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CHAPTER 1

Introduction

1.1. Overview of Problems of Interest

Signal synthesis and recovery is all about the situation illustrated in Figure 1.1,
when the system and the output are given, and the goal is to find a corresponding

input outputsystem

Figure 1.1. A typical system.

input. In the signal synthesis problem, the output is a design specification, and the
goal is to find an input that causes the system to generate the desired output. In the
signal recovery problem, the output is measurement data, and the goal is to find the
input that generated it. In practice, there may be many inputs that can generate the
same output; hence, additional constraints must be imposed on the input to select a
particular solution.

We can pose the situation in Figure 1.1 somewhat more formally as shown in
Figure 1.2, which suggests the equation

x yf

Figure 1.2. A mathematically defined system.

y = f (x). (1.1)

Equation (1.1) immediately raises several mathematical questions. First, what kind
of object is x? We answer this by requiring that x ∈ X , where X is some set of
admissible system inputs; i.e., admissible arguments for f . Second, what kind of
object is y? Certainly, y must be the same kind of object as f (x) for any x ∈ X . In
general, we require that for all x ∈ X , f (x) ∈ Y for some fixed set Y . Note that it is
not required that for all y ∈ Y , there exist an x ∈ X with f (x) = y.

In many problems, we have a mathematical model in which a measurement y0 ∈Y
is equal to f (x0) for some x0 ∈ X . However, due to noise or modeling errors, when
x0 is applied to the system, the output that is actually measured is

y1 6= y0. (1.2)
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2 1 Introduction

Somehow, based on the observation y1, we want to find x0. There are two situations
to consider. First suppose there is an x1 such that y1 = f (x1). Then we would like to
say something like, “if y1 is close to y0, then x1 will be close to x0.” Second, suppose
that there is no x1 ∈ X with y1 = f (x1). In this case, we could consider the problem

min
x∈X

distance
(
y1, f (x)

)
. (1.3)

What do “close” and “distance” mean? In general, since x and y may be very different
kinds of objects, we may need different notions of closeness or distance. In order to
examine these questions precisely, we must learn a bit about metric spaces.

In many signal processing applications, the sets X and Y are vector spaces.
Among other things, this means that there is a notion of addition for objects in X
and a notion of addition for objects in Y . In the vector-space context, we can employ
additive noise models. For example, instead of (1.2), we can write y1 = y0 +∆y for
some nonzero ∆y. Distance in vector spaces is often measured by a norm. In this
case, every vector has a notion of size associated with it. This is usually denoted
by ‖x‖. The distance between two vectors x0 and x1 is then taken to be ‖x0− x1‖.
Since different spaces have different norms, for emphasis we sometimes write ‖x‖X
for x ∈ X and ‖y‖Y for y ∈ Y .

Another advantage of having X and Y be vector spaces is that it makes sense to
talk about linear functions (usually called linear transformations or linear opera-
tors). In this case, we often denote the function (transformation or operator) by A; we
write y = Ax instead of y = f (x). When Y is a normed vector space, (1.3) becomes

min
x∈X
‖y1−Ax‖Y . (1.4)

As x runs over X , Ax runs over

rangeA := {Ax : x ∈ X}.

Hence, we are trying to find a point in rangeA that is closest to y1. This is a projec-
tion problem. Since A is linear, its range is a subspace. When y1 is a point in the
plane and the subspace is a line through the origin, the projection problem is straight-
forward, as shown in Figure 1.3. The point we need has the property that the error
vector is perpendicular (orthogonal) to every vector in the subspace. How can we
generalize this idea when y1 is a waveform, e.g., a sine wave, instead of a point in
two-dimensional space? This brings us to the topic of inner-product spaces. If Y
is an inner-product space with inner product denoted by 〈·, ·〉Y , we show later that x1
achieves the minimum in (1.4) if and only if

〈y1−Ax1,Ax〉Y = 0, for all x ∈ X .
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1.2 Examples and Some Basic Definitions 3

y1

closest point to y10
subspace

error vector

Figure 1.3. A projection problem in the plane.

If in addition X is an inner-product space with inner product denoted by 〈·, ·〉X , we
show later that the above formula holds if and only if

〈A∗y1− (A∗A)x1,x〉X = 0, for all x ∈ X ,

where A∗ is the adjoint of A (defined later). Since x is arbitrary, it follows that x1
satisfies the linear equation

(A∗A)x1 = A∗y1. (1.5)

In many cases the solution of this equation can be found. In particular, if X is finite
dimensional, then A∗A can be identified with a matrix, A∗y1 is a column vector, and
x1 can be found using MATLAB.

If you have studied linear algebra, you may be familiar with the diagonalization
of matrices and the singular-value decomposition (SVD) of matrices. These are
fundamental tools for studying linear operators on finite-dimensional spaces. How-
ever, operators encountered in applications are often defined on infinite-dimensional
spaces. Fortunately, the notions of diagonalization and SVD can be generalized to
infinite-dimensional settings.

Formula (1.4) is an example of an optimization problem. Not all such problems
can be solved so easily. To minimize a real-valued function of x, which we now call f ,
what should we do? If x is a real number or an element of IRd , we can differentiate.
What should we do if x is a waveform? How does one differentiate with respect
to a waveform? Later we generalize the notion of derivative to functions defined
on infinite-dimensional spaces by introducing the Fréchet and Gâteaux derivatives.
Since setting these derivatives equal to zero means solving f ′(x) = 0, we have a
special case of (1.1). It’s all about solving equations. . . .

1.2. Examples and Some Basic Definitions

Recall that a linear, time-invariant system with input x and output y can be de-
scribed by the equation

y(t) =
∫

∞

−∞

h(t− τ)x(τ)dτ,
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4 1 Introduction

where h is the system impulse response. We consider the situation in which the
output y is given, and our job is to find an input x that causes the system to produce
the output y.

When y is a system design parameter, the determination of x is regarded as a
synthesis problem. When y is given by measurement data (usually noisy), the deter-
mination of x is regarded as a recovery problem.

At first glance, it appears that the synthesis problem can be solved easily us-
ing Fourier transforms. If Y , H, and X denote the Fourier transforms of y, h, and
x, then Y ( f ) = H( f )X( f ), and it follows that x is the inverse Fourier transform of
Y ( f )/H( f ). However, a little thought raises the following issues. It is possible that
the the system blocks certain frequencies; i.e., there may be a range of frequen-
cies f for which H( f ) = 0. If Y ( f ) is nonzero for these f , there is no solution of
Y ( f ) = H( f )X( f ) for these f . For example, if y is a “bang-bang control” signal,
then y will need to have jump discontinuities; however, such a signal cannot be gen-
erated by a bandlimited system.1

Other difficulties arise if we impose the following two conditions. First, we as-
sume that y(t) is given only for a finite range of times, say 0≤ t ≤ Ty. Second, x is to
be a finite-duration signal, say 0≤ t ≤ Tx. Under these conditions, we have

y(t) =
∫ Tx

0
h(t− τ)x(τ)dτ, 0≤ t ≤ Ty.

See Sections 7.5.1 and 7.6 for details.

Notes

Note 1.1. If y is a finite-energy waveform that is bandlimited, say Y ( f ) = 0 for
| f |>W , then

y(t) =
∫ W

−W
Y ( f )e j2π f t dt,

where Y is square integrable on (−∞,∞) [34, the Plancherel Theorem]. It is then
easy to show that y is a continuous function of t;a i.e., y cannot have jump disconti-
nuities.

a The dual of this fact is proved in Problem 7.19.
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CHAPTER 2

Vector Spaces

A vector space is a nonempty collection of objects that we can add and subtract,
very much like the real or complex numbers that you are used to.1 Also, there is a set
of scalars, which for us will always be the real numbers, IR, or the complex numbers,
|C. These scalars interact with vectors via an operation called scalar multiplication
such that if a is a scalar and x is a vector in X , then ax is a vector in X .2 When the
set of scalars is IR, we call X a real vector space, and when the set of scalars is |C,
we call X a complex vector space.

There are many examples of vector spaces. The ones you are most familiar with
are the finite-dimensional Euclidean spaces IRd and |Cd . However, we are most in-
terested in vector spaces of waveforms defined on some time interval. For example,
we may consider the vector space of continuous functions defined on a given time
interval.

2.1. Linear Combinations

If x1, . . . ,xn are vectors, and c1, . . . ,cn are scalars, we call
n

∑
k=1

ckxk

a linear combination. Notice that a linear combination is a sum with a finite number
of terms. Infinite sums are not considered linear combinations.

As mentioned, we are most interested in vector spaces of waveforms. In many
cases, the waveforms xk are related to a common pulse v by time delays. For example,
we may have xk(t) = v(t − τk) for some delay τk. Suppose we are given scalars
c1, . . . ,cn, and we wish to plot the linear combination of delayed waveforms

y(t) :=
n

∑
k=1

ckxk(t) =
n

∑
k=1

ckv(t− τk)

in MATLAB.

Example 2.1. We use lincmb3 to plot the linear combination

y(t) = 5e−(t−4)2/2− e−(t−5)2/2 +3e−(t−8)2/2, 0≤ t ≤ 12.

The commands

5



6 2 Vector Spaces

v = @(t)exp(-t.^2/2); % Define v(t) = exp(-t^2/2)
t = linspace(0,12,200);
tau = [4 5 8];
c = [5 -1 3];
y = lincmb(t,c,v,tau);
subplot(2,1,1)
plot(t,y);

generate the top graph in Figure 2.1. Notice that we defined v as an anonymous
function using the @ notation. If we had defined v in an M-file, then statement with
lincmb should include single quotes around v as in lincmb(t,c,’v’,tau).

The function lincmb can also return the individual delayed pulses xk so that
they can be plotted. This is accomplished by replacing the last three lines of MATLAB
code above with

[y,xmat] = lincmb(t,c,v,tau);
subplot(2,1,1)
plot(t,y);
subplot(2,1,2)
plot(t,xmat);

The results are shown in Figure 2.1.

0 2 4 6 8 10 12
0

5

0 2 4 6 8 10 12
0

1

Figure 2.1. Linear combination y (top) and shifted pulses xk (bottom) for Example 2.1.

More generally, we may include a scale factor sk as well and have

xk(t) = v(sk(t− τk)).
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2.1 Linear Combinations 7

Suppose we are given scalars c1, . . . ,cn, and we wish to plot

y(t) :=
n

∑
k=1

ckxk(t) =
n

∑
k=1

ckv(sk(t− τk))

in MATLAB.

Example 2.2. Consider the common decaying exponential pulse,

v(t) :=
{

e−t , t ≥ 0,
0, t < 0.

We use lincmb to plot the linear combination of the five decaying exponentials,

y(t) =
5

∑
k=1

(−1)kv((t− k)/k), 0≤ t ≤ 7,

as shown in the top graph in Figure 2.2. The bottom graph in the figure shows the

0 1 2 3 4 5 6 7
−1

0

1

0 1 2 3 4 5 6 7
0

1

Figure 2.2. Linear combination y (top) and scaled and shifted pulses xk (bottom) for Example 2.2.

scaled and shifted pulses xk. The commands

v = @(t)exp(-t).⁎(t >= 0);
t = linspace(0,7,200);
tau = [1:5];
c = (-1).^tau;
s = 1./tau;
[y,xmat] = lincmb(t,c,v,tau,s);
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8 2 Vector Spaces

subplot(2,1,1)
plot(t,y);
subplot(2,1,2)
plot(t,xmat);

generate Figure 2.2.

2.2. Linear Independence

Let G denote a nonempty subset of a vector space X . The set G may have finitely
many elements or infinitely many elements. We say that G is linearly independent if
whenever x1, . . . ,xn is a finite collection of vectors from G and c1, . . . ,cn are scalars,

n

∑
k=1

ckxk = 0 implies all the coefficients ck must be zero.

If G is not linearly independent, we say G is linearly dependent.
Some care is needed to appreciate the equation

n

∑
k=1

ckxk = 0

when the xk are waveforms. For example, if the xk are waveforms defined on some
time interval, say [3,7], the above equation is understood as shorthand for

n

∑
k=1

ckxk(t) = 0, for all t ∈ [3,7].

Example 2.3. Consider the waveforms x(t) = 1/t and y(t) = 1/t2 for 0 < t < 1.
We show that x and y are linearly independent. To do this, we let c1 and c2 be arbitrary
scalars, and we assume that

c1

t
+

c2

t2 = 0, t ∈ (0,1). (2.1)

Since (2.1) holds for all t ∈ (0,1), it must hold for any particular values of t, say
t = 1/4 and t = 1/2. This leads to the system of equations

4c1 + 16c2 = 0,
2c1 + 4c2 = 0,

which can easily be solved to show that c2 = 0 and then that c1 = 0 as well. Consider,
however, another approach. Multiply (2.1) by t2 to get

c1t + c2 = 0, t ∈ (0,1). (2.2)
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2.2 Linear Independence 9

Since equality holds for t ∈ (0,1), equality holds in the limit as t→ 0. Taking the re-
quired limit shows that c2 = 0. It then follows that c1t = 0 for t ∈ (0,1). Specializing
to t = 1/2 shows that c1 = 0 as well. For a third approach, which avoids taking an
explicit limit in (2.2), let us differentiate (2.2) instead. This yields c1 = 0. Using this
in (2.2) yields c2 = 0 as well.

Remark. The preceding example shows that there are many approaches to prov-
ing that a collection of waveforms is linearly independent. In a specific case, one
approach may be significantly easier to carry out than another.

Example 2.4 (Lagrange Interpolation). Given distinct times τ1, . . . ,τn, we can
define the Lagrange fundamental interpolating polynomials

` j(t) :=
(t− τ1) · · ·(t− τ j−1)(t− τ j+1) · · ·(t− τn)

(τ j− τ1) · · ·(τ j− τ j−1)(τ j− τ j+1) · · ·(τ j− τn)

for j = 1, . . . ,n. Each ` j is a polynomial of degree less than n. Note that ` j(τ j) = 1,
and that for i 6= j, ` j(τi) contains the factor (τi− τi) in the numerator and so must be
zero. In other words,

` j(τi) =

{
1, j = i,
0, j 6= i.

To show that the ` j are linearly independent, suppose that for some scalars c1, . . . ,cn,

n

∑
j=1

c j` j(t) = 0, for all t.

Since this holds for all t, if we put t = τi, then all the terms except the one with
j = i are zero, and we get ci = 0. Thus, the Lagrange fundamental interpolating
polynomials are linearly independent. Furthermore, if

p(t) =
n

∑
j=1

c j` j(t),

then p(τi) = ci. Hence, p is the unique polynomial of degree less than n that takes
the values ci at t = τi for i = 1, . . . ,n.

The following lemma illustrates a method for proving linear independence that
can sometimes be easy to use. First, however, we need a definition. A scalar-valued
function f defined on a vector space X is said to be a linear functional if for all
scalars a and b and all vectors x and y, we have f (ax+ by) = a f (x)+ b f (y). Note
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10 2 Vector Spaces

that a linear functional has the property that f (0) = 0; i.e., applying f to the zero
vector always yields the zero scalar. To see this, write

f (0) = f (0+0) = f (0)+ f (0).

where the second equality follows because f is linear. Now subtract f (0) from the
left- and right-hand sides to get 0 = f (0).

Lemma 2.5. Let vectors x1, . . . ,xn be given. If one can find linear functionals,
say f1, . . . , fn, such that fi(x j) = 1 for j = i and fi(x j) = 0 for j 6= i, then x1, . . . ,xn
are linearly independent.

Proof. Let c1, . . . ,cn be arbitrary scalars, and suppose

n

∑
j=1

c jx j = 0. (2.3)

Then for each i, we can write

0 = fi(0), since fi is linear,

= fi

( n

∑
j=1

c jx j

)
, by (2.3),

=
n

∑
j=1

c j fi(x j), by linearity,

= ci,

where the last step uses the hypothesis about fi.

Example 2.6 (Linear Independence of the Power Functions). Let IPn denote the
set of all polynomials of degree less than n. Every such polynomial x(t) is a linear
combination of the powers, 1, t, t2, . . . , tn−1. To establish linear independence of the
powers, it is more convenient to write the typical element x ∈ IPn in the form

x =
n−1

∑
r=0

crxr, (2.4)

where xr(t) := tr/r!, r = 0, . . . ,n−1. Now consider the linear functionals fq defined
by fq(x) := x(q)(0), where x(q) is the qth derivative of the polynomial x, with x(0) := x.
Observe that for q≤ r,

x(q)r (t) =
tr−q

(r−q)!
.
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2.3 Subspaces 11

Hence, fq(xr) = x(q)r (0) equals 0 for q < r, and equals 1 for q = r. Since x(r)r is the
constant polynomial equal to 1, x(q)r = 0 for q> r, and so fq(xr) = 0 in this case. By
Lemma 2.5, the power functions xr are linearly independent.

Example 2.7. We can combine some of the ideas from Example 2.3 and use
Lemma 2.5 to show that x and y are linearly independent. Specifically, with w denot-
ing any linear combination of x and y, put

f1(w) :=
∂
∂ t

[t2w(t)]
∣∣∣
t=1/2

f2(w) := lim
t→0

[t2w(t)].

Then f1(x) = 1, f1(y) = 0, f2(x) = 0, and f2(y) = 1.

Example 2.8. If we review Example 2.4, we can see Lemma 2.5 at work again.
Use the linear functionals fi(x) := x(τi), where x is a polynomial. Then fi(` j)= ` j(τi)
has the required properties.

2.3. Subspaces

This section summarizes some basic terminology and results about subspaces. On
a first reading, it may be helpful to focus on the examples and statements of results,
and to skim over the derivations rather than get bogged down in technical details.

Let X be a vector space, and let W be a nonempty subset of X . If W has the
property that for every pair of vectors w1,w2 ∈W and every pair of scalars c1,c2,
the linear combination c1w1 + c2w2 ∈W , then we say that W is a subspace of X .
Notice that taking c1 = c2 = 0 shows that a subspace always contains the zero vector.
We also point out two special cases: the set consisting of only the zero vector is a
subspace (called the zero subspace or the trivial subspace), and the whole space X
is a subspace.

Example 2.9. It is easily checked that subsets of the Euclidean plane of the form
W = {(x,y) : ax+by = 0} for constants a and b satisfy the definition of a subspace.
Geometrically, these subspaces are straight lines passing through the origin. In three-
dimensional space, subsets of the form W = {(x,y,z) : ax+ by+ cz = 0} also sat-
isfy the definition of a subspace. Geometrically, these subspaces are planes passing
through the origin as shown in Figure 2.3.
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12 2 Vector Spaces

Figure 2.3. A plane in three-dimensional space.

Example 2.10. Let X denote the vector space of all complex-valued waveforms
x(t) defined for −∞ < t < ∞. Let W denote the subset of all causal waveforms. In
symbols, W = {x ∈ X : x(t) = 0 for t < 0}. Show that W is a subspace of X .

Solution. First note that W is nonempty since the zero waveform is causal. Next,
fix any w1,w2 ∈W and any scalars c1,c2. We must show that c1w1+c2w2 ∈W . More
explicitly, we must show that

(c1w1 + c2w2)(t) := c1w1(t)+ c2w2(t)

is equal to zero for t < 0. Now, since w1,w2 ∈W , for t < 0, w1(t) = w2(t) = 0, and
we can write

(c1w1 + c2w2)(t) = c1 ·0+ c2 ·0 = 0, t < 0.

This shows that c1w1 + c2w2 is causal and therefore in W .

Example 2.11 (The Lp Spaces). Let X denote the set of all real-valued or com-
plex-valued waveforms defined on some time interval. If 1 ≤ p < ∞, we say that
x ∈ X belongs to Lp if ∫

|x(t)|p dt < ∞,

where the integral is over the time interval under consideration. Show that Lp is a
subspace of X .

Solution. We use the fact (shown below) that for real or complex numbers a and
b,

|a+b|p ≤ 2p(|a|p + |b|p). (2.5)

If w1 and w2 belong to Lp and c1 and c2 are real numbers, then
∫
|c1w1(t)+ c2w2(t)|p dt ≤

∫
2p(|c1w1(t)|p + |c2w2(t)|p

)
dt

= 2p
(
|c1|p

∫
|w1(t)|p dt + |c2|p

∫
|w2(t)|p dt

)
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2.3 Subspaces 13

is finite.
To establish (2.5), we start with the triangle inequality,a |a+ b| ≤ |a|+ |b|. If

|b| ≤ |a|, then |a+b| ≤ 2|a|, from which it follows that

|a+b|p ≤ 2p|a|p ≤ 2p(|a|p + |b|p).

A similar argument works if |a|< |b|.

Closure under n-term Linear Combinations

A subspace has the property that every linear combination of one or more of its
elements always lies in the subspace. We prove this by induction on the number n
of vectors combined. (See Appendix B for background on mathematical induction.)
By definition, the result is true for linear combinations of two vectors (or even one
vector by setting c2 = 0). Denote the subspace by W , and suppose the result is true
from some n ≥ 2. To show that ∑

n+1
k=1 ckwk ∈W for scalars ck and vectors wk ∈W ,

write
n+1

∑
k=1

ckwk =
n

∑
k=1

ckwk + cn+1wn+1.

