> ∆R
)
≤ 1

n∆R
E

[∣∣∣∣log
Qm(X1, . . . ,Xn)

pn(X1, . . . ,Xn)

∣∣∣∣
]
.

We now use the fact that for θ > 0,| logθ |= 2[logθ ]+− logθ ≤ 2θ(loge)/e− logθ ,
where [t]+ := t for t ≥ 0 and [t]+ := 0 for t < 0, and where the inequality [logθ ]+ ≤
θ(loge)/e is proved in Problem 13.2. So,

E

[∣∣∣∣log
Qm(X1, . . . ,Xn)

pn(X1, . . . ,Xn)

∣∣∣∣
]
≤ 2loge

e
E

[
Qm(X1, . . . ,Xn)

pn(X1, . . . ,Xn)

]
−E

[
log

Qm(X1, . . . ,Xn)

pn(X1, · · · ,Xn)

]
.

The first expectation on the right-hand side is simply

∑
x1,...,xn

Qm(x1, . . . ,xn) = 1,

and the second expectation is (including the minus sign)

−H(X1 · · ·Xn)+H(X1 · · ·Xm)+(n−m)H(Xm+1|Xm · · ·X1).

So,

P

(∣∣∣∣
1
n

log
Qm(X1, . . . ,Xn)

pn(X1, . . . ,Xn)

∣∣∣∣> ∆R
)
≤ 1

∆R

{
2loge

ne
− 1

n
H(X1 · · ·Xn)+

1
n

H(X1 · · ·Xm)

+
(

1− m
n

)
H(Xm+1|Xm · · ·X1)

}
,
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which is less than ε for m and n both large enough.

Proof of the Shannon–McMillan–Breiman Theorem. We must show that

1
n

log
1

pn(X1, . . . ,Xn)

in prob.−→ H .

For n > m, write
1
n

log
1

pn(X1, . . . ,Xn)
−H (13.1)

=
1
n

log
1

pn(X1, . . . ,Xn)
− 1

n
log

1
Qm(X1, . . . ,Xn)

(13.2)

+
1
n

log
1

Qm(X1, . . . ,Xn)
−H(Xm+1|Xm · · ·X1) (13.3)

+H(Xm+1|Xm · · ·X1)−H . (13.4)

Let ε > 0 be given. Fix m so large that the absolute value of the term in (13.4) is less
than or equal to ∆R/3. Next let n > m be so large that P(|(13.3)| > ∆R/3) < ε/2;
this is possible by Lemma 13.5. Finally, by Lemma13.6, let n > m be so large that
P(|(13.2)|> ∆R/3)< ε/2. Since

{|(13.2)| ≤ ∆R/3}∩{|(13.3)| ≤ ∆R/3}∩{|(13.4)| ≤ ∆R/3} ⊂ {|(13.1)| ≤ ∆R},
it follows that P(|(13.1)|> ∆R) is upper bounded by

P(|(13.2)|> ∆R/3)︸ ︷︷ ︸
<ε/2

+P(|(13.3)|> ∆R/3)︸ ︷︷ ︸
<ε/2

+P(|(13.4)|> ∆R/3)︸ ︷︷ ︸
=0

< ε.

Remark. (i) The almost sure convergence of Lemma 13.5 implies convergence in
probability. (ii) If am and a are real numbers (deterministic), and if |am−a| ≤ ∆R/3,
then P(|am−a|> ∆R/3) = P(∅) = 0.

Proof of Facts (a)–(d).
(a): Since dropping conditioning increases entropy,

H(Xn+1|Xn · · ·X1) ≤ H(Xn+1|Xn · · ·X2)

= H(Xn|Xn−1 · · ·X1), by stationarity.

(b): Write
1
n

H(X1 · · ·Xn) =
1
n

[
H(X1)+H(X2|X1)+ · · ·+H(Xn|Xn−1 · · ·X1)

]

=
1
n

[
H(Xn)+H(Xn|Xn−1)+ · · ·+H(Xn|Xn−1 · · ·X1)

]

≥ 1
n
·nH(Xn|Xn−1 · · ·X1).
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(c): Write

1
n

H(X1 · · ·Xn) =
1
n

[
H(X1 · · ·Xn−1)+H(Xn|Xn−1 · · ·X1)

]

≤ n−1
n

1
n−1

H(X1 · · ·Xn−1)+
1
n2 H(X1 · · ·Xn), by (b).

Or, (
1− 1

n

)1
n

H(X1 · · ·Xn)≤
(

1− 1
n

) 1
n−1

H(X1 · · ·Xn−1).

(d): Since entropy and conditional entropy are lower bounded by zero, the mono-
tonicity in (a) and (c) guarantee the existence of the limits. For m≥ 1,

1
n+m

H(X1 · · ·Xn+m) =
1

n+m
H(X1 · · ·Xn−1)

+
1

n+m

[
H(Xn|Xn−1 · · ·X1)+H(Xn+1|Xn · · ·X1)

+ · · ·+H(Xn+m|Xn+m−1 · · ·X1)
]

≤ 1
n+m

H(X1 · · ·Xn−1)+
m+1
n+m

H(Xn|Xn−1 · · ·X1).

Letting m→ ∞ yields

H ≤ H(Xn|Xn−1 · · ·X1)≤
1
n

H(X1 · · ·Xn), by (b).

Letting n→ ∞ yields

H ≤ lim
n→∞

H(Xn|Xn−1 · · ·X1)≤H .

13.4. Universal Data Compression

13.4.1. The Lempel–Ziv Algorithm

Definition 13.7. Let X := {0,1} and consider the sequence x ∈ Xn. The proce-
dure of parsing x into the shortest substrings that have not appeared so far is called
the Lempel–Ziv parsing.