Now the sum on the right has only n terms and lies in W because we have assumed
the result is true for linear combinations of n terms. Denote this sum by w0. Then
the left-hand side is equal to w0 + cn+1wn+1, which lies in W since this is a linear
combination of two elements of W .

Intersections of Subspaces Are Subspaces

Another important property of subspaces is that any intersection of subspaces is
a subspace. To see this, for every α , let Wα be a subspace of X . Put

W :=
⋂

α
Wα .

We must show that W is a subspace. Since each Wα is a subspace, the zero vector
belongs to each one and to their intersection. Thus, W contains the zero vector.
Given any w1,w2 ∈W , this pair belongs to all the Wα , and so the linear combination
c1w1 + c2w2 belongs to all the Wα and hence to their intersection; thus, the linear
combination belongs to W .

a The triangle inequality is easy to verify for real numbers by checking the various combinations of
signs for a and b. To establish the result for complex numbers, it is convenient to identify them with
IR2. Then the triangle inequality becomes a simple consequence of the Cauchy–Schwarz inequality; see
Corollary 3.2.
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14 2 Vector Spaces

Span

If G is a subset of X , then the span of G is defined to be the intersection of all
subspaces of X that contain G. To see that this definition makes sense, observe that
there is at least one subspace that contains G, namely the whole space X . Notice
also that since the span is defined as the intersection of subspaces, we have from the
preceding paragraph that the span is a subspace. The span of the empty set is easily
seen to be the zero subspace.

In order to derive an alternative characterization of the span, we write the span of
G symbolically as

spanG :=
⋂

W :G⊂W and
W is a subspace

W. (2.6)

Proposition 2.12. The span of a nonempty set is equal to the collection of all
linear combinations of vectors in the set.

Proof. Let G be a nonempty subset, and denote the set of all linear combinations
of vectors in G by WG. The first thing to check is that WG is in fact a subspace.
Consider two linear combinations from G, say ∑

n
k=1 αkgk and ∑

n
k=1 βkgk, where each

gk ∈ G. Then

c1

( n

∑
k=1

αkgk

)
+ c2

( n

∑
k=1

βkgk

)
=

n

∑
k=1

(c1αk + c2βk)gk

is another element in WG. Thus, WG is a subspace. Since the one-term linear combi-
nation 1g = g ∈ G, we see that WG contains G. Since WG is a subspace that contains
G, WG is one of the subspaces being intersected in (2.6). Using the identity A∩B⊂ B
for any sets A and B, it follows that

⋂

W :G⊂W and
W is a subspace

W ⊂WG. (2.7)

To show the reverse containment, observe that if W is any subspace containing G,
then W must contain linear combinations from G; i.e., WG ⊂W . In other words, WG
is a subset of every W in the intersection in (2.7). Hence,

WG ⊂
⋂

W :G⊂W and
W is a subspace

W.
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2.3 Subspaces 15

A subspace is said to be finite dimensional if it is equal to the span of a finite set.
By Proposition 2.12 this means that if W = span{w1, . . . ,wn} for some n, then every
w ∈W can be expressed in the form

w =
n

∑
i=1

ciwi

for some scalars ci. The scalars corresponding to a given w are unique if and only if
w1, . . . ,wn are linearly independent, in which case we say that w1, . . . ,wn constitute
a basis for W ; a basis is defined to be a spanning set that is linearly independent.
Every finite-dimensional subspace W , except the zero subspace, has a basis,4 and any
two bases of a subspace have the same number of vectors;5 this number is called the
dimension of the subspace and is denoted by dimW . If W is the zero subspace, dimW
is taken to be zero. If W is a subspace of a finite-dimensional space X , then dimW ≤
dimX , with equality if and only if W = X .6 If a subspace W is such that there is no
finite set whose span is equal to W , then W is said to be infinite dimensional.

Sums of Subspaces

If U and W are subspaces of X , then we define the sum of subspaces

U +W := {u+ v : u ∈U and w ∈W}.

It is easy to check that U +W is a subspace (Problem 2.16). If the subspaces are such
that every element of U +W has a unique representation, then we say the sum is a
direct sum, and we write U ⊕W . By a “unique representation,” we mean that for
u,u′ ∈U and w,w′ ∈W ,

u+w = u′+w′ implies u = u′ and w = w′.

Linear Varieties

If x ∈ X and W is a subspace of X , we define

x+W := {x+w : w ∈W}.

Such a set is called a linear variety or a translated subspace. For example, if we
move the plane in Figure 2.3 down so that it no longer passes through the origin, we
get the translated subspace shown in Figure 2.4.
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16 2 Vector Spaces

Figure 2.4. A translated subspace.

Example 2.13. The set of causal waveforms W is a subspace of the set of all
waveforms X (Example 2.10). Put

x1(t) :=
{

1, t < 0,
0, t ≥ 0,

and consider the translated subspace x1 +W . This linear variety consists of all wave-
forms x such that x(t) = 1 for t < 0.

Although a given translated subspace can be represented in different ways, the
next proposition shows that the subspace part is unique.

Proposition 2.14 (Subspace Uniqueness). Suppose x+W = y+U, where U and
W are subspaces and x,y ∈ X. Then W =U.

Proof. First note that x+0 ∈ x+W = y+U implies x = y+u0 for some u0 ∈U .
Now fix any w∈W . Then x+w∈ x+W = y+U implies x+w= y+u for some u∈U .
Replacing x with y+u0 shows that y+u0+w = y+u, which implies w = u−u0 ∈U .
Hence W ⊂U . By a similar argument, U ⊂W , and it follows that W =U as claimed.

A linear variety x+W is said to be finite dimensional if W is finite dimensional.
In this case, the dimension of x+W is defined to be the dimension of W . Otherwise,
the linear variety is said to be infinite dimensional.

Hyperplanes §

Let X be a vector space of dimension n, and let W ⊂X be a subspace of dimension
n−1. Now suppose V is a subspace with W ⊂V ⊂ X . If dimV = n−1, then V =W ,
while if dimV = n, then V = X . In other words, there are no subspaces “between”

§This material is not used in the sequel.
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2.4 Affine Sets 17

an (n−1)-dimensional subspace and the whole space X having dimension n. In this
sense, W is a maximal proper subspace. (Recall that if A ⊂ B, we say that A is a
proper subset if A 6= B.)

Even in a vector space X that is not finite dimensional, we can define the notion
of a maximal proper subspace. We say W is a maximal proper subspace if W is a
proper subspace of X with the property that whenever V is a subspace satisfying W ⊂
V ⊂ X , we must have either V =W or V = X ; i.e., there is no subspace “between” W
and the whole space X .

A subset H of a vector space X is called a hyperplane if H is the translation of a
maximal proper subspace. In other words, H is a hyperplane if H = x0 +W for some
vector x0 and some maximal proper subspace W .

It can be shown7 that every maximal proper subspace is of the form {x ∈ X :
f (x) = 0} for some nonzero linear functional f . It is then easy to verify that every
hyperplane is of the form {x ∈ X : f (x) = c} for some nonzero linear functional f
and some scalar c. Sets of the form {x ∈ X : f (x) ≤ c} and {x ∈ X : f (x) ≥ c} are
called half-spaces.

2.4. Affine Sets

This section summarizes some basic terminology and results about affine sets. On
a first reading, it may be helpful to focus on the examples and statements of results,
and to skim over the derivations rather than get bogged down in technical details.

Let X be a vector space, and let A be a subset of X . If A has the property that for
every pair of vectors a1,a2 ∈ A and every pair of scalars c1,c2 with c1 + c2 = 1, the
linear combination c1a1 + c2a2 ∈ A, then we say A is affine.b It is easy to see that
every translated subspace is affine. Let W be a subspace, and consider the translated
subspace x+W ; for c1 + c2 = 1 and w1,w2 ∈W , we can write

c1(x+w1)+ c2(x+w2) = (c1 + c2)︸ ︷︷ ︸
1

x+(c1w1 + c2w2)︸ ︷︷ ︸
∈W

,

which is an element of x+W . In particular, every subspace, including the whole
space X , is affine. At the end of this section, we show that every nonempty affine set
is a translated subspace; hence, a nonempty affine set is said to be finite dimensional
or infinite dimensional according to whether it is the translation of a finite or infinite
dimensional subspace; the dimension of a nonempty affine set is defined to be the
dimension of the subspace it is the translation of.

b This condition can also be expressed as λa1 +(1−λ )a2 ∈ A for all scalars λ .
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18 2 Vector Spaces

Closure under n-term Affine Combinations

A linear combination of vectors whose coefficients sum to one is called an affine
combination. An affine set has the property that every affine combination of one or
more of its elements always lies in the set. We prove this by induction on the number
n of vectors combined. By definition, the result is true for affine combinations of two
vectors (or even one vector by setting c1 = 1 and c2 = 0). Denote the affine set by
A, and suppose the result is true from some n ≥ 2. To show that ∑

n+1
k=1 ckak ∈ A for

scalars ck with ∑
n+1
k=1 ck = 1 and vectors ak ∈ A, we proceed as follows. First, note

that since n≥ 2, at least one of the ck 6= 1 (otherwise ∑
n+1
k=1 ck = n+1> 1). Suppose

ci 6= 1. Write
n+1

∑
k=1

ckak = (1− ci)∑
k 6=i

ck

1− ci
ak + ciai.

The linear combination on the right has only n terms, and since its coefficients sum to
one, the combination is affine; hence, it lies in A because we have assumed the result
is true for n terms. Denote this affine combination by a0. Then the left-hand side is
equal to (1− ci)a0 + ciai, which lies in A since this is an affine combination of two
elements of A.

Intersections of Affine Sets Are Affine

Just as we showed any intersection of subspaces is a subspace, it can be shown
that any intersection of affine sets is affine (Problem 2.19).

The Affine Hull

If G is a subset of X , then the affine hull of G is defined to be the intersection
of all affine sets that contain G. To see that this definition makes sense, observe that
there is at least one affine set that contains G, namely the whole space X . Notice also
that since the affine hull is defined as the intersection of affine sets, we have from the
preceding paragraph that the affine hull is an affine set. The affine hull of the empty
set is easily seen to be the empty set.

In order to derive an alternative characterization of the affine hull, we write the
affine hull of G symbolically as

affG :=
⋂

A:G⊂A and
A is affine

A.

Proposition 2.15. The affine hull of a nonempty set is equal to the collection of
all affine combinations of vectors in the set.
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2.5 Convex Sets 19

Proof. Imitate the proof of Proposition 2.12 (Problem 2.20).

The Only Nonempty Affine Sets are Translated Subspaces

We show that a nonempty affine set is a translated subspace. Let A be any non-
empty affine set. Fix any a0 ∈ A, and put W := {a− a0 : a ∈ A}. It is easy to show
that W is a subspace (Problem 2.22). Hence, given any a ∈ A, a− a0 ∈W and so
a−a0 = w for some w ∈W . In other words, a = a0 +w, which says that a ∈ a0 +W .
Conversely, given any x ∈ a0 +W , x = a0 +w for some w ∈W . However, from the
definition of W , w = a− a0 for some a ∈ A. Hence, x = a0 +(a− a0) = a ∈ A. We
conclude that A = a0 +W , where W is a subspace.

2.5. Convex Sets

Geometrically, a convex set is one for which the line segment joining any two
points in the set lies entirely in the set. Figure 2.5 shows a convex set on the left and
a nonconvex set on the right. Here is a more precise mathematical definition. Let X

Figure 2.5. A convex set (left) and a nonconvex set (right).

be a vector space, and let C be a subset of X . If C has the property that for every pair
of vectors x1,x2 ∈C and every pair of nonnegative scalars c1,c2 with c1 +c2 = 1, the
linear combination c1x1 + c2x2 ∈C, then we say C is convex.c It is easy to see that
every affine set, and hence every subspace, is convex. Just as the empty set is affine,
the empty set is convex.

Example 2.16. Again let X denote the set of all complex-valued waveforms de-
fined on (−∞,∞) as in Example 2.10. Let C denote the subset of X consisting of
real-valued waveforms x with x(t)≥ 0 for |t| ≤ 1. Show that C is convex.

Solution. First note that C is nonempty since the zero waveform belongs to C.
Next, fix any x1,x2 ∈C and any 0≤ λ ≤ 1. We must show that λx1 +(1−λ )x2 ∈C.
Fix t with |t| ≤ 1, and use the fact that x1,x2 ∈C along with the fact that λ and 1−λ
are nonnegative to write

λx1(t)+(1−λ )x2(t)≥ λ ·0+(1−λ ) ·0 = 0.
c This condition can also be expressed as λx1 +(1−λ )x2 ∈C for all 0≤ λ ≤ 1.
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20 2 Vector Spaces

This shows that λx1 +(1−λ )x2 is nonnegative for |t| ≤ 1 and therefore in C.

Closure under n-term Convex Combinations

A linear combination of vectors whose coefficients are nonnegative and sum to
one is called an convex combination. A convex set has the property that every
convex combination of one or more of its elements always lies in the set. This can be
shown by trivial modification of the induction proof of the analogous result for affine
sets (Problem 2.23).

Intersections of Convex Sets Are Convex

Just as we showed any intersection of subspaces is a subspace, it can be shown
that any intersection of convex sets is convex (Problem 2.24).

The Convex Hull

If G is a subset of X , then the convex hull of G is defined to be the intersection
of all convex sets that contain G. To see that this definition makes sense, observe that
there is at least one convex set that contains G, namely the whole space X . Notice
also that since the convex hull is defined as the intersection of convex sets, we have
from the preceding paragraph that the convex hull is a convex set. The convex hull
of the empty set is easily seen to be the empty set. The convex hull of a finite set is
called a (convex) polytope.

In order to derive an alternative characterization of the convex hull, we write the
convex hull of G symbolically as

coG :=
⋂

C:G⊂C and
C is convex

C.

Proposition 2.17. The convex hull of a nonempty set is equal to the collection of
all convex combinations of vectors in the set.

Proof. Imitate the proof of Proposition 2.12 (Problem 2.25).

January 11, 2020



2.5 Convex Sets 21

Carathéodory’s Theorem §

Carathéodory has a number of theorems named after him. We are concerned with
the one saying that if C ⊂ IRn is the convex hull of finitely many vectors (i.e., C is a
polytope), then there is a subset of at most n+ 1 of these vectors such that C is the
convex hull of the subset.

Carathéodory’s Theorem is frequently used to simplify the characterization of the
capacity region of multiuser channels in the study of information theory.

Theorem 2.18 (Carathéodory). Let x1, . . . ,xp be vectors in IRn. Suppose x =

∑
p
i=1 λixi, where λi ≥ 0 and ∑

p
i=1 λi = 1. If p≥ n+1, then there exist {x̃1, . . . , x̃n+1}⊂

{x1, . . . ,xp}, and there exist µi ≥ 0, ∑
n+1
i=1 µi = 1 with x = ∑

n+1
i=1 µix̃i.

Proof. The proof is based on [42, p. 41]. The proof is by induction on p. The
case p = n+ 1 is trivial. Suppose p > n+ 1. Then the set {x1− xp, . . . ,xp−1− xp}
contains more than n vectors, and is therefore linearly dependent. Hence, there exist
scalars c1, . . . ,cp−1 not all zero such that

p−1

∑
i=1

ci(xi− xp) = 0 =
p−1

∑
i=1

cixi +

(
−

p−1

∑
i=1

ci

)
xp.

Put ai := ci for i = 1, . . . , p−1, and put ap :=−∑
p−1
i=1 ci. Then

p

∑
i=1

aixi = 0 and
p

∑
i=1

ai = 0.

Note also that since the ci are not all zero, at least one of the ai must be positive, and
at least one of the ai must be negative. Next observe that for any ρ ∈ IR,

p

∑
i=1

(λi−ρai)xi = x.

Put µi := λi−ρai. Note that ∑
p
i=1 µi = ∑

p
i=1 λi = 1. Our goal is to choose ρ so that

µi ≥ 0 and such that for some j, µ j = 0. If we can do this, then

x =
p

∑
i=1

µixi =
p

∑
i=1, i6= j

µixi,

and we can apply the induction hypothesis to {xi}p
i=1, i 6= j, which contains p−1 vec-

tors.
We claim that setting ρ := maxai<0 λi/ai works. Since ρ ≤ 0, for ai ≥ 0, µi =

λi−ρai ≥ 0. For ai < 0, ρ ≥ λi/ai, or equivalently, ρai ≤ λi. Hence, for ai < 0, we
also have µi = λi−ρai ≥ 0. Finally, since the maximum defining ρ is achieved, for
some j, ρ = λ j/a j, and µ j = λ j−ρa j = 0.

§This material is not used in the sequel.
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Extreme Points and Linear Programming §

A point x in a convex set C is said to be an extreme point of C if it is impossible to
write x as a nontrivial convex combination of two distinct points of C; more precisely,
it is not possible to write x = λy + (1− λ )z for y,z ∈ C, 0 < λ < 1, and y 6= z.
Equivalently, x is an extreme point of C if whenever x = λy+ (1− λ )z for some
y,z ∈C and 0< λ < 1, we must have y = z.

The standard form of a linear programming problem [28] isd

min
x∈IRn

cTx subject to Ax = b and x≥ 0,

where A is a given m× n matrix of real numbers and b ∈ IRm and c ∈ IRn are given
vectors. We call

F := {x ∈ IRn : Ax = b and x≥ 0}
the set of feasible vectors. It is easy to check that the set of feasible vectors is convex.
Hence, the linear programming problem is to minimize the linear functional cTx over
the convex set of feasible vectors.

Let a1, . . . ,an denote the columns of A. Each ai ∈ IRm. For x ∈ IRn, let I(x) := {i :
xi > 0}, and note that for x ∈ F , if i /∈ I(x), then xi = 0.

Proposition 2.19. Let x ∈ F. Then x is an extreme point of F if and only if
{ai : i ∈ I(x)} are linearly independent.

In other words, extreme points of F are those nonnegative solutions of Ax = b
with the property that the strictly positive components of x correspond to linearly
independent columns of A.

The importance of the proposition is that the extreme points of F can be found
by looking at linearly independent subsets of the columns of A, and there are only
finitely many such subsets. In fact, we may restrict attention to linearly independent
subsets whose cardinality is equal to the dimension of the subspace spanned by the
columns of A (we will see in Section 4.2 that this is the rank of A; i.e., the dimension
of the range of A).

Proof of Proposition 2.19. Suppose x∈ F and {ai : i∈ I(x)} are linearly indepen-
dent. We must show that x is an extreme point of F . So we suppose x = λy+(1−λ )z
for some y,z ∈ F and 0 < λ < 1, and we must show that y = z. To begin, observe
that yi = zi = 0 for i /∈ I(x). This follows because 0 < λ < 1 and because x,y,z ∈ F
implies they have nonnegative components. Since we now have xi = yi = zi = 0 for
i /∈ I(x), and since Ax = Ay = Az = b, we can write

∑
i∈I(x)

xiai = ∑
i∈I(x)

yiai = ∑
i∈I(x)

ziai.

§This material is not used in the sequel.
d The superscript T denotes the transpose.
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Since {ai : i ∈ I(x)} is linearly independent, we must have xi = yi = zi for i ∈ I(x).
Thus, x = y = z.

We now prove that if x is an extreme point of F , then {ai : i ∈ I(x)} is linearly
independent. Suppose otherwise that {ai : i ∈ I(x)} is linearly dependent. Since
Ax = b with x≥ 0, we can write

∑
i∈I(x)

xiai = b.

Linear dependence implies there exist {yi ∈ IR : i ∈ I(x)}, not all zero, with

∑
i∈I(x)

yiai = 0.

Taking yi := 0 for i /∈ I(x) and then y := [y1, . . . ,yn]
T yields a y with Ay = 0. Thus, for

all ε > 0, A(x± εy) = b. Furthermore, for small ε > 0, we have x± εy≥ 0. Writing
x = (x+ εy)/2+(x− εy)/2 expresses x as the nontrivial convex combination of two
distinct points from F (the points are different since at least one yi is nonzero).

Notes

Note 2.1. Here are the precise additivity properties of a vector space X .

(i) closure: For all x,y ∈ X , x+ y ∈ X .
(ii) commutative law: For all x,y ∈ X , x+ y = y+ x.
(iii) associative law: For all x,y,z ∈ X , (x+ y)+ z = x+(y+ z).
(iv) additive identity: There exists an element of X , denoted by 0, such that for all

x ∈ X , x+0 = x.
(v) additive inverse: For every x ∈ X , there exists a unique element of X , denoted

by −x, such that x+(−x) = 0.

We can summarize these properties informally as follows. For a set X to be a vector
space, the sum of two elements of X must be an element of X . The order in which
elements are added does not affect the result. There is a zero element, and every
element can be negated.

Note 2.2. Scalar multiplication has the following five properties.

(i) closure: For each scalar a and vector x ∈ X , ax ∈ X .
(ii) associative law: For all scalars a and b and any vector x ∈ X , a(bx) = (ab)x.
(iii) first distributive law: For any scalar a and any two vectors x,y∈ X , a(x+y) =

ax+ay.
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24 2 Vector Spaces

(iv) second distributive law: For any two scalars a and b and any vector x ∈ X ,
(a+b)x = ax+bx.

(v) For the scalar 1 and any vector x ∈ X , 1x = x.

Note 2.3. Here is the MATLAB function lincmb.

function [y,xmat] = lincmb(t,c,xfun,m,varargin)
%
% Usage: lincmb(t,c,xfun,m)
% or lincmb(t,c,xfun,m,s)
%
% where if the optional argument s is
% omitted, it is taken to be 1.
%
% Compute
%
% y(t_i) = sum_j c_j xfun( s_j⁎(t_i-m_j) )
%
% and
%
% xmat = matrix with ij element xfun( s_j⁎(t_i-m_j) ).
%
% If you want to plot the functions
% xfun(s_j⁎(t-m_j)) themselves instead of
% their linear combination, you can plot(t,xmat)
%
% t = ARRAY of times at which the linear combination will
% be evaluated.
% c = ROW vector of coefficients of the linear combination.
% xfun = either a STRING containing the name of the
% underlying function to be used or the handle of an
% anonymous function.
% m = ROW vector of shifts.
% s = OPTIONAL ROW vector of scale factors.
% WARNING: If length(s)>1, then s and m are assumed to
% have the same length; otherwise an ERROR may result.
%
% y = output (same dimension(s) as t)
% xmat = matrix (see below).
%
% The key idea is to observe that the formula
%
% y(t_i) = sum_j c_j xfun(t_i-m_j)
%
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% can be viewed as matrix-vector multiplication if we think
% of c and y as column vectors.
%
if nargin==4

% Create matrix xfun(t_i-m_j)
xmat = feval(xfun,bsxfun(@minus,t(:),m));

else % Assume nargin = 5
% Create matrix xfun(s_j⁎(t_i-m_j))
s = varargin{1};
xmat=feval(xfun,bsxfun(@times,s,bsxfun(@minus,t(:),m)));

end
y = reshape(xmat⁎(c.’),size(t));

Note 2.4. To see that every finite-dimensional subspace, other than the zero sub-
space, has a basis, we start with the fact that by definition, to say that a subspace W is
finite dimensional means that W = span{w1, . . . ,wn} for some finite n. If each wi is
the zero vector, then W is the zero subspace and does not have a basis. If w1, . . . ,wn
are linearly independent, they form a basis. Otherwise, there exist scalars c1, . . . ,cn,
not all zero, with

n

∑
i=1

ciwi = 0.

Suppose some c j 6= 0. Then

w j =−
1
c j

∑
i6= j

ciwi.

Using this formula, we can convert every linear combination of w1, . . . ,wn into a
linear combination of {wi : i 6= j}. We have thus converted a spanning set of n vectors
into a spanning set of n−1 vectors. We continue in this way until we are left with a
spanning set that is linearly independent (the desired basis).

Note 2.5. Before showing that any two bases of a finite-dimensional subspace
have the same number of vectors, we need the following result.

Lemma. Let U and V be finite subsets of a vector space, and assume that V ⊂
spanU. If V is linearly independent, then the number of vectors in V cannot exceed
the number of vectors in U.

Proof. Suppose otherwise that U contains n vectors and that V contains m > n
vectors. Pick any v1 ∈ V . Since v1 ∈ spanU , v1 can be expressed as a linear com-
bination of elements of U in which at least one coefficient is not zero. Hence, the
corresponding element of U can be expressed in terms of v1 and the remaining ele-
ments of U . Let U1 denote these remaining elements along with v1. Then U1 contains
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n vectors, and spanU1 = spanU . Now pick v2 ∈V . Then v2 can be expressed as a lin-
ear combination of elements of U1 in which at least one of the coefficients of one of
the vectors other than v1 is nonzero (otherwise v2 is proportional to v1). Remove the
corresponding vector, and let U2 denote the remaining vectors along with v2. Thus,
U2 contains v1, v2, and n−2 elements of U and spanU2 = spanU . Continuing in this
way, after a total of n steps, Un = {v1, . . . ,vn} and spanUn = spanU . Hence, the m−n
vectors in V that are not in Un can be expressed in terms of v1, . . . ,vn, contradicting
the assumption that V is linearly independent.

It is now easy to see that any two bases of a finite-dimensional space must have
the same number of elements. Suppose U and V are two different bases for the space.
Then V is a linearly independent subset of spanU , and U is a linearly independent
subset of spanV . Two applications of the lemma show that U have V must have the
same number of elements.

Note 2.6. We show that if dimX < ∞ and W is a subspace of X , then dimW ≤
dimX . Furthermore, if dimW = dimX , then W = X . Let n := dimX . If W is the
zero subspace, the result is obviously true. If W is not the zero subspace, then there
is some nonzero v1 ∈W . The set V1 := {v1} is linearly independent. If spanV1 =
W , we have a basis for W . Otherwise, there is a v2 ∈W such that V2 = {v1,v2} is
linearly independent. If for some k < n, this procedure stops with spanVk = W , we
are finished. If the procedure continues until we obtain spanVn =W , we still have to
show that W =X . If W 6=X , there is an x∈X that does not belong to W = spanVn. But
then {v1, . . . ,vn,x} is a linearly independent subset of X that contains more vectors
than those in the basis for X , contradicting the lemma of the above note.

Note 2.7. The following two lemmas show that every maximal proper subspace
of a vector space X is of the form {x ∈ X : f (x) = 0} for some nonzero linear func-
tional f .

Lemma. If f is a nonzero linear functional on a vector space X, then {x ∈ X :
f (x) = 0} is a maximal proper subspace of X.

Proof. Put W := {x ∈ X : f (x) = 0}. It is easy to check that W is a subspace.
Furthermore, W is a proper subspace because f is nonzero; i.e., since there is an
x1 ∈ X with f (x1) 6= 0, x1 /∈W . It remains to show that W is maximal. Let V be a
subspace with W ⊂ V ⊂ X . We must show that V 6= W implies V = X .e Actually,
since V ⊂ X , it suffices to prove X ⊂ V . So suppose V 6= W . Then there is an
x0 ∈ V with x0 /∈W . This implies f (x0) 6= 0; without loss of generality, we may
assume f (x0) = 1. To prove X ⊂V , take any x∈ X , and observe that f

(
x− f (x)x0

)
=

e We are making use of Example A.6 in the Appendix.
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0. Hence, x− f (x)x0 ∈ W , and we may write x− f (x)x0 = w for some w ∈ W .
Rearranging, we have x = w+ f (x)x0, which implies x ∈V because both w ∈W ⊂V
and x0 ∈V .

Lemma. If W is a maximal proper subspace of a vector space X, then there
exists a nonzero linear functional f such that W = {x ∈ X : f (x) = 0}.

Proof. Let W be a maximal proper subspace of a vector space X . Since W is
proper, there is some x0 /∈W . Put V := span(x0 +W ). The reader should verify that
x0 /∈W together with maximality of W forces V = X . It now follows that every x ∈ X
can be written in the form x = ax0 +w for some unique scalar a and vector w ∈W
(the reader should verify the uniqueness of a and w). Hence, the formula f (x) := a is
well defined and is a nonzero linear functional. To conclude the proof, observe that
{x ∈ X : f (x) = 0}=W .

Problems

1. MATLAB. Use lincmb to plot

y(t) = v(t)− v((t−1)/2)+ v((t−2)/4), 0≤ t ≤ 7,

if

v(t) :=
{

t(1− t), 0≤ t ≤ 1,
0, otherwise.

Also plot the scaled and shifted pulses. Show your code.

2. Let x(t) = 1 for 0 ≤ t ≤ 1, and x(t) = 0 otherwise. Let y(t) = 1 for 0 ≤ t ≤ 2,
and y(t) = 0 otherwise. Show that x and y are linearly independent on (−∞,∞).

3. Let x and y be as in the preceding problem, and let z(t) = t for 0 ≤ t ≤ 2, and
z(t) = 0 otherwise. Consider the task of showing that x, y, and z are linearly
independent. List all of the reasons that the following attempted solution is not
correct.

Suppose ax(t)+by(t)+ cz(t) = 0. For 0≤ t ≤ 1, we have

a+b+ ct = 0,

while for 1< t ≤ 2, we have

b+ ct = 0.

Subtracting the second equation from the first yields a = 0. In the
second equation, taking t = 0 shows that b = 0; this leaves ct = 0.
Taking t = 1 here yields c = 0 as well.

January 11, 2020



28 2 Vector Spaces

4. For 1 < t < 2, put x(t) := t, y(t) := t2, and z(t) := et . Determine whether or not
they are linearly independent.

5. We showed in Example 2.6 that the power functions 1, t, . . . , tn−1 are linearly
independent. For k = 0, . . . ,n− 1, let xk(t) be a polynomial of degree k. Show
that the n polynomials xk are linearly independent. Hint: Use the fact that in the
polynomial xk(t), the coefficient of tk is nonzero.

6. Let p1(t), . . . , pn(t) be linearly independent waveforms for−∞< t <∞. Suppose
that the pk(t) are differentiable. Are the derivatives p′k(t) linearly independent?
If “yes,” prove it; if “no,” give a counterexample of linearly independent pk for
which the p′k are linearly dependent.

7. Given real numbers β1 < · · · < βn, show that the functions xk(t) = eβkt defined
on [0,∞) are linearly independent. Hint: Suppose that for some coefficients
c1, . . . ,cn,

n

∑
k=1

ckeβkt = 0, for all t ≥ 0.

Multiply the above equation by e−βnt and then take the limit as t→ ∞.

8. Solve the preceding problem if the xk(t) are defined only on a finite interval
(a,b), and if the βk are allowed to be distinct, possibly complex, numbers.

9. A certain communication system transmits linearly independent waveforms xk,
k = 1, . . . ,n, over a linear, time-invariant channel with impulse response h. In
the absence of noise, the receiver sees the corresponding waveforms y1, . . . ,yn,
where

yk(t) =
∫

∞

−∞

h(t− τ)xk(τ)dτ.

If h(t) = e−tu(t), where u is the unit-step function, determine whether or not the
yk are linearly independent.

10. Let T1, . . . ,Tn be distinct real numbers, and put xk(t) = sinc(t−Tk), where

sinc(t) :=





sin(πt)
πt

, t 6= 0,

1, t = 0.

Show that these functions are linearly independent on (−∞,∞). Hint: The
Fourier transform of h(t) := sinc(t) is

H( f ) =

{
1, | f | ≤ 1/2,

0, | f |> 1/2.
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11. Let β1, . . . ,βn be distinct, possibly complex numbers. Consider the waveforms
x1, . . . ,xn on the interval [0,2π] defined by

xk(t) :=
∫ t

0
sin(τ)eβkτ dτ, 0≤ t ≤ 2π.

Determine whether or not x1, . . . ,xn are linearly independent.

12. Determine whether or not the signals

xk(t) :=
∫ t/k

−∞

e−|τ| dτ, −∞< t < ∞, k = 1, . . . ,n,

are linearly independent.

13. The `p Spaces. Let X denote the set of all infinite sequences of the form x =
(x1,x2, . . .). If 1≤ p< ∞, we say that x ∈ X belongs to `p if

∞

∑
k=1
|xk|p < ∞.

Show that `p is a subspace of X .

14. This problem addresses a subtlety in the proof of Proposition 2.12. Let G be
a subset of a vector space X , and suppose G contains infinitely many vectors.
Consider two linear combinations from G, say

p

∑
i=1

aixi and
q

∑
j=1

b jy j,

where ai and b j are scalars and xi and y j are vectors in G. Let n := p+q. Specify
scalars α1, . . . ,αn and β1, . . . ,βn and specify vectors g1, . . . ,gn in G such that

p

∑
i=1

aixi =
n

∑
k=1

αkgk and
q

∑
j=1

b jy j =
n

∑
k=1

βkgk.

15. Proposition 2.12 applies only to nonempty sets. What is the span of the empty
set?

16. If U and W are subspaces, show that U +W := {u+w : u ∈U and w ∈W} is a
subspace.

17. Show that the sum of two subspaces, say U +W , is a direct sum if and only if
their intersection U ∩W is the zero subspace.
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18. If a finite-dimensional vector space X can be written as the direct sum of two
subspaces, say X =U⊕W , show that dimX = dimU +dimW .

19. Show that any intersection of affine sets is an affine set.

20. Show that the affine hull of a nonempty set is equal to the collection of all affine
combinations of vectors in the set.

21. Show that aff{a0, . . . ,am}= a0 + span{a1−a0, . . . ,am−a0}.

22. Let A be a nonempty affine set, and fix any a0 ∈ A. Show that W := {a−a0 : a ∈
A} is a subspace.

23. Let C be a convex set, and let x1, . . . ,xn belong to C. If c1, . . . ,cn are nonnegative
and sum to one, show that ∑

n
k=1 ckxk ∈C.

24. Show that any intersection of convex sets is a convex set.

25. Show that the convex hull of a nonempty set is equal to the collection of all
convex combinations of vectors in the set.

26. Recall that an n× n matrix is stochastic if its entries are nonnegative and the
sum of each row is equal to one. Let S denote the set of n×n stochastic matrices.
Determine whether or not S is convex.
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CHAPTER 3

Inner-Product Spaces

You are probably familiar with the standard dot product on IRd . Recall that ifa

x = [x1, . . . ,xd ]
T and y = [y1, . . . ,yd ]

T, then the dot product of x and y is ∑
d
k=1 xkyk.

For x,y ∈ |Cd , the analogous quantity is

d

∑
k=1

xkyk,

where the overbar denotes the complex conjugate. For real-valued waveforms, the
obvious generalization is ∫

x(t)y(t)dt,

and for complex-valued waveforms it is1

∫
x(t)y(t)dt.

The properties of the foregoing expressions suggest the following formal def-
inition. We say that 〈·, ·〉 is an inner product on a vector space X if 〈x,y〉 is a
scalar-valued function of x,y ∈ X such that the following three conditions hold.

(i) For all x ∈ X , 0≤ 〈x,x〉< ∞ and 〈x,x〉= 0 if and only if x is the zero vector.
(ii) For all x,y ∈ X , 〈x,y〉= 〈y,x〉.
(iii) For all x,y,z ∈ X , and all scalars a and b, 〈ax+by,z〉= a〈x,z〉+b〈y,z〉.

In a real vector space, the complex conjugate in (ii) is omitted. In a complex
vector space 〈x,y〉 may be a complex number, but 〈x,x〉 is always a real number and
nonnegative as well.

Property (iii) says that the inner product as a function of its left-hand argument
is linear; hence, for fixed y, f (x) := 〈x,y〉 defines a linear functional on X . Since we
showed earlier that for a linear functional f (0) = 0, it follows that 〈0,y〉= 0.

In complex spaces, the inner product is not linear in its right-hand argument, but
it does satisfy

〈z,ax+by〉= a〈z,x〉+b〈z,y〉.
A vector space on which an inner product is defined is called an inner-product

space.

a The superscript T denotes the transpose.
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32 3 Inner-Product Spaces

Inner-product spaces are useful settings in which to analyze and design commu-
nication and control systems. This is most evident for continuous-time signals and
systems when the inner product is given by an integral as above.2 In this case, we
have the obvious realization shown in Figure 3.1. The inner product 〈x,y〉 can also

〈x,y〉

y(t)

⊗ ∫
x(t)

Figure 3.1. Realization of the inner product of waveforms.

be expressed as the sampled convolution of x with a filter “matched” to y. If y(t) is
nonzero only on [0,T ], put h(θ) := y(T −θ). Then

(∫
∞

−∞

h(t− τ)x(τ)dτ
)∣∣∣∣

t=T
=
∫

∞

−∞

h(T − τ)x(τ)dτ

=
∫

∞

−∞

y(T − [T − τ])x(τ)dτ

=
∫

∞

−∞

x(τ)y(τ)dτ = 〈x,y〉.

Since h is causal, the inner product 〈x,y〉 can be realized by a physical system. The
block diagram of such a system is shown in Figure 3.2, where H( f ) denotes the
Fourier transform of h(t).

〈x,y〉H( f )

T

x(t)

Figure 3.2. Sampled matched-filter realization of the inner product of x and y, where H( f ) is the Fourier
transform of h(t) := y(T − t).

Remark. If in the preceding example y(t) is not of finite duration, we could put
h(θ) = y(−θ) and sample the convolution at t = 0. However, since h is not causal,
the system would not be physically realizable.

When X is an inner-product space, we usually put ‖x‖ := 〈x,x〉1/2 for x ∈ X . As
we will see, this formula for ‖ · ‖ satisfies the properties of a norm, whose precise
definition is given later in Section 6.2. For now, it is convenient to introduce the
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following terminology. We call ‖x‖ the length of x. When x is a waveform, we
call ‖x‖2 the energy of x. We define the distance between two vectors x and y by
‖x− y‖. We say x and y are orthogonal if 〈x,y〉= 0. They are orthonormal if they
are orthogonal and ‖x‖= ‖y‖= 1. A vector with ‖x‖= 1 is called a unit vector.

Proposition 3.1 (Cauchy–Schwarz Inequality). For all x and y in an inner-
product space,

|〈x,y〉| ≤ ‖x‖‖y‖. (3.1)

Furthermore, if y 6= 0, then equality holds if and only if x = ay for some scalar a.

Proof. If y = 0, then both sides of (3.1) are equal to zero. If y 6= 0, put

t :=
∥∥∥∥x− 〈x,y〉‖y‖2 y

∥∥∥∥
2

=

〈
x− 〈x,y〉‖y‖2 y,x− 〈x,y〉‖y‖2 y

〉
. (3.2)

Expanding, we find that

t = ‖x‖2− 〈x,y〉〈y,x〉‖y‖2 − 〈x,y〉〈y,x〉‖y‖2 +
|〈x,y〉|2
‖y‖4 ‖y‖

2

= ‖x‖2− |〈x,y〉|
2

‖y‖2 . (3.3)

From (3.2), t ≥ 0, and so rearranging (3.3) yields (3.1). Now, suppose (3.1) holds
with equality. Then from (3.3), t = 0, and from (3.2), x = ay with a = 〈x,y〉/‖y‖2.
Conversely, if x = ay then both sides of (3.1) are equal to |a|‖y‖2.

Corollary 3.2 (Triangle Inequality). Vectors x and y in an inner-product space
satisfy ‖x+ y‖ ≤ ‖x‖+‖y‖.

Proof. This is a simple consequence of the Cauchy–Schwarz inequality (3.1).
Write

‖x+ y‖2 = 〈x+ y,x+ y〉
= ‖x‖2 +2Re〈x,y〉+‖y‖2

≤ ‖x‖2 +2|Re〈x,y〉|+‖y‖2

≤ ‖x‖2 +2|〈x,y〉|+‖y‖2

≤ ‖x‖2 +2‖x‖‖y‖+‖y‖2, by (3.1),
= (‖x‖+‖y‖)2.
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34 3 Inner-Product Spaces

3.1. Projections onto Subspaces

Consider a set X containing a subset W and a point x. The problem of finding
a point in W that is as close as possible to x is called the projection problem. To
quantify “closeness” requires a notion of distance. When X is an inner-product space,
the distance between two vectors x and y is taken to be ‖x− y‖. In some cases, the
projection problem may have a unique solution, while in others there may be no
solution or many solutions. This is illustrated in Figure 3.3. In most situations, the

x

x̂2

x̂1

W
x̂

W
x xNo x̂

W

Figure 3.3. Examples for which a unique projection exists, no projection exists, and multiple projections
exist.

projection problem is very hard. However, if X is an inner-product space and W is a
subspace, the projection problem can often be solved quite easily.

3.1.1. The Orthogonality Principle

Theorem 3.3 (Orthogonality Principle). Let X be an inner-product space, and
let W be a subspace of X. Fix any x ∈ X. Then a vector x̂ ∈W has the property that

‖x− x̂‖ ≤ ‖x−w‖ for all w ∈W , (3.4)

if and only if
〈x− x̂,w〉= 0 for all w ∈W . (3.5)

Furthermore, there is at most one element x̂ ∈W satisfying (3.4) and (3.5).

Remark. The theorem does not guarantee the existence of any projection x̂ ∈W
satisfying either (3.4) or (3.5). The theorem only says that if there exists an x̂ ∈W
satisfying either property, then the other property is also satisfied. The theorem also
says that if such an x̂ exists, it is unique.

Before proving the Orthogonality Principle below, we give a simple example of
its application.
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3.1 Projections onto Subspaces 35

Example 3.4. Let x0 be a finite-energy waveform that may not be causal. Find
the best causal approximation of x0.

Solution. Intuitively,

x̂0(t) :=
{

x0(t), t ≥ 0,
0, t < 0,

should be the best causal approximation of x0. However, it is important to realize
that the problem as stated is not well defined. We choose to interpret the question in
a way that allows us to apply the Orthogonality Principle. First, let X denote the set
of all finite-energy waveforms x defined on (−∞,∞). More precisely, X is the set of
all waveforms on (−∞,∞) that satisfy

∫
∞

−∞
|x(t)|2 dt < ∞. We equip X with the inner

product

〈x,y〉 :=
∫

∞

−∞

x(t)y(t)dt.