Example 13.8. Suppose x = 1011010100010. We parse it using Lempel–Ziv
parsing as

shortest phrases list = 1,0,11,01,010,00,10.

Note that each phrase in the list is unique.
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The Lempel–Ziv Algorithm consists of two steps.

Parsing: Parse the sequence x using the Lempel–Ziv parsing to obtain the “shortest
phrases list.”

Coding: Represent each phrase found in x, say xi · · ·x j−1x j, by the ordered pair
(p,x j), where p is the position of xi · · ·x j−1 in the “shortest phrases list.” Thus,
to decode (p,x j) we concatenate the pth entry in the “shortest phrases list”
with the bit x j. Positions in the “shortest phrases list” are numbered starting at
p = 1. One-bit phrases of the form x j are coded as (0,x j) and are decoded as
x j without looking at the “shortest phrases list.”

Example 13.9. Let x and its “shortest phrases list” be as in the previous example.
Applying coding procedure to x, the corresponding code pairs are

(0,1),(0,0),(1,1),(2,1),(4,0),(2,0),(1,0).

If x ∈ Xn, we denote the number of code pairs by cn(x). For the sequence x of
Example 13.8, n = 13 and c13(x) = 7.

Example 13.10. Let x = 101101010001010. This is same as the previous ex-
ample, with an additional two bits appended at the end. The result of Limpel–Ziv
parsing is

shortest phrases list = 1,0,11,01,010,00,10.

Note that the last phrase 10 in x is already present in the “shortest phrases list,” so it
is not repeated there. The code pairs in this case are

(0,1),(0,0),(1,1),(2,1),(4,0),(2,0),(1,0),(1,0).

The code corresponding to the last phrase 10 is the same as the one for the preceding
10 phrase. Since this time x ∈ X15 and there are 8 code pairs, c15(x) = 8. Notice that
the length of the “shortest phrases list” may be shorter than the number of code pairs
cn(x).

13.4.2. Length of Lempel–Ziv Codes

Since the length of the “shortest phrases list” is at most cn(x), pointer values
range at most over 0,1, . . . ,cn(x). Hence, to represent each pointer requires at most
dlog2(cn(x)+1)e bits. Each code pair requires this number of bits plus 1. Since there
are a total of cn(x) code pairs, to represent all of them requires at most

`LZ(x) := cn(x)︸ ︷︷ ︸
number of code pairs

{
dlog2(cn(x)+1)e+1

}
︸ ︷︷ ︸

bits/code pair

bits.
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Theorem 13.11. If {Xk} is a stationary, ergodic, binary source, then

lim
n→∞

`LZ(X1 · · ·Xn)

n
≤H , a.s.

Problems

1. Let X be a finite set, and let X1,X2, . . . be a time-homogeneous Markov chain;
i.e., P(Xn = xn|Xn−1 = xn−1, . . . ,X1 = x1) = p(xn|xn−1) for some transition prob-
ability p(· | ·) that does not depend on n. Evaluate

lim
n→∞

H(Xn|Xn−1, . . . ,X1).

2. For any real number t,

t+ :=
{

t, t ≥ 0,
0, t < 0.

(a) Show that 2t+− t = |t|.
(b) Show that for t > 0, (log t)+ ≤ t(loge)/e.
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CHAPTER 14

The Discrete Memoryless Multiple-Access
Channel

Let X, Y, and Z be finite sets. Source 1 transmits message i ∈ {1, . . . ,N} and
source 2 transmits message j ∈ {1, . . . ,M}. Message i goes through encoder f to
produce codeword xi ∈ Xn, and message j goes through encoder g to produce code-
word y j ∈ Yn. The multiple-access channel (MAC) Wn accepts the codewords xi,y j
and produces output z ∈ Zn, which goes through decoder ϕ to produce an estimate of
transmitted source messages ( î, ĵ ).

For a discrete memoryless DMMAC,

Wn(z|x,y) =
n

∏
k=1

W (zk|xk,yk) =: W n(z|x,y).

For example, let X , Y , and V be binary random variables with (X ,Y ) independent of
V . Put Z := X +Y +V with mod-2 addition. Then W (z|x,y) = ρV (z− x− y).

The encoders are mappings

f : {1, . . . ,N}→ Xn and g : {1, . . . ,M}→ Yn.

The decoder is the mapping

ϕ : Zn→{1, . . . ,N}×{1, . . . ,M}.

The rate pair of the code ( f ,g,ϕ) is
(

logN
n

,
logM

n

)
∈ IR2

+.

We use the following probabilistic model. Let α be a {1, . . . ,N}-valued uniform
random variable, β a {1, . . . ,M}-valued uniform random variable, and Z be a Zn-
valued random variable with

P(α = i,β = j,Z = z) =
1

NM
Wn(z|xi,y j),

where xi = f (i) and y j = g( j). The probability of error is easily computed using the
laws of total probability and substitution. Write

en( f ,g,ϕ) := P(ϕ(z) 6= (α,β ))

135



136 14 The Discrete Memoryless Multiple-Access Channel

= E
[
P(ϕ(z) 6= (α,β )|α,β )

]

=
N

∑
i=1

M

∑
j=1

1
N

1
M
P(ϕ(z) 6= (i, j)|α = i,β = j)

=
1

NM

N

∑
i=1

M

∑
j=1

Wn({z : ϕ(z) 6= (i, j)}|xi,y j)︸ ︷︷ ︸
ei j

n ( f ,g,ϕ)

Definition 14.1. A pair of nonnegative real numbers, (R1,R2) is an achievable
rate pair under the average probability of error criterion, if ∀λ > 0, ∀∆R > 0, ∃n0
such that ∀n ≥ n0, ∃ codewords x1, . . . ,xN each in Xn and y1, . . . ,yM each in Yn and
there exists a decoder ϕ : Zn→{1, . . . ,N}×{1, . . . ,M} with

logN
n

> R1−∆R,
logM

n
> R2−∆R, and en( f ,g,ϕ)< λ .