Let W denote the subset of waveforms in X that are also causal. Arguing as in Ex-
ample 2.10, W is a subspace of X . We interpret the question as asking us to find a
point x̂0 ∈W that minimizes the distance ‖x−w‖ over all w ∈W . To show that the
formula above for x̂0 achieves the minimum distance to W , we use the Orthogonality
Principle. We must show that 〈x0− x̂0,w〉= 0 for all w ∈W . Write

〈x0− x̂0,w〉 =
∫

∞

−∞

[x0(t)− x̂0(t)]w(t)dt

=
∫

∞

0
[x0(t)− x̂0(t)]w(t)dt, since w is causal,

=
∫

∞

0
0 ·w(t)dt, since x0(t)− x̂0(t) = 0 for t ≥ 0,

= 0.

Proof of the Orthogonality Principle. We first show that (3.5) implies (3.4).
Suppose that (3.5) holds for some x̂ ∈W . Then for all w ∈W ,

‖x−w‖2 = ‖x− x̂+ x̂−w‖2

= ‖x− x̂‖2 +2Re〈x− x̂, x̂−w︸ ︷︷ ︸
∈W

〉+‖x̂−w‖2

= ‖x− x̂‖2 +‖x̂−w‖2, using (3.5), (3.6)
≥ ‖x− x̂‖2,

and thus (3.4) holds.
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To prove the converse result, suppose (3.4) holds. To obtain a contradiction,
suppose there is a w ∈W such that 〈x− x̂,w〉= c 6= 0. Without loss of generality, we
may assume that ‖w‖ = 1. (Otherwise, let w′ := w/‖w‖, c′ := c/‖w‖ 6= 0, and note
that 〈x− x̂,w′〉= c′ 6= 0.) Write

‖x− (x̂+ cw)︸ ︷︷ ︸
∈W

‖2 = ‖(x− x̂)− cw‖2

= ‖x− x̂‖2−〈x− x̂,cw〉
−〈cw,x− x̂〉+‖cw‖2

= ‖x− x̂‖2− cc− cc+ |c|2‖w‖2

= ‖x− x̂‖2−|c|2
< ‖x− x̂‖2, since c 6= 0.

Since x̂+ cw ∈W , we have contradicted (3.4).
Finally, we show that if x̂ exists, it must be unique. Suppose that x̂ ∈W satisfies

(3.5), and suppose there exists a x̃ ∈W satisfying

〈x− x̃,w〉= 0 for all w ∈W .

Then

‖x̂− x̃‖2 = 〈x̂− x̃, x̂− x̃〉
= 〈x̂− x+ x− x̃, x̂− x̃〉
= 〈x− x̂, x̃− x̂〉+ 〈x− x̃, x̂− x̃〉
= 0+0, since x̂− x̃ ∈W .

Thus, ‖x̂− x̃‖= 0, and x̂ = x̃.

The Orthogonality Principle says that (3.4) and (3.5) are equivalent. Hence, if x̂
satisfies (3.5), we say that x̂ is the orthogonal projection of x onto W . See Figure 3.4.

x

x̂0
W

x− x̂

Figure 3.4. An orthogonal projection.
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Figure 3.4 suggests that we introduce the following concepts. We say that a vector
y is orthogonal to a subset G, denoted by y ⊥ G, if 〈y,g〉 = 0 for all g ∈ G. The set
of all such y is called the orthogonal complement of G and is denoted by G⊥. For
example, since the Orthogonality Principle tells us 〈x− x̂,w〉 = 0 for all w ∈W , we
can write x− x̂ ⊥W or x− x̂ ∈W⊥.

We now derive some simple properties of orthogonal projections. Since (3.4)
implies (3.5), we can take w = 0 in (3.6) and obtain

‖x‖2 = ‖x− x̂‖2 +‖x̂‖2,

from which we obtain the error formula,

‖x− x̂‖2 = ‖x‖2−‖x̂‖2, (3.7)

as well as the inequality,
‖x‖ ≥ ‖x̂‖. (3.8)

This inequality shows that the operation of projection onto a subspace does not in-
crease the energy of the output signal.

Theorem 3.5 (Linearity of Projections). Suppose x1 and x2 belong to an inner-
product space X and have projections x̂1 and x̂2 onto a subspace W. Then for any
scalars c1 and c2, the projection of c1x1 + c2x2 onto W is given by c1 x̂1 + c2 x̂2.

Proof. Problem 3.6.

3.1.2. The Projection Theorem for Finite-Dimensional Subspaces

Theorem 3.6 (Finite-Dimensional Projection Theorem). If W is a finite-dimen-
sional subspace of an inner-product space X (whose dimension may be finite or infi-
nite), then the projection of any x∈ X onto W always exists; i.e., there exists a unique
element of W, denoted by x̂, that satisfies (3.4) and (3.5).

Remark. The theorem tells us that for finite-dimensional W , every x ∈ X has the
unique representation x = x̂+(x− x̂), where x̂ ∈W and, by (3.5), x− x̂ ∈W⊥. In
other words, we have the direct sum, X =W ⊕W⊥.
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Proof. If we can establish the existence of at least one projection, uniqueness
follows from the Orthogonality Principle. To say that W is finite dimensional means
that there is a finite set of vectors, say w1, . . . ,wn, such that W = span{w1, . . . ,wn}.
To be explicit, every element of W is of the form

n

∑
i=1

ciwi (3.9)

for some scalars ci (Proposition 2.12). Without loss of generality, we may assume
w1, . . . ,wn are orthonormal (if not, we can apply the Gram–Schmidt procedure3 to
replace the wi with orthonormal vectors). We claim that

x̂ :=
n

∑
j=1
〈x,w j〉w j (3.10)

satisfies (3.5), and by the Orthogonality Principle, x̂ satisfies (3.4) as well. Since
every w ∈W has the form (3.9), we see that

〈x− x̂,w〉=
〈

x− x̂,
n

∑
i=1

ciwi

〉
=

n

∑
i=1

ci〈x− x̂,wi〉.

This quantity will be zero if 〈x− x̂,wi〉= 0 for all i. Using our proposed x̂, write

〈x− x̂,wi〉 =
〈

x−
n

∑
j=1
〈x,w j〉w j,wi

〉

= 〈x,wi〉−
n

∑
j=1
〈x,w j〉〈w j,wi〉

= 〈x,wi〉−〈x,wi〉= 0.

When w1, . . . ,wn are orthonormal as in the foregoing proof, it is easy to check
that (3.10) implies

‖x̂‖2 =
n

∑
i=1
|〈x,wi〉|2. (3.11)

Combining this with (3.8), we obtain Bessel’s inequality for an orthonormal basis,

n

∑
i=1
|〈x,wi〉|2 ≤ ‖x‖2 < ∞. (3.12)

Further, we note that since x = x̂ if and only if x ∈W , (3.7) and (3.11) together imply
that

‖x‖2 =
n

∑
i=1
|〈x,wi〉|2, x ∈W. (3.13)

January 11, 2020



3.1 Projections onto Subspaces 39

3.1.3. Computing Projections with an Orthonormal Basis

When the subspace W has an orthonormal basis, the proof of the Finite-Dimen-
sional Projection Theorem shows that the projection is given by (3.10).

In general, the vectors w j in (3.10) can belong to any inner-product space. For
example, the w j could be waveforms. However, when the w j are column vectors in
|Cm, if we let W denote the m×n matrix whose columns are w1, . . . ,wn, then the right-
hand side of (3.10) can be expressed as WWHx, where the superscript H denotes the
Hermitian or complex-conjugate transpose. The corresponding MATLAB expression
is W⁎W’⁎x.b

Example 3.7 (Work). How do we compute the work done by applying a force
vector F over a distance ` > 0 in the direction w (a unit vector)? The first step is to
compute the component of the force in the direction w. In other words, we compute
the projection of F onto the subspace spanned by w. By (3.10),

F̂ = 〈F,w〉w.

The magnitude of the work is
∥∥F̂
∥∥`=

∣∣〈F,w〉
∣∣`=

∣∣〈F, `w〉
∣∣. The work itself is 〈F, `w〉.

3.1.4. Computing Projections without an Orthonormal Basis

When the subspace W is described as the span of vectors that are not orthonor-
mal, the proof of the Finite-Dimensional Projection Theorem suggests that we apply
the Gram–Schmidt procedure and the resulting orthonormal basis to compute the
projection. Here we describe another approach.

Theorem 3.8. If X is an inner-product space (whose dimension may be finite
or infinite) and W = span{w1, . . . ,wn}, then the projection of any x ∈ X onto the
subspace W is given by

x̂ =
n

∑
j=1

c jw j,

where c := [c1, . . . ,cn]
T is any solution of the matrix-vector equation Gc= b, where G

is the n×n Gram matrix whose i j entry is 〈w j,wi〉, and b := [〈x,w1〉, . . . ,〈x,wn〉]T.
The equation Gc = b always has at least one solution, and the solution is unique if
and only if w1, . . . ,wn are linearly independent.

b In MATLAB, ’ denotes the complex-conjugate transpose, while .’ denotes the ordinary transpose
without complex conjugation.
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Remark. When w1, . . . ,wn are linearly independent, the solution of Gc= b can be
computed in MATLAB with the command c=G\b. If the wi are linearly dependent,
or nearly so, MATLAB produces a warning that G is close to singular or badly scaled.

Proof. The key observation is that x̂ ∈W satisfies 〈x− x̂,w〉= 0 for all w ∈W if
and only if

〈
x− x̂,

n

∑
i=1

ciwi

〉
= 0 for all choices of coefficients ci,

which happens if and only if 〈x− x̂,wi〉= 0 for each i. Since x̂ ∈W , this happens if
and only if there are scalars c1, . . . ,cn such that

〈
x−

n

∑
j=1

c jw j,wi

〉
= 0, i = 1, . . . ,n,

or
n

∑
j=1
〈w j,wi〉c j = 〈x,wi〉, i = 1, . . . ,n,

which we recognize as Gc = b. Hence, if c is any solution of Gc = b, then x̂ =

∑
n
j=1 c jw j satisfies 〈x− x̂,w〉 = 0 for all w ∈W , and so must be the projection by

the Orthogonality Principle. Furthermore, since the Finite-Dimensional Projection
Theorem tells us that x̂ ∈W exists and satisfies 〈x− x̂,w〉= 0 for all w∈W , we know
that a solution of Gc = b exists; the proof that the solution is unique if and only if
w1, . . . ,wn are linearly independent is left to Problem 3.9.

Corollary 3.9. In an inner-product space, if x̂ is the projection of x onto a finite-
dimensional subspace W = span{w1, . . . ,wn}, then knowledge of x̂ is equivalent to
knowledge of the column vector of inner products b = [〈x,w1〉, . . . ,〈x,wn〉]T in that
each is a function of the other.

Proof. First suppose we know the column vector b. Then the foregoing discussion
shows there is a solution of Gc = b and that x̂ = ∑

n
j=1 c jw j. Hence, knowledge of the

column vector b of inner products is sufficient to compute x̂. Conversely, suppose we
know x̂. Since 〈x− x̂,wi〉= 0 implies 〈x,wi〉= 〈x̂,wi〉, we can compute the entries of
the column vector b.

The utility of Corollary 3.9 is most evident when the space X is a space of
continuous-time waveforms. In this case, x, x̂, and w1, . . . ,wn are waveforms, but
b is a column vector of numbers. Hence, any signal processing on the waveform x̂
can be accomplished by operating on the column vector b of inner products.
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Example 3.10. An example of the foregoing arises in the design of receivers for
digital communication systems. Messages are transmitted by sending linear combi-
nations of n different signaling waveforms, w1, . . . ,wn. Suppose that a signal

s :=
n

∑
j=1

c jw j

is transmitted. Due to noise, the receiver sees y = s+ z, where z is a noise waveform.
Since s ∈W = span{w1, . . . ,wn}, the projection of y = s+ z onto W is just s+ ẑ. This
operation has the virtue that ‖ẑ‖ ≤ ‖z‖; i.e., the energy of the projected noise is no
greater than that of the original noise. Of course, receivers do not actually compute
the projection, they simply compute the inner products 〈y,wi〉 for i = 1, . . . ,n using a
bank of matched filters.

Remark. Although the receiver in the above example does not lose any informa-
tion about the signal by doing the projection, the reader should wonder if the receiver
loses information about the noise that could be helpful. If the noise is white and
Gaussian, it can be proved that nothing is lost. Otherwise, restricting attention only
to inner products with the wi can be suboptimal. Consider the following situation.
Let w and v be orthonormal vectors, and put z := w+ v. Suppose that the received
signal y = cw+nz, where the scalar c represents a message to be decoded, and n is a
scalar noise factor. The standard receiver would compute only

〈y,w〉= 〈cw+nz,w〉= 〈cw+n(w+ v),w〉= c+n.

However, if the receiver also computes

〈y,v〉= 〈cw+nz,v〉= 〈cw+n(w+ v),v〉= n,

the receiver can recover c exactly using the formula 〈y,w〉−〈y,v〉.

3.1.5. The Euclidean Case

We noted in Theorem 3.8 that the projection onto the span of w1, . . . ,wn can be
computed in terms of any solution of Gc = b, where G is the Gram matrix. However,
when X is m-dimensional Euclidean space (m> n), we can avoid computation of the
Gram matrix. The key is to observe that

∥∥∥∥x−
n

∑
j=1

c jw j

∥∥∥∥= ‖x−Ac‖,
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where A denotes the m× n matrix whose columns are w1, . . . ,wn. In MATLAB, a
vector c that minimizes this expression can be obtained with the command c=A\x,
and the projection x̂ is A⁎c. If the wi are linearly dependent, or nearly so, MATLAB
produces a warning that the matrix A is rank deficient.

A little thought shows that the Gram matrix G=AHA and b=AHx. Hence, Gc= b
is the same as (AHA)c = AHx. As long as the columns of A are linearly independent,
c = (AHA)−1AHx, and Ac = A(AHA)−1AHx is the projection of x onto the subspace
spanned by the columns of A. These formulas for c and Ac are excellent theoretical
tools, but they should be avoided for numerical work. To see why suppose your
computer keeps only two significant digits. If A= 12, then G=AHA= 12×12= 144,
but the computer has to round this to 140.

In many cases, A is a block matrix of the form A = [B C] so that

(AHA)−1AH =

[
BHB BHC
CHB CHC

]−1 [ BH

CH

]
.

Using block matrix inversion formulas,4 it is easy to show that

(AHA)−1AH =

[
(BHP⊥C B)−1BHP⊥C
(CHP⊥B C)−1CHP⊥B

]
, (3.14)

where PB := B(BHB)−1BH and P⊥B := I−PB; PC and P⊥C are defined similarly. Note
also that since PBPB = PB and PH

B = PB, the same is true for P⊥B . Hence, if we put
B̃ := P⊥C B and C̃ := P⊥B C, then

(AHA)−1AH =

[
(B̃HB̃)−1B̃H

(C̃HC̃)−1C̃H

]
.

3.1.6. Least-Squares Approximation of Waveforms

Consider the problem of approximating a waveform x in terms of a linear combi-
nation of given waveforms w1, . . . ,wn. There are many choices for these waveforms
that are easy to work with. For example, we might use complex exponentials if we are
approximating periodic waveforms. Or we might use the power functions if we are
doing polynomial approximation. Here we consider finite-energy waveforms defined
on a finite interval [a,b], and we use the inner product

〈x,y〉 :=
∫ b

a
x(t)y(t)dt.
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Our goal is to find the w ∈W := span{w1, . . . ,wn} that minimizes

‖x−w‖2 =
∫ b

a
|x(t)−w(t)|2 dt. (3.15)

In other words, we want to find the projection of x onto W . To do this using the Gram
matrix and solving Gc = b, we have to be able to compute the entries of the column
vector b, which means we have to compute the inner products

〈x,wi〉=
∫ b

a
x(t)wi(t)dt.

For theoretical problems in which x(t) is given by a formula, we can compute these
integrals and solve the projection problem (Problem 3.11). However, in practical
problems, we often know only measured values x(t) for a finite set of times, say
t1, . . . , tm. In this case, we cannot compute the required inner products to solve the
projection problem. Instead of choosing w∈W to minimize (3.15), we choose w∈W
to minimize

m

∑
k=1
|x(tk)−w(tk)|2. (3.16)

This seems possible since we know the measurement values x(tk). We show how to
cast this problem as a projection problem in m-dimensional Euclidean space.

Observe that the column vectors

x :=




x(t1)
...

x(tm)


 and w j :=




w j(t1)
...

w j(tm)




lie in m-dimensional Euclidean space, which we equip with the usual Euclidean inner
product, 〈x,y〉 |Cm := yHx. The corresponding Euclidean norm is ‖x‖ |Cm := 〈x,x〉1/2

|Cm .
If w(t) = ∑

n
j=1 c jw j(t), then (3.16) becomes

m

∑
k=1
|x(tk)−w(tk)|2 =

m

∑
k=1

∣∣∣∣x(tk)−
n

∑
j=1

c jw j(tk)
∣∣∣∣
2

=

∥∥∥∥x−
n

∑
j=1

c jw j

∥∥∥∥
2

|Cm
.

Thus, minimizing (3.16) is equivalent to projecting the column vector x onto the span
of w1, . . . ,wn, regarded as a subspace of m-dimensional Euclidean space. As noted
above, to compute c= [c1, . . . ,cn]

T in MATLAB, we should use the command c=A\x,
where A is the m×n matrix whose columns are w1, . . . ,wn.
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If the w j are scaled shifts, then lincmb can be used to compute A, and, once the
c j are found, lincmb can compute the approximation w(t) = ∑

n
j=1 c jw j(t).

Example 3.11. Consider the approximation of x(t) = cos(2πt/5) based on 31
uniformly spaced samples from [−10,10]. The waveforms used for the approxi-
mation are w j(t) = v(t − τ j), where v(t) = exp(−t2/2) is the same pulse used in
Example 2.1, and the shifts τ j are the 21 integers −10, . . . ,10. The MATLAB script

v = @(t)exp(-t.^2/2); % Define v(t) = exp(-t^2/2)
tvec = linspace(-10,10,30); % Sample times
xvec = cos(2⁎pi⁎tvec/5).’; % Waveform samples
tau = [-10:10]; % Shifts
c = ones(size(tau));
[y,A] = lincmb(tvec,c,v,tau); % Ignore y
c = A\xvec;
t = linspace(-10,10,200); % Plot approximation
w = lincmb(t,c.’,v,tau);
subplot(2,1,1)
plot(tvec,xvec,’o’,t,w);

generated the results shown in Figure 3.5, where the circles are the values x(tk) and
the solid line is ∑

n
j=1 c jw j(t) using the optimal coefficients.

−10 −5 0 5 10

−1

0

1

Figure 3.5. Waveform samples x(tk) (circles) and approximation (solid line).

Least-Squares Polynomial Approximation

MATLAB makes it very easy to compute polynomial least-squares approxima-
tions of waveforms. If w j(t) = tn− j, for j = 1, . . . ,n, then the vector of coefficients
c j can be computed with the command c=polyfit(tvec,xvec,n-1), where
tvec is the vector of sample times t1, . . . , tm and xvec is the vector of samples
x(t1), . . . ,x(tm). To evaluate the approximation w(t) = c1tn−1 + · · ·+ cn−1t + cn, use
the command polyval(c,t).
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3.2. Projections onto Convex Sets

We have seen that the Orthogonality Principle is a powerful tool for solving the
problem of projecting onto subspaces. Here we modify the Orthogonality Principle
to solve the problem of projecting onto convex sets.

Theorem 3.12. Let C be a nonempty convex set of an inner-product space X. Fix
any x ∈ X. Then x̂ ∈C satisfies

‖x− x̂‖ ≤ ‖x− y‖ for all y ∈C (3.17)

if and only if
Re〈x− x̂,y− x̂〉 ≤ 0 for all y ∈C. (3.18)

Furthermore, there is at most one x̂ ∈C satisfying (3.17) and (3.18).

Proof. If (3.18) holds, then we can proceed as in the proof of the Orthogonality
Principle and write

‖x−y‖2 = ‖(x− x̂)−(y− x̂)‖2 = ‖x− x̂‖2−2Re〈x− x̂,y− x̂〉︸ ︷︷ ︸
≥0

+‖y− x̂‖2 ≥ ‖x− x̂‖2.

Conversely, if (3.17) holds, then for any y ∈C and any 0< λ ≤ 1,

‖x− x̂‖2 ≤ ‖x−{ x̂+λ (y− x̂)︸ ︷︷ ︸
∈C

}‖2 = ‖(x− x̂)−λ (y− x̂)‖2

= ‖x− x̂‖2−2λ Re〈x− x̂,y− x̂ 〉+λ 2‖y− x̂‖2.