The set of achievable rate pairs, C := {(R1,R2) : (R1,R2) is achievable} is called the
capacity region.

Remark. For single-user channels, we have by Theorem 5.10 that the capacity
region under the maximum probability of error criterion is equal to the capacity re-
gion under the average probability of error criterion. For the MAC, this is not the
case [4, pp. 271–272].

14.1. The Weak Converse

Let (R1,R2) be achievable. Then ∀λ > 0, ∀∆R > 0, and for sufficiently large n, ∃
codewords x1, . . . ,xN each in Xn and y1, . . . ,yM each in Yn and there exists a decoder
ϕ : Zn→{1, . . . ,N}×{1, . . . ,M} with

logN
n

> R1−∆R,
logM

n
> R2−∆R, and en( f ,g,ϕ)< λ .

Consider random variables α , β , X, Y, and Z with joint pmf

P(α = i,β = j,X = x,Y = y,Z = z) =
1

NM
1{xi}(x)1{y j}(y)W

n(z|x,y). (14.1)

Then
P(ϕ(Z) 6= (α,β ))< λ .
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Observe that ϕ(Z) = (ϕ1(Z),ϕ2(Z)) implies

P(ϕ1(Z) 6= α)≤ P(ϕ(Z) 6= (α,β ))< λ

and
P(ϕ2(Z) 6= β )≤ P(ϕ(Z) 6= (α,β ))< λ

as well. By the Corollary to Fano’s inequality,

logNM = H(α,β )≤ λ logNM+ log2+ I(αβ ∧ϕ(Z)).

Rearranging yields

(1−λ ) logNM ≤ I(αβ ∧ϕ(Z))+ log2,

which implies

(1−λ )[n(R1−∆R)+n(R2−∆R)]≤ I(αβ ∧ϕ(Z))+ log2.

Hence,

R1 +R2 ≤
I(αβ ∧ϕ(Z))+ log2

n(1−λ )
+2∆R.

Observe that

I(αβ ∧ϕ(Z)) ≤ I(XY∧Z), by the Data Processing Lemma,
= H(Z)−H(Z|X,Y)

= H(Z)−
n

∑
k=1

H(Zk|XkYk), since the channel is memoryless,

≤
n

∑
k=1

H(Zk)−H(Zk|XkYk), by (6.1),

=
n

∑
k=1

I(XkYk ∧Zk)

= n · 1
n

n

∑
k=1

I(XkYk ∧Zk),

where

PXk,Yk,Zk(x,y,z) = pk(x)qk(y)W (z|x,y)
= p(x|k)q(y|k)W (z|x,y),

and
pk(x) := P(Xk = x) and qk(y) := P(Yk = y).
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Note that the independence of Xk and Yk follows from (14.1). If we put

PV XY Z(k,x,y,z) := 1
k p(x|k)q(y|k)W (z|x,y),

then

n
n

∑
k=1

I(XkYk ∧Zk)
1
n
= n

n

∑
k=1

I(XY ∧Z|V = k)P(V = k) = nI(XY ∧Z|V ).

Hence,

R1 +R2 ≤
nI(XY ∧Z|V )+ log2

n(1−λ )
+2∆R

=
I(XY ∧Z|V )

1−λ
+

log2
n(1−λ )

+2∆R.

In a similar way, we obtain,

R1 ≤
I(α ∧ϕ1(Z))+ log2

n(1−λ )
+∆R

and

R2 ≤
I(β ∧ϕ2(Z))+ log2

n(1−λ )
+∆R.

Now write, by the Data Processing Lemma,

I(α ∧ϕ1(Z))≤ I(X∧Z),

since from (14.1),

P(α = i,X = x,Z = z) =
1
N

1Xi(x)
1
M

M

∑
j=1

W n(z|x,y j)

︸ ︷︷ ︸
=:W̃n(z|x)

.

So, α → X→ Z is a Markov chain. Thus, Data Processing applies. Next,

I(X∧Z) ≤ I(X∧YZ)
= I(X∧Y)︸ ︷︷ ︸

=0 since, X and Y are
independent by (14.1)

+I(X∧Z|Y).

January 23, 2022



14.1 The Weak Converse 139

Then

I(X∧Z|Y) = H(Z|Y)−H(Z|XY)

= H(Z|Y)−
n

∑
k=1

H(Zk|XkYk)

≤
n

∑
k=1

H(Zk|Y)−
n

∑
k=1

H(Zk|XkYk)

≤
n

∑
k=1

H(Zk|Yk)−
n

∑
k=1

H(Zk|XkYk)

=
n

∑
k=1

I(Xk ∧Zk|Yk)

= n
n

∑
k=1

I(Xk ∧Zk|Y,V = k) · 1
n
.

If
PV XY Z(v,x,y,z) :=

1
n

pk(x)qk(y)w(z|x,y),

then I(X∧Z|Y)≤ nI(X ∧Z|YV ), and

R1 ≤
I(X ∧Z|YV )

1−λ
+

log2
n(1−λ )

+∆R.

Similarly,

R2 ≤
I(Y ∧Y |XV )

1−λ
+

log2
n(1−λ )

+∆R.

From above, we repeat

R1 +R2 ≤
I(XY ∧Z|V )

1−λ
+

log2
n(1−λ )

+2∆R.