Rearranging and using the fact that λ > 0 yields

Re〈x− x̂,y− x̂ 〉 ≤ λ‖y− x̂‖2/2.

Since λ > 0 can be arbitrarily small, (3.18) must hold.
For uniqueness, suppose x̂1 and x̂2 are both elements of C that satisfy (3.18).

Writing (3.18) for x̂1 and putting y = x̂2 yields

Re〈x− x̂1, x̂2− x̂1〉 ≤ 0. (3.19)

Similarly, writing (3.18) for x̂2 and putting y = x̂1 yields Re〈x− x̂2, x̂1− x̂2〉 ≤ 0,
which we can rewrite as

Re〈x̂2− x, x̂2− x̂1〉 ≤ 0.
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Adding this to (3.19), we obtain

Re〈x̂2− x̂1, x̂2− x̂1〉 ≤ 0.

This inner product is already real and equal to ‖x̂2− x̂1‖2. Hence, ‖x̂2− x̂1‖2 ≤ 0,
which implies x̂2 = x̂1.

Example 3.13. Let X denote the set of all complex-valued, finite-energy wave-
forms defined on (−∞,∞). Let C denote the subset of X consisting of real-valued
waveforms x with x(t) ≥ 0 for |t| ≤ 1. The set C can be shown to be convex as in
Example 2.16. Given a real-valued, finite-energy waveform x0, find the waveform in
C that is closest to x0.

Solution. Intuitively,

x̂0(t) :=





x0(t), |t|> 1,
x0(t), |t| ≤ 1 and x0(t)≥ 0,

0, |t| ≤ 1 and x0(t)< 0,

should be the best approximation of x0 from C. To apply Theorem 3.12, we must
show that Re〈x0− x̂0,y− x̂0〉 ≤ 0 for all y ∈C. To begin, observe that since x0, x̂0,
and y are real, and since x0(t)− x̂0(t) = 0 for |t|> 1,

Re〈x0− x̂,y− x̂0〉 := Re
∫

∞

−∞

[x0(t)− x̂0(t)][y(t)− x̂0(t)]dt

=
∫

∞

−∞

[x0(t)− x̂0(t)][y(t)− x̂0(t)]dt

=
∫ 1

−1
[x0(t)− x̂0(t)][y(t)− x̂0(t)]dt.

Consider this last integrand for |t| ≤ 1. For such t, either x0(t) ≥ 0, which implies
x̂0(t) = x0(t), making the integrand zero, or x0(t) < 0, in which case x̂0(t) = 0, and
we see that

[x0(t)− x̂0(t)][y(t)− x̂0(t)] = [x0(t)−0][y(t)−0] = x0(t)y(t)≤ 0,

since y ∈C implies y(t) ≥ 0 for |t| ≤ 1. Since the integrand is nonpositive, so is the
integral. Hence, the condition of Theorem 3.12 is satisfied, and we have proved that
x̂0 as defined is the closest element to x0 from C.
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Notes

Note 3.1. The Lebesgue integral [6], [14], [33], [34] of any nonnegative (mea-
surable) function is well defined, and the value ∞ is allowed. If

∫ |x(t)|dt < ∞,
then the Lebesgue integral

∫
x(t)dt exists and is a finite real or complex number.

If
∫ |x(t)|2 dt < ∞ and

∫ |y(t)|2 dt < ∞, then
∫ |x(t)y(t)|dt < ∞ by Hölder’s inequal-

ity (see Section 6.2.1), and so the inner product
∫

x(t)y(t)dt exists as a finite real or
complex number.

Note 3.2. When using inner products defined by an integral, we agree that any
waveform x with

∫ |x(t)|2 dt = 0 is called the zero waveform. The reason for this is
if we change the value of x(t) at one time t, the value of the integral will not change.
More generally, if

∫ |x(t)−y(t)|2 dt = 0, we consider x and y to be the same waveform
even if they are not equal at all times in the interval of integration.

Note 3.3. The Gram–Schmidt Procedure. Let w1, . . . ,wn be nonzero vectors in an
inner-product space. Consider the sequence v1 := w1,

vk := wk−
k−1

∑
i=1

〈
wk,

vi

‖vi‖

〉
vi

‖vi‖
, k = 2, . . . ,n. (3.20)

Let Vn denote the nonzero vectors generated by this procedure. Then the elements of
Vn are orthogonal, and spanVn = span{w1, . . . ,wn}. By replacing every v ∈ Vn with
v/‖v‖ we obtain an orthonormal basis. Under the assumption that w1, . . . ,wn are
linearly independent, we prove these claims by induction on n. Later we discuss the
linearly dependent case. It is obvious that the results hold for n = 1. Suppose they
hold for some n. Put

vn+1 = wn+1−
n

∑
i=1

〈wn+1,vi〉
‖vi‖2 vi.

Using this equation along with the induction hypothesis, it is not hard to show that
span{v1, . . . ,vn+1}= span{w1, . . . ,wn+1}. We claim that vn+1 6= 0. Otherwise,

wn+1 =
n

∑
i=1

〈wn+1,vi〉
‖vi‖2 vi ∈ span{v1, . . . ,vn}= span{w1, . . . ,wn},

which contradicts the assumed linear independence of w1, . . . ,wn,wn+1. Finally, we
check orthogonality. For 1≤ j ≤ n,

〈vn+1,v j〉 = 〈wn+1,v j〉−
n

∑
i=1

〈wn+1,vi〉
‖vi‖2 〈vi,v j〉

= 〈wn+1,v j〉−
〈wn+1,v j〉
‖v j‖2 〈v j,v j〉

= 〈wn+1,v j〉−〈wn+1,v j〉= 0,
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where in the second equation we have used the induction hypothesis that 〈vi,v j〉= 0
for 1≤ i, j ≤ n.

Remarks. (i) The Gram–Schmidt procedure is not numerically stable.

(ii) Recall our argument that vn+1 could not be zero. This shows that if the
wi are not linearly independent, then the Gram–Schmidt procedure detects if wn+1
is linearly dependent on w1, . . . ,wn. If this happens, we simply discard wn+1, and
continue with wn+2 instead.

(iii) Recalling the proof of the Finite-Dimensional Projection Theorem, when we
look at the Gram–Schmidt procedure, we see that the sum in (3.20) is the projection
of wk onto the span of the orthonormal vectors v1/‖v1‖, . . . ,vk−1/‖vk−1‖, which is the
span of w1, . . . ,wk−1. Hence, vk is the projection of wk onto (span{w1, . . . ,wk−1})⊥.

(iv) Assume w1, . . . ,wn are linearly independent so that no vi from the Gram–
Schmidt procedure is the zero vector. Then rewrite (3.20) as wk = ∑

k
i=1 R̂ikqi, where

qi := vi/‖vi‖ and R̂ik := 〈wk,qi〉 for i = 1, . . . ,k−1, R̂kk := 1, and R̂ik := 0 for i > k.
When the wi are length-m ≥ n column vectors, consider the m× n matrices Q̂ :=
[q1| · · · |qn] and A := [w1| · · · |wn]. Then we can write A = Q̂ R̂, which is the thin or
reduced QR decomposition of A in which the columns of Q̂ are orthonormal and R
is an upper-triangular matrix. If n<m, we can also write the full QR decomposition,

A =
[

Q̂ Q̃
]

︸ ︷︷ ︸
=:Q

[
R̂
0

]

︸ ︷︷ ︸
=:R

,

where the m−n columns of Q̃ are chosen to form an orthonormal basis for (rangeQ)⊥,
and 0 denotes an (m−n)×n matrix of zeros. Notice that Q is unitary since QHQ = I.

(v) The QR decomposition provides and easy derivation of the Hadamard in-
equality, |detA| ≤ ∏

n
i=1 ‖ai‖, where ai is the ith column of A. If the columns of

A are linearly dependent, detA = 0 and there is nothing to prove. So assume the
columns of A are linearly independent and apply the QR decomposition to write
A = QR, which implies detA = detQdetR. Since QHQ = I and detQH = detQ, we
see that 1 = det I = detQHQ = (detQ)2 implies |detQ| = 1. Since R is upper trian-
gular, detR = R11 · · ·Rnn. Now observe that ‖ai‖2 = (AHA)ii and that from A = QR,
we have AHA = RHR. Hence,

|detA|= |detR|=
n

∏
i=1
|Rii| ≤

n

∏
i=1

(norm of column i of R)

=
n

∏
i=1

(RHR)1/2
ii =

n

∏
i=1

(AHA)1/2
ii =

n

∏
i=1
‖ai‖.
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Notice that if equality holds, then for each i, Rii is the only possible nonzero entry of
column i of R; i.e., R is diagonal, which implies RHR is diagonal. Since AHA = RHR,
the columns of A must be orthogonal. Conversely, if the columns of A are orthogonal,
then AHA and therefore RHR are diagonal. Then since R is upper triangular, R must
be diagonal. This forces equality in the above display.

(vi) If B is positive definite, let A := B1/2 and apply the Hadamard inequality
to write detB = |detA|2 ≤

(
∏

n
i=1 ‖ai‖

)2
= ∏

n
i=1 ‖ai‖2. Now ‖ai‖2 = (AHA)ii = Bii.

Hence, detB≤∏
n
i=1 Bii.

Note 3.4. Block Matrix Inversion Formulas. If D is invertible, then
[

A B
C D

]
=

[
I BD−1

0 I

][
Φ 0
0 D

][
I 0

D−1C I

]
,

where Φ := A−BD−1C is the Schur complement of D. Assuming the block matrix
on the left is invertible, we have

[
A B
C D

]−1

=

[
I 0

−D−1C I

][
Φ−1 0

0 D−1

][
I −BD−1

0 I

]

=

[
Φ−1 −Φ−1BD−1

−D−1CΦ−1 D−1CΦ−1BD−1 +D−1

]
. (3.21)

Similarly, if A is invertible,
[

A B
C D

]
=

[
I 0

CA−1 I

][
A 0
0 Ψ

][
I A−1B
0 I

]
,

where Ψ := D−CA−1B is the Schur complement of A. It follows that

[
A B
C D

]−1

=

[
I −A−1B
0 I

][
A−1 0

0 Ψ−1

][
I 0

−CA−1 I

]

=

[
A−1 +A−1BΨ−1CA−1 −A−1BΨ−1

−Ψ−1CA−1 Ψ−1

]
. (3.22)

Combining the top blocks of (3.21) with the bottom blocks of (3.22) yields

[
A B
C D

]−1

=

[
[A−BD−1C]−1 −[A−BD−1C]−1BD−1

− [D−CA−1B]−1CA−1 [D−CA−1B]−1

]
. (3.23)
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Problems

1. Show that an orthonormal set of vectors must be linearly independent.

2. Let x and y be two unit vectors in a real inner-product space. Show that x+y and
x− y are orthogonal.

3. Show that in any inner-product space, the parallelogram law holds:

‖x+ y‖2 +‖x− y‖2 = 2(‖x‖2 +‖y‖2).

4. In a complex inner-product space, show that the polarization identity holds:

4〈x,y〉= ‖x+ y‖2−‖x− y‖2 + j‖x+ jy‖2− j‖x− jy‖2.

What is the analogous formula in a real inner-product space?

5. Let X and Y be inner-product spaces with respective inner products 〈· , ·〉X and
〈· , ·〉Y . For (x1,y1) and (x2,y2) in the product space X×Y , put

〈(x1,y1),(x2,y2)〉 := 〈x1,x2〉X + 〈y1,y2〉Y .

Determine whether or not this formula satisfies the properties of an inner product
on X×Y .

6. Use the Orthogonality Principle to prove the linearity of projections, Theorem 3.5.

7. Given a finite-energy waveform x, find the even waveform that best approximates
x. Justify your answer.

8. Let f0 be a given frequency. We call a finite-energy waveform lowpass if its
Fourier transform is zero for | f |> f0. Given a finite-energy waveform x, find the
lowpass waveform that best approximates x. Justify your answer.

9. Let w1, . . . ,wn be given vectors in an inner-product space, and let G denote the
Gram matrix, whose entries are Gi j = 〈w j,wi〉. Assuming that the wi are linearly
independent, show that Gc = 0 implies c = 0. Conversely, if the only solution of
Gc = 0 is c = 0, show that the wi are linearly independent.

10. In an inner-product space X , let w1, . . . ,wn be orthonormal. Fix x ∈ X , and put
x̂ := ∑

n
i=1〈x,wi〉wi. Show that

‖x̂‖2 =
n

∑
i=1

∣∣〈x,wi〉
∣∣2.
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11. On [0,1], find the best first-degree polynomial approximation x̂ to x(t) = t3. That
is, find x̂(t) = c1 + c2t that minimizes

∫ 1

0
|x(t)− x̂(t)|2 dt.

How do your answers compare with the output of the following code

w1 = @(t)ones(size(t));
w2 = @(t)t;
x = @(t)t.^3;
tvec = linspace(0,1,50).’;
xvec = x(tvec);
A = [ w1(tvec) w2(tvec) ];
c = A\xvec

which implements the method of (3.16) and the paragraph following it?

12. On [0,1] consider the waveform x(t) = t2. Find the best first-degree polynomial
approximation x̂ of x that also satisfies

∫ 1
0 x̂(t) = 0. That is, find x̂(t) = c1 + c2t

that minimizes ∫ 1

0
|x(t)− x̂(t)|2 dt

and also satisfies
∫ 1

0 x̂(t) = 0.

13. Let G be any subset of an inner-product space X . (a) Show that G⊥ is a subspace.
(b) Show that G⊂ (G⊥)⊥. (c) Show that spanG⊂ (G⊥)⊥.

14. If X = W ⊕W⊥, where X is an inner-product space and W is a subspace of X ,
show that (W⊥)⊥ =W . Hint: Keep in mind that (W⊥)⊥ is a subset of the whole
space X .

15. Let W be a subspace of an inner-product space X and such that for all x ∈ X , the
projection of x onto W , x̂, exists. Hence, we may define the mapping P : X → X
by P(x) := x̂. By Theorem 3.5, P is linear.

(a) Show that for all x and y in X , ‖Px−Py‖ ≤ ‖x− y‖.
(b) Show that P is idempotent; i.e., P2 = P, or, more explicitly, P(Px) = Px

for all x ∈ X .
(c) Show that 〈Px,y〉 = 〈x,Py〉. Such an operator is said to be self adjoint.

Hint: Use the Orthogonality Principle to show that 〈Px,y〉 and 〈x,Py〉 are
both equal to 〈Px,Py〉.

(d) If y = x+Px, solve for x in terms of y and Py.
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52 3 Inner-Product Spaces

(e) Consider the operator Hx := x− 2Px = (I − 2P)x. Show that H is self
adjoint. Show that H2 = I.
Remarks. (i) The operator H can be considered a reflection about the
subspace W⊥ in the sense that for x ∈W⊥, Hx = x, while for x ∈W , Hx =
x−2x =−x. For example, when X = IR3 and W is one dimensional, W⊥ is
two dimensional like the surface of a mirror. A vector x ∈W is reflected
by H to the new position Hx =−x, while a vector x∈W⊥ lies in the mirror
and is unaffected by H since Hx = x.

(ii) When W = span{v}, the vector w := v/‖v‖ is an orthonormal ba-
sis for W , and so Px = 〈x,w〉w = 〈x,v〉v/‖v‖2. In this case, Hx = x−
2〈x,v〉v/‖v‖2 is called a Householder transformation. When X = |Cd ,
the quantity I − 2vvH/‖v‖2 is called a Householder matrix. Although
Hx = (I− 2vvH/‖v‖2)x, multiplying x by this matrix is a very inefficient
way to compute Hx.

16. Let u and v be unit vectors in an inner-product space. Let

W1 := span{u} and W2 := span{v}.

Let P1 and P2 be the corresponding projection operators.

(a) Show that P1x = 〈x,u〉u. (Of course it will follow that P2x = 〈x,v〉v.)
(b) Let T x := P2(P1x). It is easy to see that T x = c〈x,u〉v, where c := 〈u,v〉.

Show that T nx→ 0 if |c|< 1.
(c) With c as in part (b), show that |c|= 1 implies W1 =W2.

17. Let N ⊂M be subspaces of an inner-product space X . Assume the corresponding
projection operators PN and PM exist. Show that PN(x) =PN(PM(x)) for all x∈X .

18. Let X denote the set of real-valued, continuous functions on [0,2] equipped with
the usual inner product, 〈x,y〉 :=

∫ 2
0 x(t)y(t)dt for x,y ∈ X . Put W := {x ∈ X :

x(t) = 0 for 1≤ t ≤ 2}.

(a) Prove that W⊥ = {y ∈ X : y(t) = 0, for 0≤ t ≤ 1}.
(b) Does X =W ⊕W⊥? Justify your answer.

x(t)

t
0 1 2

y(t)

t
0 1 2

Figure 3.6. A typical waveform x ∈W (left), and a typical waveform y ∈W⊥ (right) in Problem 3.18.
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19. Let X be an inner-product space, and let W be a subspace of X such that the pro-
jection of any vector x onto W exists. Denote this projection by PW x. Consider
the translated subspace

T := x0 +W = {x0 +w : w ∈W}.

Given x ∈ X , determine whether or not

x̂ := x0 +PW (x− x0)

is the projection of x onto T .

20. Let U and V be subspaces of an arbitrary inner-product space X . Let W denote
the orthogonal complement of U ∩V regarded as a subspace of V ; i.e.,

W := {v ∈V : v⊥U ∩V}.

(a) Show that we can write U⊕W . Hint: Problem 2.17.
(b) Show that we can write (U ∩V )⊕W .
(c) Assume that V = (U ∩V )⊕W . Show that (U⊕W )⊥ ⊂V⊥.

21. Show that the Orthogonality Principle Theorem 3.3 can be derived from the
Modified Orthogonality Principle Theorem 3.12. Hint: When z is any element
of a subspace, y = ±z+ x̂ and y = ± jz+ x̂ also belong to the subspace and can
be substituted into (3.18).

22. Let X denote the set of all real-valued continuous functions on [0,2] equipped
with the usual inner product, 〈u,v〉 :=

∫ 2
0 u(t)v(t)dt. Let

C := {x ∈ X : x(t)≥ 0 for 0≤ t ≤ 1}.

Put x(t) := t−1 for 0≤ t ≤ 2. Does there exist an x̂ ∈C such that

‖x− x̂‖ ≤ ‖x− y‖, for all y ∈C ?

Justify your answer.

23. Let X = `2 denote the set of all real-valued, finite-energy sequences. The inner
product is 〈x,y〉 := ∑

∞
k=1 x(k)y(k). Let

C := {x ∈ X : x(k)≤ b for k > N},

where N is a given positive integer and b> 0 is a given bound. Given an arbitrary
x ∈ X , does the projection of x onto C exist? If “yes,” find it and justify your
answer. If “no,” explain why not.
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54 3 Inner-Product Spaces

24. Let X denote the set of real-valued waveforms on IR having finite energy. Let
C1 := {x∈X : x(t)≥ 0 for all t ≥ 0}, and let C2 := {x∈X : x(t)≤ 0 for all t ≤ 0}.
Consider the waveform

x0(t) :=





et , t ≤ 0,
−2, 0< t < 3,
1/t, t ≥ 3.

Does there exist an x̂0 ∈C1∪C2 such that ‖x0− x̂0‖≤‖x0−y‖ for all y∈C1∪C2?
If “no,” explain why. If “yes,” find x̂0 and justify the steps of your analysis.

25. Given a real number x and a positive number t, show that the solution of

argmin
y∈IR

(
t|y|+ 1

2 |x− y|2
)

is given by the soft threshold or shrinkage operator operator,c

ηt(x) :=





x− t, x≥ t,
x+ t, x≤−t,

0, |x|< t.

Hints: If x≥ 0, it is clear that minimizing value of y must be nonnegative. Sim-
ilarly, if x < 0, the minimizing value of y must be nonpositive. Hence, you can
treat each case separately. Use the fact that for y ≥ 0, |y| = y, while for y < 0,
|y|=−y.

c The shrinkage operator can also be written as ηt(x) = (|x| − t)+ sgn(x), where (·)+ is the positive
part operator defined by x+ := x for x ≥ 0 and x+ := 0 for x < 0. The sign function is sgn(x) := 1 for
x> 0, sgn(x) :=−1 for x < 0, and sgn(x) := 0 for x = 0.
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CHAPTER 4

Linear Operators

4.1. Definition and Examples

Let X and Y be vector spaces. A mapping A:X → Y is called a linear operator
or a linear transformation if for all scalars c1 and c2 and all vectors x1,x2 ∈ X ,

A(c1x1 + c2x2) = c1Ax1 + c2Ax2.

In the following examples, we give some common formulas that are used to define
linear operators.

Example 4.1 (Matrix Operator). For x = [x1, . . . ,xn]
T, define the length-m col-

umn vector Ax by setting its ith entry to be

(Ax)i :=
n

∑
j=1

ai jx j, (4.1)

where a denotes the m×n matrix with given entries ai j. In more compact terms, we
write Ax = ax, where ax is understood to be the product of the m×n matrix a and the
n×1 column vector x.

Example 4.2. Given an infinite sequence x = (x1,x2, . . .), define the infinite se-
quence Ax by

Ax := (x1,x2/2,x3/3, . . .).

In other words, (Ax)k = xk/k.

Example 4.3 (Integral Operator). Given a waveform x defined on the interval
[a,b], define the waveform Ax on the interval [c,d] by

(Ax)(t) :=
∫ b

a
k(t,τ)x(τ)dτ, t ∈ [c,d],

where k(t,τ) is a given function. Linear operators of this form are used in modeling
time-varying wireless communication channels. In this context, k is called the time-
varying impulse response. Operators of this form can also be generalized to model
blur in image-processing systems. In this context, k corresponds to the point-spread
function.
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56 4 Linear Operators

Example 4.4 (Modulation Operator). Let w1, . . . ,wn be given signaling wave-
forms. For example, the wk might be sinusoids of different frequencies. For x =
[x1, . . . ,xn]

T ∈ |Cn, define the waveform Ax to be the linear combination

Ax :=
n

∑
k=1

xkwk.

To be more explicit,

(Ax)(t) =
n

∑
k=1

xkwk(t). (4.2)

This modulation operator can be implemented as shown in Figure 4.1.

x =




x1

...

xn




(Ax)(t)

A

...

⊕w1(t)

⊗

wn(t)

⊗

Figure 4.1. Block diagram for the modulation operator A in (4.2).

In (4.1), if we write a j(i) instead ai j, then (4.1) is a discrete-time version of (4.2).
In other words, the jth column of a matrix is a discrete-time, finite-duration signaling
waveform, and matrix-vector multiplication can be thought of as a modulation oper-
ator.

Example 4.5 (Identity Operators). On any vector space X , the identity operator
I:X → X is defined by Ix := x.

4.1.1. Missing or Incomplete Data

The situation in which it is most obvious that the problem of missing data can
occur is that of an integral operator as in Example 4.3 or a modulation operator in
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4.2 Terminology and Basic Results 57

Example 4.4. Although these models call for continuous-time outputs, in practice, we
usually only have finitely many output samples, say y(ti) = (Ax)(ti) for i = 1, . . . ,m.

Even in the case of a matrix operator as in Example 4.1, we may be confronted
with missing data. For example, in order to speed up the acquisition of magnetic
resonance imaging (MRI) data, even though the model calls for measuring yi =
(Ax)i for i = 1, . . . ,m, we only measure yi for a subset of indexes, say i ∈ I, because it
would take too long to acquire yi for all i. In this situation, it is typically the case that
the number of measurements is much smaller than the dimension of the vector x. This
leads to the situation that there are multiple solutions x of the equations yi = (Ax)i,
i ∈ I. To see how this works, suppose that A is represented by a 5× 5 matrix with
entries ai j. Then the full model has the form




y1
y2
y3
y4
y5



=




a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35
a41 a42 a43 a44 a45
a51 a52 a53 a54 a55







x1
x2
x3
x4
x5



.

If we measure only y1, y3, and y5, the new matrix-vector equation is




y1
y3
y5


=




a11 a12 a13 a14 a15
a31 a32 a33 a34 a35
a51 a52 a53 a54 a55







x1
x2
x3
x4
x5



.

This new equation has the form z=Bx, where z := [y1,y3,y5]
T and B denotes operator

corresponding to rows 1, 3, and 5 of the original matrix a. Because B has fewer rows
than columns, if there are any solutions of z = Bx, then there are infinitely many
solutions. Which one should we prefer? In this chapter, we learn how to find the
solution of minimum energy, but we might also consider a solution of minimum one-
norm (see Problem 5.48).

4.2. Terminology and Basic Results

The kernel or null space of a linear operator A:X → Y is the set

kerA := {x ∈ X : Ax = 0}.

Notice that since A0 = A(0+0) = A0+A0, we must have A0 = 0. Hence, the kernel
always contains the zero vector of X . The range or image of A is the set

rangeA := {Ax : x ∈ X} ⊂ Y.
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58 4 Linear Operators

It is easy to show that kerA is a subspace of X and that rangeA is a subspace of Y
(Problem 4.2). The dimension of the kernel is called the nullity, and the dimension
of the range is called the rank.

Theorem 4.6 (Rank–Nullity). Let X and Y be vector spaces, and let A:X→Y be
a linear operator. If dimX < ∞, then both kerA and rangeA are finite dimensional,
and

dimkerA+dimrangeA = dimX .

Proof. Since kerA is a subspace of the finite-dimensional space X , dimkerA ≤
dimX (recall Section 2.3). Put n := dimX , and put r := dimkerA. Let {x1, . . . ,xr}
be a basis for kerA. Extend this to a basis for X , say {x1, . . . ,xr,xr+1, . . . ,xn}. Then
it is easy to show (Problem 4.3) that {Axr+1, . . . ,Axn} is a basis for rangeA; i.e.,
dimrangeA = n− r = dimX−dimkerA.

We can use the Rank–Nullity Theorem to give simple conditions to determine
whether or not a linear operator is invertible. However, we must first discuss the
general concept of an invertible function.

A function f mapping any set X into any set Y is said to be invertible if for
every y ∈ Y , there is a unique x ∈ X with y = f (x). In this case, for each y ∈ Y , the
corresponding unique value of x with f (x) = y is denoted by f−1(y).

Notice that to show a function is invertible, we have to show two things. First, we
have to show that for every y ∈ Y , there is an x ∈ X with y = f (x). A function with
this property is said to be onto. The second thing we have to show is that for every
y ∈ Y , the x ∈ X with y = f (x) is unique. In other words, we must show that

for all x1,x2 ∈ X , f (x1) = f (x2) implies x1 = x2.

A function with this property is said to be one-to-one.
You should verify that if a linear operator is invertible, its inverse is linear. You

should also verify that a linear operator A is one-to-one if and only if it has the
property

Ax = 0 implies x = 0.

In other words, a linear operator is one-to-one if and only its kernel contains only the
zero vector. In this case, we say that the operator is nonsingular. Not surprisingly,
an operator is said to be singular if its kernel contains a nonzero vector. When X
is finite dimensional, the Rank–Nullity Theorem tells us that A is one-to-one if and
only if it has maximum possible rank (which is dimX). Such an operator is said to
be full rank. To summarize,

A is one-to-one⇔ A is nonsingular⇔ kerA = {0}⇔ A is full rank,
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where the last expression is reserved for the case dimX < ∞.

Remark. With regard to matrices, the term “nonsingular” is usually restricted
to square matrices so that, by the Rank–Nullity Theorem, “nonsingular” becomes a
synonym for “invertible.” However, we occasionally depart from this standard and
say that a nonsquare matrix M is nonsingular, meaning only that Mx = 0 implies
x = 0.

Example 4.7 (Some Operators That Are One-to-One). Given w1, . . . ,wn belong-
ing to a vector space Y , we can define a linear operator A: |Cn → Y by assigning to
x = [x1, . . . ,xn]

T ∈ |Cn, the linear combination Ax := ∑
n
k=1 xkwk. We see that A is full

rank if and only if w1, . . . ,wn are linearly independent. The modulation operator of
Example 4.4, in which w1, . . . ,wn are waveforms in some waveform space Y , has the
structure considered here. A more familiar example is provided by the case Y = |Cm.
Multiplication of x by an m×n matrix whose m-dimensional columns are w1, . . . ,wn
also has the operator structure considered here.

Theorem 4.8 (Finite-Dimensional Invertibility). Let X and Y be finite-dimen-
sional vector spaces, and let A:X → Y be a linear operator. If dimX = dimY , then
A is nonsingular if and only if A is onto.

Remark. The point of the theorem is that under the hypotheses, we only have to
check one of the two properties (one-to-one or onto) to see if the linear operator is
invertible.

Proof. Suppose that A is nonsingular. Then dimkerA = 0, and the Rank–Nullity
Theorem implies dimrangeA = dimX = dimY . Since rangeA is a subspace of Y and
they have the same dimension, they are equal (recall Section 2.3). Conversely, if A is
onto, then rangeA = Y . This implies that dimrangeA = dimY = dimX . Combining
this with the Rank–Nullity Theorem implies dimkerA = 0; hence, kerA is the zero
subspace, and A is nonsingular.

Example 4.9. The condition in the foregoing theorem that the spaces be finite
dimensional is essential. Let X denote the set of all infinite sequences of the form
x = (x1,x2, . . .). Consider the right-shift operator A:X → X defined by

Ax := (0,x1,x2, . . .).

Then A is clearly nonsingular. However, A is not onto because there is no x ∈ X such
that Ax = (1,0,0, . . .).
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We also observe here that the left-shift operator B:X → X defined by

B(y1,y2, . . .) := (y2,y3, . . .)

has the property that BA = I (the identity operator on X), but AB 6= I (the identity
operator on Y ).

4.3. Adjoint Operators

Let A:X → Y be a linear operator, where both X and Y are inner-product spaces.
If for each y ∈ Y , there is a unique vector A∗y ∈ X such that

〈Ax,y〉Y = 〈x,A∗y〉X , for all x ∈ X , (4.3)

then we call A∗ the adjoint of A. Here we include subscripts on the inner products
to emphasize that they are defined on different spaces. In the sequel, we usually drop
the subscripts. Note also that while A:X → Y , the adjoint A∗:Y → X .

It is easy to see that any vector A∗y that satisfies (4.3) is unique. Suppose 〈Ax,y〉=
〈x,A∗y〉 and 〈Ax,y〉= 〈x, Ãy〉 hold for all x ∈ X . By subtraction we see that

〈x,A∗y− Ãy〉= 0

holds for all x, including x = A∗y− Ãy. But then ‖A∗y− Ãy‖2 = 0.
Because A∗y is the unique solution of (4.3), it is often easy to find A∗y by inspec-

tion. It is also easy to show that A∗ is linear (Problem 4.6).

Example 4.10. For the matrix operator of Example 4.1, if we equip |Cn and |Cm

with their usual Euclidean inner products, we see that

〈Ax,y〉 |Cm = yH(ax) = (aHy)Hx = 〈x,aHy〉 |Cn .

Thus, A∗y = aHy.

Example 4.11. Consider the integral operator of Example 4.3. We let X de-
note the set of all finite-energy waveforms on [a,b] with the inner product 〈x1,x2〉=∫ b

a x1(τ)x2(τ)dτ . Similarly, we let Y denote the set of all finite-energy waveforms on
[c,d] with the inner product 〈y1,y2〉=

∫ d
c y1(t)y2(t)dt. Then for reasonable functions

k(t,τ),

〈Ax,y〉 =
∫ d

c
(Ax)(t)y(t)dt
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=
∫ d

c

[∫ b

a
k(t,τ)x(τ)dτ

]
y(t)dt

=
∫ b

a
x(τ)

[∫ d

c
k(t,τ)y(t)dt

]
dτ

= 〈x,A∗y〉,

where

(A∗y)(τ) :=
∫ d

c
k(t,τ)y(t)dt, τ ∈ [a,b].

Example 4.12. Consider the modulation operator of Example 4.4. Let X denote
|Cm equipped with the usual Euclidean inner product. We assume the signaling wave-
forms w1, . . . ,wn belong to a vector space Y of finite-energy waveforms on the time
interval [0,T ]. We equip Y with the inner product 〈y1,y2〉 =

∫ T
0 y1(t)y2(t)dt. To

determine the adjoint of A, write

〈Ax,y〉 =
∫ T

0
(Ax)(t)y(t)dt

=
∫ T

0

[ n

∑
k=1

xkwk(t)
]

y(t)dt

=
n

∑
k=1

xk

∫ T

0
y(t)wk(t)dt

=
n

∑
k=1

xk〈y,wk〉,

which we recognize as the Euclidean inner product of the column vector x and the
column vector whose kth entry is 〈y,wk〉. We conclude that

A∗y =



〈y,w1〉

...
〈y,wn〉


 .

We can now make the following observations:

(i) A∗y is the column vector of inner products that is equivalent to the projection
of y onto W := span{w1, . . . ,wn} (cf. Corollary 3.9).

(ii) A∗y consists of the inner products produced by a digital communications re-
ceiver when the transmitter employs signaling waveforms w1, . . . ,wn. Since A
is the modulation operator, we call A∗ the demodulation operator (cf. Exam-
ple 3.10).
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(iii) A∗y can be realized by a bank of multiplier-integrators as shown in Figure 4.2
or by a bank of matched filters as shown in Figure 4.3.




〈y,w1〉

...

〈y,wn〉




= A∗y

A∗

...
w1(t)

⊗

wn(t)

⊗ ∫

∫

y(t)

Figure 4.2. Implementation of the adjoint of the modulation operator of (4.2) and Figure 4.1.




〈y,w1〉

...

〈y,wn〉




= A∗y

H1( f )

T

T

A∗

...

Hn( f )

y(t)

Figure 4.3. Matched filter equivalent of Figure 4.2. Here Hk( f ) is the Fourier transform of wk(T − t).

Theorem 4.13. Let X and Y be inner-product spaces. If A:X → Y is a linear
operator whose adjoint A∗:Y → X exists, then

(a) kerA∗ = (rangeA)⊥.
(b) (A∗)∗ = A.
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(c) kerA = (rangeA∗)⊥.
(d) kerA∗A = kerA.
(e) (kerA)⊥ ⊃ rangeA∗, with equality if rankA∗ < ∞.
(f) (kerA∗)⊥ ⊃ rangeA, with equality if rankA< ∞.
(g) If rankA< ∞ and A∗ is nonsingular, then A is onto.
(h) If X or Y is finite dimensional, then rankA and rankA∗ are both finite, and

rankA = rankA∗.

Remark. The extension of parts (e) and (f) to Hilbert space can be found in The-
orem 7.9. The extension of part (g) to Hilbert space can be found in Problem 7.15(b).

Proof. We leave the proof of parts (a)–(d) to Problem 4.12. To prove part (e), we
begin by noting that from part (c), it follows that

(kerA)⊥ = [(rangeA∗)⊥]⊥.

By Problem 3.13,
[(rangeA∗)⊥]⊥ ⊃ rangeA∗.

However, if the range of A∗ is finite dimensional, then by the remark following the
Finite-Dimensional Projection Theorem, X = rangeA∗⊕ (rangeA∗)⊥. This implies,
by Problem 3.14, that

[(rangeA∗)⊥]⊥ = rangeA∗.

To prove part (f), in part (e) replace A by A∗ and apply part (b).
To prove part (g), apply part (f) and use kerA∗ = {0} to write

rangeA = (kerA∗)⊥ = {0}⊥ = Y.

To prove part (h), assume dimX < ∞ (the proof for dimY < ∞ is similar and
left to Problem 4.12). The finite dimensionality of X implies two facts. First, since
kerA⊂ X , we must have dimkerA < ∞. Second, the Rank–Nullity Theorem applies
and tells us that rankA< ∞ and that

dimX = dimkerA+dimrangeA.

Since rangeA∗ ⊂ X , and X is finite dimensional, we see that rankA∗ <∞. Next, since
dimkerA<∞, the remark following the Finite-Dimensional Projection Theorem tells
us that X = kerA⊕ (kerA)⊥, which implies

dimX = dimkerA+dim(kerA)⊥

= dimkerA+dimrangeA∗, by part (e).

Combining this with the previous display yields rankA = rankA∗.
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Example 4.14 (Digital Communication System). Consider a digital communica-
tion system in which a message x ∈ |Cn is conveyed by transmitting the waveform Ax,
where A is the modulation operator defined in Examples 4.4. The receiver applies
the demodulation operator A∗ to y = Ax as pointed out in Example 4.12. When the
signaling waveforms w1, . . . ,wn are linearly independent, the modulation operator
is full rank (i.e., kerA = {0}), and, by Theorem 4.13, so is A∗A: |Cn → |Cn. By the
Finite-Dimensional Invertibility Theorem, A∗A is invertible. Hence, if y = Ax,

(A∗A)−1(A∗y) = (A∗A)−1(A∗A)x = x,

and we recover the message x. Such a system is shown in Figure 4.4. The receiver

y = Ax· · · A∗x A x(A∗A)−1

Figure 4.4. An ideal, noiseless communication system.

processing is greatly simplified if A∗A is diagonal. This is the case in orthogonal
frequency division multiplexing (OFDM), in which

wk(t) = e j2π(k/T )t , 0≤ t ≤ T.

Remark. The foregoing example can be slightly generalized. Before transmitting
a vector x ∈ |Cn, first apply an invertible n× n matrix M; i.e., transmit y = A(Mx).
The receiver computes A∗y as before. Now observe that

M−1(A∗A)−1(A∗y) = M−1(A∗A)−1(A∗A)Mx = x.

We have now seen several examples of linear operators whose adjoints are easy
to find, and we have seen several interesting properties of adjoints. Our next result
gives a simple condition under which the adjoint is guaranteed to exist.

Theorem 4.15. A linear operator mapping a finite-dimensional inner-product
space into an arbitrary inner-product space has an adjoint.

Proof. Suppose A:X → Y , where X is a finite-dimensional inner-product space.
Let x1, . . . ,xn be an orthonormal basis for X . Then every x ∈ X can be written in the
form x = ∑

n
i=1〈x,xi〉xi. So, for any y ∈ Y , we can write

〈Ax,y〉=
〈

A
( n

∑
i=1
〈x,xi〉xi

)
,y
〉
=

n

∑
i=1
〈x,xi〉〈Axi,y〉=

〈
x,

n

∑
i=1
〈y,Axi〉xi

〉
.

Hence,

A∗y =
n

∑
i=1
〈y,Axi〉xi.
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4.3.1. An Operator without an Adjoint

Let X and Y denote the real-valued, continuous functions on [0,2] and [1,2], re-
spectively, each equipped with the usual integral inner product over its corresponding
interval. For x ∈ X , define Ax ∈ Y by (Ax)(t) := x(t) for 1 ≤ t ≤ 2. In other words,
A restricts the domain of x from [0,2] to the subinterval [1,2]. This is illustrated for a
particular waveform x in Figure 4.5.

(Ax)(t)

t
1 2

x(t)

t
0 1 2

Figure 4.5. A waveform x on [0,2] being restricted to the subinterval [1,2] by the linear operator A.

To find the adjoint, we must solve 〈Ax,y〉Y = 〈x,A∗y〉X . For the spaces under
consideration, this formula becomes

∫ 2

1
(Ax)(t)y(t)dt =

∫ 2

0
x(t)(A∗y)(t)dt.

For the particular operator A here, we simplify the left-hand to obtain
∫ 2

1
x(t)y(t)dt =

∫ 2

0
x(t)(A∗y)(t)dt. (4.4)

Taking

(A∗y)(t) :=
{

0, 0≤ t ≤ 1,
y(t), 1≤ t ≤ 2,

solves (4.4), but does not define a continuous function if y(1) 6= 0; e.g., y(t) = 1 on
[1,2]. However, this observation alone does not prove that A∗y does not exist for such
y; it only proves that the above formula is not correct for such y. It is shown in the
Notes at the end of the chapter1 that the above formula must hold if A∗y exists. It
follows that for any y ∈ Y with y(1) 6= 0, A∗y does not exist.

4.3.2. Projection onto the Range of an Operator

Consider a linear operator A:X → Y , where X and Y are inner-product spaces.
Suppose that the range of A is a proper subspace of Y , and that a vector y0 /∈ rangeA,
as shown in Figure 4.6. Then of course, there is no solution of the equation Ax = y0.
But how close can we get to y0 with a vector of the form Ax ∈ rangeA? As illustrated
in the figure, the projection of y0 onto rangeA, denoted by ŷ0, would be the best we
could do. The following lemma characterizes when this can be done.
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rangeA

ŷ0

y0

Figure 4.6. Projecting a point y0 onto rangeA = {Ax : x ∈ X}. The projection is ŷ0 = Ax0 for some x0 ∈ X .

Lemma 4.16. Consider a linear operator A:X → Y , where X and Y are inner-
product spaces. Assume that the adjoint A∗:Y → X exists. A given y0 ∈ Y can be
projected onto the range of A if and only if there is a solution of the equation A∗Ax =
A∗y0. Furthermore, if any x0 solves this equation, then Ax0 is the projection of y0
onto the range of A.

Proof. The projection of y0 onto rangeA, if it exists, will be a vector of the form
ŷ0 = Ax0 for some x0 ∈ X . By the Orthogonality Principle, Ax0 is the projection of y0
if and only if

〈y0−Ax0,y〉= 0, for all y ∈ rangeA,

if and only if
〈y0−Ax0,Ax〉= 0, for all x ∈ X ,

if and only if
〈A∗(y0−Ax0),x〉= 0, for all x ∈ X ,

if and only if
A∗(y0−Ax0) = 0⇔ A∗Ax0 = A∗y0.

Remark. Whenever the range of A is finite dimensional, the projection of y0
exists by the Finite-Dimensional Projection Theorem, and so a solution of A∗Ax =
A∗y0 is guaranteed to exist. For example, this is the case if either X or Y is finite
dimensional. By Theorem 4.13(d), a solution of A∗Ax = A∗y0 is unique if and only if
A is nonsingular.