Definition 14.2. If V is a finite set, and if γ, p(·|v) and q(·|v), where v ∈ V , are
probability mass functions on V, X, and Y, respectively, let

R(γ, p,q) :=
{
(R1,R2) : 0≤ R1 ≤ I(X ∧Z|YV ),

0≤ R2 ≤ I(Y ∧Z|XV ),

R1 +R2 ≤ I(XY ∧Z|V )
}
,
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where it is understood that

PV XY Z(v,x,y,z) = γ(v)p(x|v)q(y|v)W (z|x,y).

Also, let

R∗ :=
⋃

all finite sets V

( ⋃

γ,p,q
R(γ, p,q)

)

We have shown that if (R1,R2) is achievable, then (R1,R2) ∈R∗; i.e., C ⊂R∗.
The forward theorem, which we do not prove, shows that R∗ ⊂C. We will then have
C = R∗. As we will see, R∗ is convex and closed.
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CHAPTER 15

Analysis of ML Decoding

15.1. First Steps

We showed in Section 5.4 that the probability of a decoding error using equally-
likely messages is

1
N

N

∑
i=1

Wn({y : ϕ(y) 6= i}|xi).

If we use random codewords X1, . . . ,XN , then

E

[
1
N

N

∑
i=1

Wn({y : ϕ(y) 6= i}|Xi)

]
=

1
N

N

∑
i=1

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
.

Our approach is to obtain a bound on E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
that does not depend

on i. To this end, we first compute the conditional expectation

E
[
Wn({y : ϕ(y) 6= i}|Xi)

∣∣Xi = x
]
.

We will then have by the law of total probability for expectation that

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
= ∑

x
E
[
Wn({y : ϕ(y) 6= i}|Xi)

∣∣Xi = x
]
pn(x), (15.1)

where pn is the probability mass function of Xi, which we will take to be the same
for all i.

15.2. ML Decoder Analysis

Since the ML decoder satisfies (7.7),

Wn({y : ϕ(y) 6= i}|xi)≤Wn

(⋃

j 6=i

B j

∣∣∣∣xi

)
= ∑

y
1[⋃

j 6=i B j

](y)Wn(y|xi).

If we now replace x1, . . . ,xN by random codewords X1, . . . ,XN and take conditional
expectations, we find that

E
[
Wn({y : ϕ(y) 6= i}|Xi)

∣∣Xi = x] ≤∑
y
E
[
1[⋃

j 6=i B j

](y)Wn(y|Xi)
∣∣∣Xi = x

]
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= ∑
y
E
[
1[⋃

j 6=i B j

](y)Wn(y|xi)
∣∣∣Xi = x

]

= ∑
y
E
[
1[⋃

j 6=i B j

](y)
∣∣∣Xi = x

]
Wn(y|xi), (15.2)

where now ϕ and the B j are random. In particular,

B j =
{

y : Wn(y|X j)≥Wn(y|Xl) for all l
}
.

Note also that
B j ⊂

{
y : Wn(y|X j)≥Wn(y|Xi)

}
=: B̂ j. (15.3)

We now follow [6, p. 136] and write, for any 0 < ρ ≤ 1,

E
[
1[⋃

j 6=i B j

](y)
∣∣∣Xi = x

]
= E

[
1[⋃

j 6=i B j

](y)ρ
∣∣∣Xi = x

]
, since 0 = 0ρ and 1 = 1ρ ,

≤
(
E
[
1[⋃

j 6=i B j

](y)
∣∣∣Xi = x

])ρ
, by Jensen’s inequality,

≤
(

∑
j 6=i

E
[
1B j(y)

∣∣Xi = x
])ρ

, since (·)ρ is increasing,

≤
(

∑
j 6=i

E
[
1B̂ j

(y)
∣∣Xi = x

])ρ
, by (15.3).

We can write this last conditional expectation as a conditional probability. Next, let
s > 0. Assuming that Xi and X j are independent, we can write

P
(

Wn(y|X j)≥Wn(y|Xi)
∣∣∣Xi = x

)
= P

(
Wn(y|X j)≥Wn(y|x)

∣∣∣Xi = x
)

= P
(

Wn(y|X j)≥Wn(y|x)
)

= ∑
x′

pn(x′)1[Wn(y|x),∞)

(
Wn(y|x′)

)

≤∑
x′

pn(x′)
[

Wn(y|x′)
Wn(y|x)

]s

.

We can now write

E
[
1[⋃

j 6=i B j

](y)
∣∣∣Xi = x

]
≤
[
∑
j 6=i

∑
x′

pn(x′)
[

Wn(y|x′)
Wn(y|x)

]s ]ρ

= (N−1)ρWn(y|x)−ρs
[
∑
x′

pn(x′)Wn(y|x′)s
]ρ

.
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Putting this together with (15.2) and (7.9), we find that

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]

≤ (N−1)ρ
∑
y

[
∑
x

pn(x)Wn(y|x)1−ρs
][

∑
x′

pn(x′)Wn(y|x′)s
]ρ

.

Specializing to s = 1/(1+ρ), we obtain

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
≤ (N−1)ρ

∑
y

[
∑
x

pn(x)Wn(y|x)1/(1+ρ)
]1+ρ

. (15.4)

Note that since the left-hand side is at most one, (15.4) is a valid bound even for
ρ = 0. In the case of a discrete memoryless channel, Wn = W n. If we also take
pn = pn, then the above sum over x becomes

n

∏
k=1

(
∑
x

p(x)W (yk|x)1/(1+ρ)
)
.

Denoting this product by λ (y1) · · ·λ (yn), (15.4) becomes

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
≤ (N−1)ρ

∑
y

λ (y1)
1+ρ · · ·λ (yn)

1+ρ .