Example 4.17. Consider a linear operator A:X → Y , where X and Y are inner-
product spaces. If X is finite dimensional and A is nonsingular, show that the projec-
tion of y0 onto the range of A is given by A(A∗A)−1A∗y0.

Solution. First note that Theorem 4.15 guarantees the existence of A∗. Next, since
A is nonsingular, Theorem 4.13(d) tells us that A∗A is also nonsingular. Then since
dimX < ∞, the Finite-Dimensional Invertibility Theorem implies (A∗A)−1 exists.
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Hence, the expression x0 := (A∗A)−1A∗y0 is well defined and satisfies A∗Ax0 = A∗y0.
Therefore, by Lemma 4.16, Ax0 = A(A∗A)−1A∗y0 is the required projection.

4.3.3. Minimum-Norm Solutions of Linear Equations

If the equation Ax = y0 has a solution, say x0, but A is singular, then there are
nonzero vectors in kerA, and for all nonzero w ∈ kerA, A(w+ x0) = Aw+Ax0 =
0+ y0 = y0. Hence, there are multiple solutions of Ax = y0.

Lemma 4.18. Consider a linear operator A:X→Y , where X is an inner-product
space. Assume that X = kerA⊕ (kerA)⊥. If x0 is any solution of Ax = y0, then the
projection of x0 onto (kerA)⊥, denoted by x̃0, is the unique minimum-norm solution
of Ax = y0. See Figure 4.7.

kerA

(kerA)⊥

x0

x̂0

x̃0

Figure 4.7. Decomposition of solution x0 into its projection onto kerA and (kerA)⊥ to write x0 = x̂0 + x̃0.

Example 4.19 (An Equation without a Minimum-Norm Solution). The assump-
tion in Lemma 4.18 that X = kerA⊕ (kerA)⊥ is necessary. To see why, recall the
restriction operator described in Section 4.3.1 that did not have a adjoint. Suppose
y0 ∈ Y is taken as y0(t) = 1 for 1 ≤ t ≤ 2. Let’s try to solve Ax = y0. For example,
the waveform x shown in Figure 4.8 solves this equation. Of course, the energy of
this solution can be reduced by moving t0 closer to 1. In general, the energy of any
solution can be reduced by “making it drop to zero faster.” Hence, there is no solution
of minimum norm. Recalling Problem 3.18, we see that kerA =W , (kerA)⊥ =W⊥,
and we know that X 6=W ⊕W⊥.
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t
0 1 2t0

1

Figure 4.8. The solution x(t) of Ax = y0 in Example 4.19.

Proof of Lemma 4.18. Write x0 = x̂0 + x̃0, where x̂0 ∈ kerA, and x̃0 ∈ (kerA)⊥.
Since Ax̂0 = 0, we have y0 = Ax0 = A(x̂0 + x̃0) = Ax̂0 +Ax̃0 = Ax̃0. In other words,
x̃0 also solves Ax = y0. Now suppose x1 is any other solution. Then by the same
argument, x̃1 ∈ (kerA)⊥ also satisfies Ax̃1 = y0. Therefore, A(x̃1− x̃0) = Ax̃1−Ax̃0 =
y0− y0 = 0. In other words, x̃1− x̃0 ∈ kerA∩ (kerA)⊥. The only vector orthogonal
to itself is the zero vector, and so x̃1 = x̃0. In other words, there is only one vector
in (kerA)⊥ that solves Ax = y0. Furthermore, since ‖x0‖2 = ‖x̂0 + x̃0‖2 = ‖x̂0‖2 +
‖x̃0‖2 ≥ ‖x̃0‖2, we see that x̃0 is the solution of minimum norm.

Lemma 4.20. Let A:X → Y be a linear operator between inner-product spaces
X and Y . If A∗:Y → X exists and has finite rank, then X = kerA⊕ (kerA)⊥.

Proof. Because A∗ has finite rank, the Finite-Dimensional Projection Theorem
allows us to write X = rangeA∗⊕ (rangeA∗)⊥. The finite-rank assumption also al-
lows us to use Theorem 4.13(e) to write rangeA∗ = (kerA)⊥. By Theorem 4.13(c),
(rangeA∗)⊥ = kerA.

Example 4.21. Consider a linear operator A:X → Y , where X and Y are inner-
product spaces. Assume that Y is finite dimensional and that the adjoint A∗ exists
and is nonsingular. Show that the vector A∗(AA∗)−1y0 is well defined, belongs to
(kerA)⊥, and solves Ax = y0.

Solution. Since A∗ is nonsingular, so is AA∗ by Theorem 4.13(d). Since Y is finite
dimensional, the Finite-Dimensional Invertibility Theorem tells us that the vector
A∗(AA∗)−1y0 is well defined, and this vector obviously solves Ax = y0. Furthermore,
this vector lies in rangeA∗ = (kerA)⊥ by Theorem 4.13(e).

Remark. Is the vector A∗(AA∗)−1y0 of the preceding example the unique
minimum-norm solution of Ax = y0? Yes, because Lemma 4.20 allows us to apply
Lemma 4.18.
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4.3.4. The Pseudoinverse

Consider a linear operator A:X → Y , where X and Y are inner-product spaces.
Assume thata

X = kerA⊕ (kerA)⊥ and Y = rangeA⊕ (rangeA)⊥. (4.5)

The pseudoinverse A†:Y → X is defined as follows. For y0 ∈ Y , let ŷ0 denote the
projection of y0 onto rangeA. This projection always exists because of the assumed
direct-sum decomposition of Y . Then A†y0 is defined as the minimum-norm solution
of the equation Ax = ŷ0. Since ŷ0 ∈ rangeA, this equation has solutions, and we can
find the one of minimum norm because of the assumed direct-sum decomposition of
X and Lemma 4.18.

Example 4.22. If X is finite dimensionalb and A is nonsingular, show that A† =
(A∗A)−1A∗.

Solution. By Example 4.17, ŷ0 = A(A∗A)−1A∗y0. If we can show that the vector
(A∗A)−1A∗y0 ∈ (kerA)⊥, then this vector is the required unique minimum-norm so-
lution of Ax = ŷ0. Now, A∗y ∈ rangeA∗ ⊂ (kerA)⊥ by Theorem 4.13(e). Also, since
A is nonsingular, the decomposition X = kerA⊕ (kerA)⊥ implies that X = (kerA)⊥.
Hence, the mapping (A∗A)−1 takes the vector A∗y0 into X = (kerA)⊥. In other words,
the vector (A∗A)−1A∗y0 ∈ (kerA)⊥ as required.

When X and Y are Euclidean spaces and Ax = ax for some full-rank matrix a, it is
more efficient in MATLAB to use the expression a\y than (a’⁎a)^(-1)⁎a’⁎y.
If a is singular, you should use pinv(a)⁎y to get the minimum-norm solution of
ax=y.

Example 4.23. Assume X = kerA⊕ (kerA)⊥, that Y is finite dimensional, and
that A∗ exists and is nonsingular. Show that A† = A∗(AA∗)−1.

Solution. Since dimY < ∞, the right-hand decomposition in (4.5) holds. Since
A∗ is nonsingular, combining Theorem 4.13(a) and the decomposition Y = rangeA⊕
(rangeA)⊥ tells us that Y = rangeA. Hence, for every y0 ∈ Y , there is a solution of
Ax = y0. By Example 4.21 and the remark following it, the minimum-norm solution
is A∗(AA∗)−1y0.

a When the decomposition Y = rangeA⊕ (rangeA)⊥ does not hold, A†y is defined only for those y that
can be projected onto rangeA. This issue is discussed in more detail in Section 7.5 on the singular-value
decomposition.

b Since X is finite dimensional, so are kerA and rangeA. Hence, the decompositions in (4.5) hold on
account of the Finite-Dimensional Projection Theorem and the remark following it.
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Example 4.24. Let P(kerA)⊥ denote the projection onto (kerA)⊥, and let PrangeA
denote the projection onto rangeA. Show that

A†A = P(kerA)⊥ and AA† = PrangeA.

Solution. Let x0 ∈ X be given, and put y0 := Ax0. By Lemma 4.18, x̃0, the pro-
jection of x0 onto (kerA)⊥, is the minimum-norm solution of Ax = y0. Furthermore,
since y0 := Ax0 ∈ rangeA, y0 = ŷ0, and thus, x̃0 is also the minimum-norm solution
of Ax = ŷ0, which is the definition of A†y0. Hence, x̃0 = A†y0 = A†Ax0.

Let y0 ∈ Y be given. By definition of the pseudoinverse, A†y0 is a solution of
Ax = ŷ0; i.e., A(A†y0) = ŷ0. This formula says that AA†y0 = PrangeAy0.

4.4. Self-Adjoint Linear Operators

A linear operator A mapping an inner-product space X to itself is said to be self
adjoint if 〈Ax,y〉= 〈x,Ay〉 for all x,y ∈ X . In other words, A is self adjoint if A = A∗.
We have already seen in Problem 3.15 that projection operators and Householder
transformations are self adjoint. From Example 4.10 with m = n, we see that a com-
plex matrix operator is self adjoint under the usual Euclidean inner product if the
matrix is equal to its complex-conjugate transpose. Similarly, a real matrix operator
is self adjoint if it is symmetric. In Example 4.11, if a = c and b = d, then A is self
adjoint if k(τ, t) = k(t,τ).

If an operator A is both self adjointc and satisfies 〈Ax,x〉 ≥ 0 for all x ∈ X , we
say that A is positive semidefinite and denote this by A≥ 0. A positive semidefinite
operator that satisfies 〈Ax,x〉> 0 for all nonzero x is called positive definite, denoted
by A> 0. A positive-definite operator must be nonsingular.

We can use a positive-definite operator to define a new inner product on X with
the formula 〈x,y〉A := 〈Ax,y〉. To verify that this formula satisfies the properties of
an inner product, we proceed as follows. First, since A = A∗,

〈x,y〉A = 〈Ax,y〉= 〈x,Ay〉= 〈Ay,x〉= 〈y,x〉A.

Next, 〈x,x〉A = 〈Ax,x〉 ≥ 0 and equal to zero if and only if x = 0. Finally, it is obvious
that 〈x,y〉A = 〈Ax,y〉 is linear in x.

Proposition 4.25. If a self-adjoint operator is invertible, then its inverse is self
adjoint.

Proof. Write
〈
A−1y,x

〉
=
〈
A−1y,A(A−1x)

〉
=
〈
A(A−1y),A−1x

〉
=
〈
y,A−1x

〉
.

c The requirement that A be self adjoint is superfluous in a complex inner product space. See Prob-
lem 4.20.
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Proposition 4.26. If A:X → Y is a nonsingular linear operator between inner-
product spaces X and Y and has adjoint A∗, then A∗A is positive definite. If A∗A is
invertible, then (A∗A)−1 is self adjoint and positive definite.

Proof. Concerning the positive-definiteness of A∗A, write 〈A∗Ax,x
〉
= 〈Ax,Ax

〉
=

‖Ax‖2 ≥ 0, with equality if and only if Ax = 0; however, since A is nonsingular,
Ax = 0 if and only if x = 0. Hence, A∗A is positive definite. Since A∗A is self adjoint,
if it is invertible, then by the preceding proposition, its inverse is self adjoint. Finally,

〈
(A∗A)−1x,x

〉
=
〈
(A∗A)−1x,(A∗A)(A∗A)−1x

〉

=
〈
A(A∗A)−1x,A(A∗A)−1x

〉

= ‖A(A∗A)−1x‖2 ≥ 0,

and since A is nonsingular, equal to zero if and only if (A∗A)−1x = 0, which happens
if and only if x = 0.

4.5. Alternative Inner Products

Suppose that Q is a self-adjoint, positive-definite linear operator on an inner-
product space X . For x1,x2 ∈ X , put 〈x1,x2〉Q := 〈Qx1,x2〉. It is easy to check that
〈·, · 〉Q satisfies the properties of an inner product. Hence, we also have a correspond-
ing Q-norm, ‖x‖Q := 〈x,x〉1/2

Q = 〈Qx,x〉1/2.

Example 4.27. Recall that the equation of an ellipse is x2/a2 + y2/b2 = 1. This
can be rewritten in matrix-vector form as

[
x y

][
1/a2 0

0 1/b2

][
x
y

]
= 1.

If we denote the above 2×2 positive-definite matrix by Q, and we let 〈·, ·〉 denote the
standard inner product on IR2, then this equation can also be written as

〈
Q
[

x
y

]
,

[
x
y

]〉
= 1.

It follows that under this Q-norm on IR2, balls are ellipse shaped.

Example 4.28. The definition of projection of a point onto a set depends on the
norm being used to measure the distance from the point to the set. Consider the
ellipse-shaped ball,

BQ := {x : ‖x‖Q ≤ 1}.

January 11, 2020



72 4 Linear Operators

Now fix a point y /∈ BQ. If we measure the distance from y to BQ using the Q-
norm, then the projection of y onto BQ is easily seen to be y/‖y‖Q. However, if we
measure the distance from y to BQ using the original norm corresponding to 〈·, ·〉,
then the projection can be found using methods developed in the next chapter (see
Examples 5.22 and 5.23).

0

0

Figure 4.9. The point y (circle) has Q-norm projection given by the square and Euclidean-norm projection
given by the triangle.

Let A be a linear operator mapping X into another inner-product space Y . Recall-
ing that the adjoint depends on the inner product, let Ã denote the adjoint of A when
the Q-inner product is used on X . In other words, Ã should satisfy

〈Ax,y〉= 〈x, Ãy〉Q,

where the inner product on the left is the inner product on Y . It is easy to show that
Ã = Q−1A∗ if A∗ and Q−1 exist; e.g., if X is finite dimensional (apply Theorem 4.8
to Q and Theorem 4.15 to A).

To generalize the foregoing, let R be a self-adjoint, positive-definite linear oper-
ator on Y , and define a new inner product on Y by 〈y1,y2〉R := 〈Ry1,y2〉. Now let Ã
solve

〈Ax,y〉R = 〈x, Ãy〉Q.
It is easy to check that

Ã = Q−1A∗R.

Let A be a nonsingular linear operator from a finite-dimensional inner-product
space X into an inner-product space Y . By Example 4.17, the projection operator
onto the range of A is given by A(A∗A)−1A∗. Now suppose that we measure distance
in Y with the R-norm. If we also use the Q-inner product on X , the projection operator
is

A(ÃA)−1Ã = A(A∗RA)−1A∗R,

which does not depend on Q.
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4.5.1. Inner Products of Matrices

Example 4.29 (Best Linear Unbiased Estimate (BLUE)). In many situations, we
observe a random vector U , whose distribution is governed by an unknown parameter
ξ . Since we do not know ξ , we estimate it by computing a function of the observed
random vector U , and we denote the estimate by Ξ̂. If the estimate has the property
that E[Ξ̂] = ξ for all possible values of ξ , we say that the estimate is unbiased.
In this example, we consider an observation of the form U = Gξ +W , where W
is a random noise vector with zero-mean and known, positive-definite, covariance
matrix Q := E[WWH], and the matrix G is also known. The deterministic, unknown
parameter ξ is to be estimated using a linear system of the form Ξ̂ = XU . Since

E[Ξ̂] = E[XU ] = E[X(Gξ +W )] = XGξ +XE[W ] = XGξ

is equal to ξ for all ξ if and only if XG = I, we restrict attention to such matrices X .
Next, among such matrices, we seek the one that minimizes the mean-squared error
E[‖ξ − Ξ̂‖2] = E[‖ξ −XU‖2]. Since

ξ −XU = ξ −X(Gξ +W ) = (I−XG)ξ −XW,

for X satisfying XG = I, the mean-squared error simplifies tod

E[‖ξ −XU‖2] = E[‖XW‖2] = E[tr{(XW )H(XW )}] = E[tr{(XW )(XW )H}]
= trE[XWWHXH]

= tr(XE[WWH]XH)

= tr(XQXH).

It follows that we must solve the problem

min
X

tr(XQXH) subject to XG = I. (4.6)

We could try to solve this using Lagrange multipliers, or we could treat tr(XQXH) as
the “norm” of the matrix X and look for the minimum “norm” solution of the linear
equation XG = I, which we can solve using the methods of this chapter. With this as
motivation, we now turn to the details.

d Recall that the trace of a square matrix is the sum of its diagonal elements. If A is an m× n matrix
and B is an n×m matrix, then AB is an m×m square matrix, BA is an n×n square matrix, and tr(AB) =
tr(BA). For any column vector x, the inner product xHx is a scalar and therefore equal to its trace. Hence,
xHx = tr(xHx) = tr(xxH).
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If X and Y are matrices of the same size, then the standard inner product of X and
Y is

〈X ,Y 〉 := tr(XYH),

where tr denotes the trace (see previous footnote).
Now suppose that Q is a square matrix satisfying QH = Q. Then Q is self adjoint

when regarded as a linear operator on column vectors (recall Example 4.10). Simi-
larly, Q is positive definite if 〈Qx,x〉 > 0 for all nonzero x; in terms of matrices and
column vectors, this says that xHQx > 0 for all nonzero column vectors x. A matrix
Q with this property is said to be a positive-definite matrix. We now ask whether a
positive-definite matrix Q has the property that tr(QXXH)> 0 for all nonzero matri-
ces X . In other words, if Q is positive definite when regarded as a linear operator on
column vectors, does it follow that Q is positive definite when regarded as a linear
operator on matrices? The answer is “yes,” and can be seen as follows. Let Xk denote
the kth column of a matrix X . Then for m× n matrices X , if Q is m×m, we have
tr(QXXH) = tr(XHQX), which is equal to

tr







XH
1

...

XH
n




Q[X1| · · · |Xn]




= tr







XH
1 QX1 · · · XH

1 QXn
...

. . .
...

XH
n QX1 · · · XH

n QXn





=

n

∑
j=1

XH
j QX j.

It can similarly be shown that if Q is n× n, then 〈XQ,X〉 > 0 for all nonzero
matrices X .

Consider a mapping A: |Cm×n→ |Cp×q of the form AX := FXG for suitably sized
matrices F and G. Since

〈AX ,Y 〉= tr(FXGYH) = tr(XGYHF) = tr(X [FHY GH]H),

it is easy to show that that A∗Y = FHY GH with respect to the standard matrix inner
products. However, if Q = QH and xHQx > 0 for all nonzero column vectors x, then
with respect to the Q-inner product on |Cm×n, 〈X1,X2〉Q := 〈X1Q,X2〉 = tr(X1QXH

2 ),
it is easy to show that

A∗Z = FHZGHQ−1.

Now, given a matrix Y0, consider the problem of finding the minimum Q-norm solu-
tion of FXG = Y0.e With our definition of A, we know from Example 4.21 that the
optimal solution is X = A∗Z, where Z solves AA∗Z = Y0. So, we must solve

F(FHZGHQ−1)G = Y0.

e To solve (4.6), take F and Y0 to be identity matrices.
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Assuming FH and G are nonsingular, we have (cf. Theorems 4.13(d) and 4.8)

Z = (FFH)−1Y0(GHQ−1G)−1,

and then
X = A∗Z = FH(FFH)−1Y0(GHQ−1G)−1GHQ−1.

We can now write the solution of (4.6) by taking F and Y0 as identity matrices;
i.e.,

X = (GHQ−1G)−1GHQ−1.

Notes

Note 4.1. To show that (A∗y)(t) = 0 on [0,1], we analyze (4.4) when x(t) = 0
on [1,2]. Then, to show (A∗y)(t) = y(t) on [1,2], we analyze (4.4) when x(t) = 0 on
[0,1].

Suppose x(t) = 0 on [1,2], and observe that (4.4) simplifies to

0 =
∫ 1

0
x(t)(A∗y)(t)dt.

If we could take x(t) := (A∗y)(t) on [0,1] and x(t) = 0 on [1,2], this would show that
0 =

∫ 1
0 |(A∗y)(t)|2 dt, and it would follow that (A∗y)(t) = 0 on [0,1]. However, since

this choice of x may not be continuous at t = 1, we have to argue more carefully. Fix
any 0< t0 < 1 and write the above equation as

0 =
∫ t0

0
x(t)(A∗y)(t)dt +

∫ 1

t0
x(t)(A∗y)(t)dt.

Now take x(t) := (A∗y)(t) on [0, t0], and on (t0,1], let x(t) be the straight line con-
necting

(
t0,(A∗y)(t0)

)
to (1,0) as illustrated in Figure 4.10; note that we maintain

x(t) = 0 on [1,2]. Then the preceding equation becomes

(A∗y)(t)

t
0 1t0 2

x(t)

t
0 1t0 2

Figure 4.10. Given A∗y, construct x that is continuous on [0,2], equal to A∗y on [0, t0], and zero on [1,2].

0 =
∫ t0

0

∣∣(A∗y)(t)
∣∣2 dt +

∫ 1

t0
x(t)(A∗y)(t)dt. (4.7)
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Observe that the second integral is bounded by
∣∣∣∣
∫ 1

t0
x(t)(A∗y)(t)dt

∣∣∣∣≤ (1− t0) max
0≤t≤1

∣∣(A∗y)(t)
∣∣2,

which tends to zero as t0→ 1. Hence, taking t0→ 1 in (4.7) shows that

0 =
∫ 1

0

∣∣(A∗y)(t)
∣∣2 dt,

and it follows that (A∗y)(t) = 0 on [0,1].