Hence, for a DMC with pn = pn, we have

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
≤ (N−1)ρ

{
∑
y

[
∑
x

p(x)W (y|x)1/(1+ρ)
]1+ρ

}n

.

If N = bexp(nR)c ≤ exp(nR), we obtain the further upper bound

E
[
Wn({y : ϕ(y) 6= i}|Xi)

]
≤ exp

{
−n[Eo(ρ, p)−ρR]

}
,

where

Eo(ρ, p) :=− log∑
y

[
∑
x

p(x)W (y|x)1/(1+ρ)
]1+ρ

.

If there is some 0 ≤ ρ ≤ 1 for which Eo(ρ, p)−ρR > 0, then the error probability
decays exponentially fast. This is indeed the case if 0 ≤ R < I(p×W ). The outline
of the argument is as follows; proofs of claims are established in the Notes.1 Let
f (ρ) = Eo(ρ, p)− ρR. Then f is continuously differentiable with f (0) = 0 and
f ′(0) = I(p×W )−R > 0. Since f (0) = 0, we can write f (ρ) =

∫ ρ
0 f ′(t)dt. Since
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f ′(0)> 0 and f ′ is continuous, there is a ρ∗> 0 with f ′(ρ)> f ′(0)/2 for 0≤ ρ ≤ ρ∗.
Thus,

f (ρ∗) =
∫ ρ∗

0
f ′(ρ)dρ ≥ ρ∗ f ′(0)/2 > 0.

The foregoing analysis shows that the error probability decays exponentially fast.
For fixed p, the best bound is exp[−nEr(R, p)], where

Er(R, p) := sup
0≤ρ≤1

[Eo(ρ, p)−ρR]. (15.5)

To obtain the best bound overall, we optimize over p as well. Hence, the best bound
is exp[−nEr(R)], where

Er(R) := sup
p

Er(R, p)

is called the random coding exponent.

Notes

Note 15.1. Proofs of Claims in Section 15.2. We begin by studying Eo(ρ, p). If we
put

(pW θ )(y) := ∑
x

p(x)W (y|x)θ , θ > 0, (15.6)

and
γp(ρ) := ∑

y
(pW 1/(1+ρ))(y)1+ρ , ρ ≥ 0, (15.7)

then
Eo(ρ, p) =− logγp(ρ).

Remark 15.1. The expression W (y|x)θ is understood as eθ lnW (y|x) if W (y|x)> 0
and zero otherwise. Hence, W (y|x)θ is an infinitely differentiable function of θ for
each x and y.

When θ = 1, we write (pW )(y) instead of (pW 1)(y). For a given y, if (pW θ )(y)=
0 for some θ > 0, then each term in (15.6) must be zero. This happens if and only if
W (y|x) = 0 for all x with p(x)> 0. In this case, (pW θ )(y) = 0 for all θ > 0, including
θ = 1.

Remark 15.2. By the preceding remark, each term in (15.7) is either the zero
function or a positive, infinitely differentiable function of ρ . We now show that at
least one term in (15.7) is positive. Suppose otherwise that γp(ρ) = 0 for some ρ ≥ 0.
Then every term in (15.7) is zero, which implies that for every y, (pW 1/(1+ρ))(y)1+ρ =
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0, which implies (pW 1/(1+ρ))(y) = 0. By the preceding remark, this last equality
must also hold for 1/(1+ρ) = 1; thus, (pW )(y) = 0. We would then conclude that

0 = ∑
y
(pW )(y) = ∑

y
∑
x

p(x)W (y|x) = 1,

which is a contradiction. Hence, γp(ρ)> 0.
Since 1/(1+ρ) = 1 corresponds to ρ = 0, the foregoing calculation shows that

γp(0) = 1. Since γp(ρ) > 0, Eo(ρ, p) is finite for all ρ ≥ 0. Furthermore, since
γp(0) = 1, Eo(0, p) = 0.

Remark 15.3. We now analyze the derivative

∂
∂ρ

Eo(ρ, p) =
−γp
′(ρ) loge
γp(ρ)

.

We showed in Remark 15.2 that γp(0) = 1. Hence, the above derivative at ρ = 0 is
just −γp

′(0) loge. To compute γp
′(ρ), use the formula

(pW 1/(1+ρ))(y)1+ρ = e(1+ρ) ln(pW 1/(1+ρ))(y)

to show that

γp
′(ρ) = ∑

y
(pW 1/(1+ρ))(y)1+ρ ·

[
ln(pW 1/(1+ρ))(y)

+
(1+ρ)

(pW 1/(1+ρ))(y)
· ∂

∂ρ
(pW 1/(1+ρ))(y)

]
,

where
∂

∂ρ
(pW 1/(1+ρ))(y) = ∑

x
p(x)W (y|x)1/(1+ρ) · − lnW (y|x)

(1+ρ)2 .

In particular,

γp
′(0) = ∑

y
(pW )(y) ln(pW )(y)−∑

x
∑
y

p(x)W (y|x) lnW (y|x)

and so γp
′(0) loge =−H(Y )+H(Y |X). Hence,

∂
∂ρ

Eo(ρ, p)
∣∣∣∣
ρ=0

= I(p×W ).

January 23, 2022



146 15 Analysis of ML Decoding

Additional Results about Eo(ρ, p)

Remark 15.4. Lyapunov’s inequality implies (pW 1/(1+ρ))(y)1+ρ is a nonin-
creasing function of ρ . Hence, γp(ρ) is also nonincreasing, with γp(ρ)≤ γp(0) = 1.
Since γp(ρ) is nonincreasing, Eo(ρ, p) is nondecreasing, which implies

∂
∂ρ

Eo(ρ, p)≥ 0.

In fact, γp(ρ) is strictly decreasing (and thus Eo(ρ, p) is strictly increasing). This will
follow if we can show that for at least one y, (pW 1/(1+ρ))(y)1+ρ is strictly decreasing.
Suppose otherwise that for each y, (pW 1/(1+ρ))(y)1+ρ is not strictly decreasing. Then
for each y, Lyapunov’s inequality implies that W (y|x) = cy for all x with p(x)> 0 and
some constant cy. It is easy to check that this implies I(p×W ) = 0, which contradicts
the assumption that I(p×W )> 0.

Remark 15.5. We show that Eo(ρ, p) is a concave function of ρ . Fix nonnegative
ρ1 6= ρ2, and for 0 < λ < 1, put ρ = λρ1 +(1−λ )ρ2. Then

1+ρ = λ (1+ρ1)+(1−λ )(1+ρ2).

Put

µ =
(1+ρ1)λ

1+ρ
so that 1−µ =

(1+ρ2)(1−λ )
1+ρ

. (15.8)

We can apply Hölder’s inequality to write

(pW 1/(1+ρ))(y) = ∑
x

p(x)W (y|x)1/(1+ρ)

= ∑
x

p(x)
[
W (y|x)µ/(1+ρ1) ·W (y|x)(1−µ)/(1+ρ2)

]

≤
[
∑
x

p(x)W (y|x)1/(1+ρ1)

]µ[
∑
x

p(x)W (y|X)1/(1+ρ2)

]1−µ
(15.9)

= (pW 1/(1+ρ1))(y)µ · (pW 1/(1+ρ2))(y)1−µ .

Raising both sides to the 1+ρ power and using (15.8), we have

(pW 1/(1+ρ))(y)1+ρ ≤ (pW 1/(1+ρ1))(y)(1+ρ1)λ · (pW 1/(1+ρ2))(y)(1+ρ2)(1−λ ).

Summing over y yields

γp(ρ)≤∑
y
(pW 1/(1+ρ1))(y)(1+ρ1)λ · (pW 1/(1+ρ2))(y)(1+ρ2)(1−λ ).
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Applying Hölder’s inequality again, we find that

γp(ρ) ≤
[
∑
y
(pW 1/(1+ρ1))(y)(1+ρ1)

]λ[
∑
y
(pW 1/(1+ρ2))(y)(1+ρ2)

]1−λ
. (15.10)

Taking logarithms and multiplying by negative one yields

Eo(ρ, p)≥ λEo(ρ1, p)+(1−λ )Eo(ρ2, p).

Remark 15.6. Since Eo(ρ, p) is concave, its derivative is nonincreasing. Again
consider the function f (ρ) = Eo(ρ, p)− ρR. Its derivative is also nonincreasing.
Write f (ρ) =

∫ ρ
0 f ′(t)dt. If f ′ is nonnegative on [0,1], then ρ = 1 maximizes f .

Note that f ′(1)≥ 0 if and only if

R≤ ∂
∂ρ

Eo(ρ, p)
∣∣∣∣
ρ=1

=: Rcr(p),

which is called the critical rate for p. For Rcr(p) < R < I(p×W ), we can use the
intermediate-value property of derivatives [19, p. 108, Th. 5.12] to conclude that there
is a ρ0 with f ′(ρ0) = 0; i.e., ρ0 maximizes f .

Remark 15.7. Strict concavity of Eo(ρ, p) fails if and only if for some ρ1 6= ρ2
and some 0 < λ < 1 we have

equality in (15.9) for every y and equality in (15.10).

Now, for fixed y, (15.9) holds with equality if and only if there are nonnegative con-
stants ay and by, not both zero, such that

ayW (y|x)1/(1+ρ1) = byW (y|x)1/(1+ρ2), for x with p(x)> 0.

Hence, if p(x)W (y|x)> 0, we can solve for W (y|x)= c(y) for some function c(y)> 0.
Next, equality holds in (15.10) if and only if there are nonnegative constants α and
β , not both zero, such that

α(pW 1/(1+ρ1))(y)(1+ρ1) = β (pW 1/(1+ρ2))(y)(1+ρ2), for all y,

or more explicitly,

α
[
∑
x

p(x)W (y|x)1/(1+ρ1)

]1+ρ1

= β
[
∑
x

p(x)W (y|x)1/(1+ρ2)

]1+ρ2

.
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Using p(x)W (y|x) = p(x)c(y), the foregoing simplifies to

αc(y)
[

∑
x:W (y|x)>0

p(x)
]1+ρ1

= βc(y)
[

∑
x:W (y|x)>0

p(x)
]1+ρ2

.

Since c(y)> 0, it can be canceled, and thus the quantity in brackets is a constant that
does not depend on y (or x). We can exploit this observation to write

I(p×W ) = ∑
x

∑
y

p(x)W (y|x) log
W (y|x)
(pW )(y)

= ∑
x,y:p(x)W (y|x)>0

p(x)W (y|x) log
W (y|x)
(pW )(y)

= ∑
x,y:p(x)W (y|x)>0

p(x)W (y|x) log
c(y)

c(y)∑x′:W (y|x′)>0 p(x′)

= ∑
x,y:p(x)W (y|x)>0

p(x)W (y|x) log
1

∑x′:W (y|x′)>0 p(x′)

= log
1

∑x′:W (y|x′)>0 p(x′)
,

where the last step follows because the log factor does not depend on x or y.
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APPENDIX A

Continuity: Pointwise vs. Uniform

A.1. Metrics

Let X be a nonempty set, and let ρ:X×X → [0,∞) have the following properties
for any points x, y, and z in X :

(i) ρ(x,y)≥ 0, and ρ(x,y) = 0 if and only if x = y.
(ii) ρ(x,y) = ρ(y,x).
(iii) ρ(x,z)≤ ρ(x,y)+ρ(y,z). This is known as the triangle inequality.

The function ρ is called a metric, and the pair (X ,ρ) is called a metric space. When
ρ is understood, we just say that X is a metric space.

Example A.1. On the real numbers IR, if we put ρ(x,y) := |x− y|, where | · |
denotes the usual absolute value; i.e.,

|x| :=
{

x, x≥ 0,
−x, x < 0,

then ρ is a metric. More generally, for x = (x1, . . . ,xn) ∈ IRn, if we put ‖x‖ :=√
∑

n
k=1 x2

k , then ρ(x,y) := ‖x−y‖ is a metric.

Example A.2 (The Trivial Metric). On any nonempty set X , the trivial metric is

ρ(x,y) :=
{

1, x 6= y,
0, x = y.

A.2. Pointwise Continuity

Consider a function f :X → Y , where X is equipped with metric ρ and Y is
equipped with metric m. We say that f is continuous at the point x0 ∈ X if

∀ε > 0,∃δ > 0,∀x ∈ X ,

ρ(x,x0)< δ ⇒ m( f (x), f (x0))< ε.
(A.1)
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150 A Continuity: Pointwise vs. Uniform

Letting Bρ and Bm denote open balls in X and Y , respectively,a we can rewrite the
above implication as

x ∈ Bρ(x0,δ )⇒ f (x) ∈ Bm( f (x0),ε).

In other words, f (x) is close to f (x0) whenever x is close enough to x0. “Close
enough” is determined by δ , which depends on the point x0 .

If a function is continuous at every point in a subset of the whole space, then we
say that the function is continuous on the subset.

Example A.3. If we take ρ to be the trivial metric on X , then every function is
continuous. To see this, let ε > 0 be given, and fix any 0 < δ < 1. Then

ρ(x,x0)< δ ⇒ ρ(x,x0) = 0 ⇒ x = x0 ⇒ m( f (x), f (x0)) = m( f (x), f (x)) = 0 < ε.

Notice that this result does not depend on what metric is used on Y .

A.3. Uniform Continuity

Sometimes we have a stronger kind of continuity called uniform continuity. We
say that f is uniformly continuous if f (x) and f (x0) are close whenever x and x0 are
close enough, and “close enough” does not depend on either of the two points. More
precisely, we say f is uniformly continuous if

∀ε > 0,∃δ > 0,∀x,x0 ∈ X ,

ρ(x,x0)< δ ⇒ m
(

f (x), f (x0)
)
< ε.

Notice that both x and x0 appear after the existence of δ is mentioned. This is in
contrast with (A.1), where x0 is fixed before the existence of δ is mentioned.

Sometimes a pointwise-continuous function is uniformly continuous:

Theorem A.4. A continuous function on a closed and bounded subset of IRn is
uniformly continuous.

Proof. Omitted.

a Here Bρ (x0,δ ) := {x ∈ X : ρ(x,x0)< δ} and Bm(y0,ε) := {y ∈ Y : m(y,y0)< ε}.
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Example A.5. Consider the function f : [0,1]→ IR defined by f (t) := t ln(1/t)
for t ∈ (0,1] and f (0) := 0. It is easy to show that f is continuous for t ∈ (0,1].
Using l’Hôpital’s rule, f is continuous at t = 0 as well. Since f is continuous on
[0,1], by the theorem, f is uniformly continuous on [0,1].
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20 questions, 34

achievable rate, 51
for a channel code, 51, 52

under a codeword constraint, 85
for a MAC, 136
for a source code, 37
λ -achievable, 64

achievable rate-distortion pair, 111
additive white Gaussian noise (AWGN), 48
additive white Gaussian noise (AWGN) channel, 104
AEP, see asymptotic equipartition property
almost surely, 128
alphabet, 11
a.s, see almost surely
asymptotic equipartition property (AEP), 40, 73

joint, 74
for rate distortion, 118

average probability of error criterion, 51
AWGN, see additive white Gaussian noise

bandlimited waveform, 6
bandwidth, 6
BEC, see binary erasure channel
binary entropy function, 32
binary erasure channel (BEC), 82
binary symmetric channel (BSC), 46, 48

and repetition code, 50
capacity, 81

bit, 20
Bolzano–Weierstrass theorem, 44
BSC, see binary symmetric channel

capacity, 3, 53
of BEC, 83
of BSC, 81
region, 53

for a MAC, 136
capacity region

under a codeword constraint, 85
capacity-cost function, 86
cardinality, 12
cascade of DMCs, 84
chain rule

for entropy, 21
for mutual information, 66

channel, 1, 45

coding system, 50
decoder, 2, 3
encoder, 2, 3
input symbols, 45
multiple access (MAC), 135
output symbols, 45

channel noise power, 102
codebook, 12, 49
codeword, 11, 48

alphabet, 11
codeword constraint

inactive, 85
coding theorem

DMC forward part, 76
with constraints, 88

DMC weak converse, 63
with constraints, 87

for channels, 3
for fixed-length source codes, 3, 37, 129
for variable-length source codes, 27, 127
Gaussian Channel

discrete-time, 98
communication system, 1

digital, 1
concatenation, 13
concave function, 4
conditional entropy, 21
continuity

at a point, 149
of entropy, 44
on a set, 150
uniform, 150

converse theorem
DMC

strong, 65
weak, 63

convex
function, 4
set, 41

critical rate, 147
crossover probability, 46
cutoff frequency, 102

data processing
inequality, 61, 67
lemma, 61

decoder, 1
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for a channel code, 49
for a MAC, 135
modified, 54

decoding sets
for a channel code, 49

demodulator, 1
destination, 1
differential entropy, 93

pdf with infinite differential entropy, 107
undefined, 94

digital communication system, 1
Dirac delta, 102
discrete memoryless channel (DMC), 46, 48

cascade, 84
forward theorem, 76

under a codeword constraint, 88
parallel, 84
strong converse theorem, 65
weak converse theorem, 63

under a codeword constraint, 87
discrete memoryless source (DMS), 22
distance, 43
distortion-rate function, 111
distortion-typical sets, 117
divergence, 32, 59

and mutual information, 59
for probability densities, 95
for probability mass functions, 26

DMC, see discrete memoryless channel
DMS, see discrete memoryless source

encoder, 1
for a channel code, 48
for a MAC, 135
modified, 54

entropy, 3, 20
as a measure of uncertainty, 20
chain rule, 21
concavity, 43
conditional, 21
continuity, 44
differential, see differential entropy
joint, 21
of a DMS, 22
of the geometric distribution, 33
pmf with infinite entropy, 33
rate, 127

entropy rate, 127
erasure channel, see binary erasure channel
ergodic process, 128
expected length, 12

extension of a code, 13

Fano’s inequality, 62
feedback, 46
finite geometric series, 19
forward theorem, 53

DMC, 65, 76
under a codeword constraint, 88

Fourier transform, 6

Gaussian channel
continuous time

bandlimited, 105
discrete-time, 47, 98

parallel, 99
Gaussian density, 47
Gaussian random process, 104
geometric distribution

entropy, 33
mean, 33

geometric series
finite, 19

Hamming distance, 110
normalized, 110

idempotent, 101
indicator function, 7
informational divergence, see divergence
inner product, 101
instantaneous code, 14

Jensen’s inequality, 4, 108
joint AEP, 74

for rate distortion, 118
joint entropy, 21
joint typicality, 73

for rate distortion, 117

Kraft inequality
prefix-free codes, 16

Kullback–Leibler informational divergence, see di-
vergence

`1, 43
L2, 101
λ -achievability, 64
Lempel–Ziv

algorithm, 133
parsing, 132

l’Hôpital’s rule, 5, 106
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log inequality, 22, 31
log-sum inequality, 31, 32

MAC, see multiple-access channel
majority rule decoding, 50
Markov chain, 59
mathematical induction, 5
Matlab commands

.⁎, 32
find, 34
linspace, 32
log2, 34
nargin, 34
plot, 32
prod, 34
repmat, 56
reshape, 34
size, 34
varargin, 34

Matlab M-files
entropy2, 34
lincmb, 9
relent, 35
smpthm, 9
sscript, 9

matrix factorization, 32
maximum probability of error criterion, 52
maximum-likelihood (ML) decoding, 69
mean-value theorem, 22
memoryless channel, 46
messages, 48
metric, 110, 149

trivial, 149
metric space, 149
ML, see maximum-likelihood
modified decoder, 54
modified encoder, 54
modulator, 1
multiple-access channel (MAC), 135
mutual information

chain rule, 66
for discrete random variables, 58
for jointly continuous random variables, 96
in terms of divergence, 59
mixed random variables, 97

nat, 20, 49
nonnegative matrix factorization, 32
normal density, see Gaussian density
normal equations, 8
normalized Hamming distance, 110, 111

normalized squared error, 111

one’s complement, 12
one-to-one, 13
orthogonality principle, 8
orthogonality property, 101
orthonormal basis, 101

parallel DMCs, 84
parallel Gaussian channel, 99
partition, 7
prefix-free code, 14
probability mass function, 12
projection, 101
prolate spheroidal wave functions, 102

quantization, 2, 110
quantizer, 7

random coding argument, 72
random coding exponent, 144
random process, 102

Gaussian, 104
stationary, 127
white noise, 102

random variable, 12
range, 12
rate

of a channel code, 3, 49
of a source encoder, 2

rate pair, 135
rate-distortion, 3
rate-distortion function, 111
rate-distortion region, 111
receiver, 1
relative entropy, see divergence
repetition code, 50
reproduction alphabet, 110

sampling frequency, 6
sampling theorem, 2, 6
self-punctuating code, 13
Shannon code, 24

under mismatch, 26
Shannon’s channel coding theorem, 3
Shannon’s source coding theorem, 3, 37, 129
Shannon–McMillan–Breiman theorem, 129
signal subspace, 101
sinc function, 6
single-letter distortion measure, 111
source
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alphabet, 110
code, 12
coding theorem

fixed-length codes, 3, 37, 129
variable-length codes, 27, 127

decoder, 2, 3
encoder, 2
location, 1
symbols, 12

Source-Channel Separation theorem, 2, 4
squared error, 111

normalized, 111
stationary channel, 46
stationary process, 127
strong converse, 53

for the DMC, 58
strong law of large numbers, 128
symmetric channel, 80

weak, 81

transition probability, 43, 45
transmitter, 1
triangle inequality, 43

for metric spaces, 149
trivial metric, 110, 149
twenty questions, see 20 questions
typical sequence, 40
typicality

decoding, 76
joint, 73

uniform continuity, 150
unique decodability, 13
unit impulse, 102
unit simplex, 42

variable-length source coding theorem, 27
for a stationary source, 127

variational distance, 43
vector quantizer, 7
Voronoi region, 7

water-filling, 100
weak converse, 53

for the DMC, 58, 63
under a codeword constraint, 87

weak law of large numbers (WLLN), 38, 75, 89,
118

weakly symmetric channel, 81
white Gaussian noise, 104
white noise, 102

wideband limit, 106
WLLN, see weak law of large numbers
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