Now suppose instead that x(t) = 0 on [0,1]. Then (4.4) becomes

∫ 2

1
x(t)y(t)dt =

∫ 2

1
x(t)(A∗y)(t)dt,

which we rearrange as

∫ 2

1
x(t)
[
y(t)− (A∗y)(t)

]
dt = 0. (4.8)

We would like to take x(t) = y(t)− (A∗y)(t) on [1,2] and x(t) = 0 on [0,1] because
then (4.8) would imply (A∗y)(t) = y(t) on [1,2]. However, this choice of x may
not be continuous at t = 1. Instead, fix any 1 < t1 < 2, and consider the waveform
x(t) := y(t)− (A∗y)(t) on [t1,2], and on [1, t1), let x(t) be the straight line connecting
(1,0) to

(
t1,y(t1)− (A∗y)(t1)

)
. We also put x(t) = 0 on [0,1]. Then (4.8) becomes

∫ t1

1
x(t)
[
y(t)− (A∗y)(t)

]
dt +

∫ 2

t1

∣∣y(t)− (A∗y)(t)
∣∣2dt = 0.

Similar to the derivation in the previous paragraph, we can show that the first integral
tends to zero as t1→ 1. It follows that (A∗y)(t) = y(t) on [1,2].

Problems

1. For x = [x1, . . . ,xn]
T ∈ IRn, define Ax ∈ IRn−1 by

(Ax)i := xi+1− xi, i = 1, . . . ,n−1.

(a) Find kerA.
(b) Determine whether or not A is onto.

2. Show that the kernel and the range of a linear operator are subspaces.
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3. Show that {Axr+1, . . . ,Axn} used in the proof of the Rank–Nullity Theorem is a
basis for the range of A.

4. Let A:X → Y be a linear operator. Given y ∈ Y , consider the problem of solving
Ax = y. Show that the solution set S := {x ∈ X : Ax = y} is affine.

5. Let X and Y be vector spaces, with A:X→Y and B:Y→X being linear operators.

(a) If BA = I, show that A is nonsingular.
(b) If BA = I and A is onto, show that AB = I. (Observe that we are using I

for two different objects. When we write BA = I, the symbol I denotes the
identity operator on X , but when we write AB = I, the symbol I denotes the
identity operator on Y .)

(c) If BA = I and X and Y are finite dimensional and have the same dimension,
show that AB = I.

Remark. The assumption in part (b) that A is onto is necessary. For example, if

A =




1 0
0 1
0 0


 and B =

[
1 0 0
0 1 0

]
,

then BA is the 2×2 identity matrix, but

AB =




1 0 0
0 1 0
0 0 0




is not the 3× 3 identity matrix. Notice that A is not onto since there is no x =
[u,v]T ∈ IR2 such that Ax = [0,0,1]T ∈ IR3.

6. Show that if 〈Ax,y〉= 〈x,A∗y〉 holds for all x and y, then A∗ is linear.

7. Let X denote the real vector space of all continuous, real-valued waveforms on
the interval [0,1] with inner product 〈x1,x2〉 :=

∫ 1
0 x1(t)x2(t)dt, x1,x2 ∈X . Define

the linear operator A : X → IR by

Ax :=
∫ 1

0
t2x(t)dt.

Treat IR as an inner product space with inner product 〈y1,y2〉 := y1y2 (i.e., or-
dinary multiplication of real numbers). Find a formula for (A∗y)(t), and when
y = 3, sketch a graph of (A∗y)(t).
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8. Let X denote the set of real-valued, finite-energy waveforms on [0,1], with the
usual inner product, 〈u,v〉 :=

∫ 1
0 u(t)v(t)dt for u,v ∈ X . Define A:X → X by

(Ax)(t) :=
∫ t

0
x(θ)dθ , 0≤ t ≤ 1.

Find (A∗y)(θ) for θ ∈ [0,1].

9. Let X = Y denote the set of all infinitely differentiable, real-valued waveforms x
on [0,T ] such that x and all its derivatives vanish at t = 0 and at t = T . Let the
inner product be given by 〈x1,x2〉 :=

∫ T
0 x1(t)x2(t)dt. Let (Ax)(t) := ẋ(t), where

ẋ(t) is the usual derivative of x(t) with respect to t. For y ∈ Y , find (A∗y)(t).

10. Let b1, . . . ,bm be vectors in a real inner product space Z, and define B:Z→ IRm

by

Bz :=



〈z,b1〉

...
〈z,bm〉


 .

Show that if IRm is equipped with the standard Euclidean inner product, then

B∗λ =
m

∑
i=1

λibi.

11. For the operator in Problem 4.1, find its adjoint if IRn and IRn−1 are each equipped
with the standard inner product.

12. Let X and Y be inner-product spaces, and let A:X→Y be a linear operator whose
adjoint A∗:Y → X exists.

(a) Show that kerA∗ = (rangeA)⊥.
(b) Show that (A∗)∗ = A.
(c) Show that kerA = (rangeA∗)⊥.
(d) Show that kerA∗A = kerA.
(e) Show that if rankA∗ < ∞ and A is nonsingular, then A∗ is onto. Hint: Use

the proof of Theorem 4.13(g) as a guide.
(f) Show that if dimY < ∞, then rankA and rankA∗ are both finite and equal

to each other. Hint: Use the proof of Theorem 4.13(h) as a guide.

13. Let A:X → Y be a linear transformation between inner-product spaces X and Y .
Assume that the adjoint A∗ exists. If A∗ is onto, show that A is nonsingular.
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14. Let A:X → Y be a linear transformation from a vector space X to a vector space
Y . Let G be a linearly independent subset of X . If A is nonsingular, show that
H := A(G) := {Ag : g ∈ G} is linearly independent.

15. Let X and Y be inner-product spaces, and let A:X → Y be a linear operator. We
say that A is inner-product preserving if 〈Ax1,Ax2〉= 〈x1,x2〉 for all x1,x2 ∈ X .

(a) Show that A is inner-product preserving if and only if A is norm preserving
in the sense that ‖Ax‖= ‖x‖ for all x ∈ X . Hint: The polarization identity
of Problem 3.4 may be helpful.

(b) If A has an adjoint, show that A is inner-product preserving if and only if
A∗A = I.

(c) Show that a norm-preserving operator is nonsingular.
(d) If A is inner-product-preserving and onto, show that A is invertible and

then that 〈Ax,y〉 = 〈x,A−1y〉. Hence, such an operator has an adjoint with
A∗ = A−1. You may not use part (b) to solve part (d).

(e) If A has an adjoint and A∗A = I, determine whether or not A is invertible.

16. Let A:X→Y be a linear operator between inner-product spaces, and assume that
A∗:Y → X and A−1:Y → X exist. Prove the following:

(a) If (A∗)−1 exists, then (A−1)∗ = (A∗)−1.
(b) If (A−1)∗ exists, then (A∗)−1 = (A−1)∗.

Hint for part (b): To show that (A−1)∗A∗ = I, it suffices to show that
y− (A−1)∗A∗y = 0. This holds if and only if 〈y− (A−1)∗A∗y,z〉 = 0 for
all z, which holds if and only if 〈(A−1)∗A∗y,z〉 = 〈y,z〉. Similarly show
A∗(A−1)∗ = I.

17. A linear, time-invariant system with causal impulse response h is given. Find a
causal input waveform x of minimum energy so that the system output at time
t = 1 is equal to y; i.e., find a minimum-energy waveform x so that

[∫ t

0
h(t− τ)x(τ)dτ

]∣∣∣∣
t=1

= y.

18. Let A: IRn→ IRm with m≥ n be a linear transformation given by an m×n matrix
with linearly independent columns. Let W ⊂ IRn be a nontrivial, proper subspace
of IRn (i.e., W 6= {0} and W 6= IRn). For x ∈ IRn, let x̂ denote the projection of x
onto W . Let

V := {Aw : w ∈W}.
Consider the statement:
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Given x /∈W , the projection of Ax onto V is given by Ax̂. (Use the
standard inner products on IRn and IRm.)

Is this statement:

(a) Always true?
(b) Sometimes true (give an example where it is true and another example

where it is not true)?
(c) Never true?

19. Suppose A is self adjoint and satisfies 〈Ax,x〉= 0 for all x. Show that Ax = 0 for
all x (in other words, A is the zero operator). Hint: Since 〈A(u+ v),u+ v〉 = 0
for all u and v, what can you say about 〈Au,v〉?

20. In a complex inner-product space X , if an operator A:X→X satisfies 〈Ax,x〉 ∈ IR
for all x∈ X , show that A is self adjoint. Hint: The hypothesis implies that for all
λ ∈ |C and all x,y ∈ X , we have 〈A(x+λy),x+λy〉 ∈ IR. Apply this observation
to λ = 1 and λ = j.

21. In a complex inner-product space X , let A:X → X be a linear operator, and put
f (x) := 〈Ax,x〉. Derive the generalized polarization identity

4〈Ax,y〉= f (x+ y)− f (x− y)+ j f (x+ jy)− j f (x− jy).

Use this result to show that if 〈Bx,x〉= 〈Cx,x〉 for all x, then B =C.

22. Derive the adjoint formula Ã = Q−1A∗R given in Section 4.5.

23. Let A be nonsingular, and let R be self adjoint and positive definite. Show that
A∗RA is nonsingular.

24. Interference Rejection. Consider a measurement of the form U = Γϕ +Λψ +W ,
where W is a random noise vector with zero mean and known, positive-definite
covariance matrix Q := E[WWH]. The matrices Γ and Λ are known, full rank,
and the combined matrix G := [Γ Λ] is also full rank. The term Γϕ represents
a desired signal, while the term Λψ represents structured interference. The
deterministic parameters ϕ and ψ are unknown, and it is desired to estimate ϕ
using a linear system of the form Φ̂ = XU , where the matrix X should minimize
E[‖ϕ− Φ̂‖2] subject to the constraints XΓ = I and XΛ = 0. For such X ,

E[‖ϕ− Φ̂‖2] = E[‖ϕ−X(Γϕ +Λψ +W )‖2] = E[‖XW‖2] = tr(XQXH).

Hence, among all X that preserve ϕ and remove ψ , we seek the one that mini-
mizes the residual error. Show that the optimal X is given by

[
I 0

]
(GHQ−1G)−1GHQ−1.
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Then put B := Q−1/2Γ, C := Q−1/2Λ, and use (3.14) to show that

(GHQ−1G)−1GHQ−1 =

[
(BHP⊥C B)−1BHP⊥C
(CHP⊥B C)−1CHP⊥B

]
Q−1/2.

25. Wronskians. Suppose functions x1, . . . ,xn are defined on a nonempty, open in-
terval J, and assume that each function is n− 1 times differentiable on J. For
t ∈ J, define the n×n matrix X(t) by [X(t)]`,k := x(`)k (t), where k = 1, . . . ,n and

` = 0, . . . ,n−1, and x(0)k (t) := xk(t). The Wronskian of x1, . . . ,xn is defined as
detX(t). This is a scalar-valued function of t ∈ J.

(a) Show that if x1, . . . ,xn are linearly dependent, then the Wronskian is iden-
tically zero on J.

(b) The converse of (a) is false; i.e., it is not true that if the Wronskian is
identically zero, then the functions must be linearly dependent. Show this
as follows. Consider x1(t) = t2 and x2(t) = |t| · t on some open interval
containing t = 0. This example was given by Peano [44].

Remark. The contrapositive of (a) is more useful: If the Wronskian is not iden-
tically zero, then the functions are linearly independent.

26. Wronskians and Linearly Independent Solutions of Differential Equations. Consider
the system of n coupled differential equations

y′1(t) = y2(t)

y′2(t) = y3(t)
...

y′n−1(t) = yn(t)

y′n(t) = h(t,y1(t), . . . ,yn(t)).

Using the vector notation y(t) := [y1(t), . . . ,yn(t)]T, we can write the system of
differential equations as the single vector differential equation y′(t) = h̃(t,y(t)),
where

h̃(t,z) :=




z2
...

zn
h(t,z1, . . . ,zn)


 , z := [z1, . . . ,zn]

T ∈ IRn.

Under suitable assumptions on h, there is a solution of the vector differential
equation with initial condition y(t0) = ξ ∈ IRn. Given a vector solution y(t), if
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we let x(t) denote the first component of y(t); i.e., x(t) := y1(t), then

x′(t) = y′1(t) = y2(t)

x′′(t) = y′2(t) = y3(t)
... (4.9)

x(n−1)(t) = yn(t)

x(n)(t) = y′n(t) = h(t,x(t),x′(t), . . . ,x(n−1)(t)).

There are two important observations here. First, the definition x(t) := y1(t)
together with the first n− 1 lines of (4.9) show that x(`)(t) = y`+1(t) for ` =
0, . . . ,n−1. Second, the last equation in (4.9) shows that

x(n)(t) = h(t,x(t),x′(t), . . . ,x(n−1)(t)).

In other words, x solves the above nth-order scalar differential equation. Now
the waveform x depends on the vector of initial conditions ξ used with y′(t) =
h̃(t,y(t)) and y(t0) = ξ . Let xk denote the waveform x when the initial condition
ξ = ek, the kth standard unit vector in IRn. Show that the solutions x1, . . . ,xn are
linearly independent.

Remark. Suppose that h̃(t,z) is linear in z and we let ky denote the solution
of y′(t) = h̃(t,y(t)) with initial condition y(t0) = ek. Then it is easy to check
that ∑

n
k=1 ξk · ky(t) solves the differential equation with initial condition ξ =

[ξ1, . . . ,ξn]
T. This can be seen by writing

( n

∑
k=1

ξk · ky(t)
)′

=
n

∑
k=1

ξk · ky′(t) =
n

∑
k=1

ξkh̃(t, ky(t)) = h̃
(

t,
n

∑
k=1

ξk · ky(t)
)

and noting that
( n

∑
k=1

ξk · ky(t)
)∣∣∣∣

t=t0

=
n

∑
k=1

ξk · ky(t0) =
n

∑
k=1

ξk · ek = ξ .

January 11, 2020



CHAPTER 5

Optimization

Consider a real-valued function f defined on an arbitrary subset X0 of an arbitrary
set X . We say that x0 ∈ X0 minimizes f on X0 if

f (x0)≤ f (x) for all x ∈ X0.

For example, the problem of minimizing f (x) = x lnx for x > 0 falls into this frame-
work if we put X = IR and X0 = (0,∞).

Sometimes, however, we want to restrict attention to a subset of X0 characterized
by a finite number of inequalities of the form hi(x)≤ 0, i = 1, . . . ,m, where each hi is
a real-valued function defined on X0. We say that x0 ∈ X0 minimizes f subject to the
constraints hi(x)≤ 0 for x ∈ X0 if

f (x0)≤ f (x) for all x ∈ X0 with hi(x)≤ 0, i = 1, . . . ,m.

Here f is called the objective function to distinguish it from the constraint func-
tions hi. For example, the problem of minimizing f (x,y) = x lnx+y lny for x> 0 and
y> 0 satisfying x2 +y2 ≤ 1 falls into this framework if we put X = IR2 and let X0 de-
note the strictly positive first quadrant; the objective function is f (x,y) = x lnx+y lny
and the constraint function is h(x,y) = x2 + y2−1.

Notation. We put

H(x) :=




h1(x)
...

hm(x)


 ,

and write H(x)≤ 0 to mean that hi(x)≤ 0 for i = 1, . . . ,m.

5.1. Introduction to Lagrange Multipliers

The generalization of the first quadrant in two-dimensional space to m-dimen-
sional space is the nonnegative orthant,

IRm
+ := {λ ∈ IRm : λi ≥ 0, i = 1, . . . ,m}.

The Lagrangian for the minimization problem subject to inequality constraints
is the function L : IRm

+×X0→ IR, defined by

L(λ ,x) := f (x)+λTH(x). (5.1)
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As we shall see, there is a close connection between unconstrained minimization of
the Lagrangian over X0 and minimization of f subject to the constraint H(x) ≤ 0
for x ∈ X0. In this section, we show that minimizing the Lagrangian is sufficient
to minimize f subject to the constraint. As we know from calculus, the solution of
minimization problems can often be made easier by using derivatives. For this reason,
we will study the derivative of the Lagrangian with respect to x in Section 5.3.

Theorem 5.1 (Inequality Constraints). If there exists a λ0 ∈ IRm
+ and an x0 ∈ X0

such that
H(x0)≤ 0 and λT

0 H(x0) = 0, (5.2)

and such that
L(λ0,x0)≤ L(λ0,x), for all x ∈ X0, (5.3)

then
f (x0)≤ f (x), for all x ∈ X0 with H(x)≤ 0. (5.4)

Proof. Since λ0 ∈ IRm
+, for every x ∈ X0 such that H(x)≤ 0, λT

0 H(x)≤ 0. Hence,
we can write

f (x) ≥ f (x)+λT
0 H(x)

= L(λ0,x)

≥ L(λ0,x0), by (5.3),
= f (x0)+λT

0 H(x0)

= f (x0), by (5.2).

Theorem 5.2 (Equality Constraints). Let G:X0 → Z, where Z is a real or com-
plex inner-product space. Put L(µ,x) := f (x)+Re〈µ,G(x)〉 for µ ∈ Z and x ∈ X0. If
there exists a µ0 ∈ Z and an x0 ∈ X0 such that G(x0) = 0 and

L(µ0,x0)≤ L(µ0,x), for all x ∈ X0, (5.5)

then
f (x0)≤ f (x), for all x ∈ X0 with G(x) = 0.

Proof. Let x ∈ X0 satisfy G(x) = 0. Then 〈µ0,G(x)〉= 0, and we can write

f (x) = f (x)+Re〈µ0,G(x)〉
= L(µ0,x)

≥ L(µ0,x0), by (5.5),
= f (x0)+Re〈µ0,G(x0)〉
= f (x0), since G(x0) = 0.
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Theorem 5.3 (Mixed Constraints). Let H:X0 → IRm, and let G:X0 → Z, where
Z is a real or complex inner-product space. Put L(λ ,µ,x) := f (x) + λTH(x) +
Re〈µ,G(x)〉. If there exists a λ0 ∈ IRm

+, a µ0 ∈ Z, and an x0 ∈ X0 such that (5.2)
holds, G(x0) = 0, and

L(λ0,µ0,x0)≤ L(λ0,µ0,x), for all x ∈ X0,

then
f (x0)≤ f (x), for all x ∈ X0 with H(x)≤ 0 and G(x) = 0.

Proof. Problem 5.2.

5.2. Convex Functions

A real-valued function f is said to be convex if the line joining any two points
(x, f (x)) and (y, f (y)) lies above the function values when the function argument
lies on the line joining x and y. This is illustrated in Figure 5.1. A quick sketch of

x y

Figure 5.1. A convex function (solid curve) and the straight line passing through (x, f (x)) and (y, f (y))
(dashed line).

the graphs of functions like f (x) = ex and f (x) = x2 provides additional examples.
Functions of two or more variables can also be convex. For example, the bowl-shaped
function f (x,y) = x2 + y2 shown in Figure 5.2 is convex.

A little reflection shows that we need to make our definition of convex function
more precise. In particular, we must guarantee that f is defined for all points on the
line joining x and y. A real-valued function f defined on a convex subset C of a real
or complex vector space X is said to be convex if a

f (λx+(1−λ )y)≤ λ f (x)+(1−λ ) f (y) (5.6)

a If f satisfies the reverse inequality, then f is said to be concave. Equivalently, f is concave if − f is
convex. Some authors do not use the term “concave.” Instead they write “convex ∩” for “concave,” and
they write “convex ∪” for “convex.” In this context, the symbol ∩ is read “cap,” and the symbol ∪ is read
“cup.”
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Figure 5.2. A convex function function of two variables and a line joining two points on its surface.

for all x,y ∈ C and all 0 ≤ λ ≤ 1. By induction, (5.6) extends to any finite convex
combination of points in C. Specifically, a convex function f on C satisfies

f
( n

∑
k=1

λkxk

)
≤

n

∑
k=1

λk f (xk) (5.7)

when each xk ∈C and the λk are nonnegative and sum to one (recall your solution of
Problem 2.23).

If (5.6) is strict for 0< λ < 1 and x 6= y, we say that f is strictly convex. A strictly
convex function can have at most one minimizer, but it may not have any minimizer
at all. For example, f (x) = x2 is uniquely minimized by x = 0, but f (x) = ex has no
minimizer.b

The inequality (5.6) can also be written as

f (y+λ (x− y))≤ f (y)+λ [ f (x)− f (y)].

Interchanging the roles of x and y yields

f (x+λ (y− x))≤ f (x)+λ [ f (y)− f (x)].

b Although ex ≥ 0 for all x ∈ IR, there is no x ∈ IR with ex = 0.
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If we rearrange this inequality, we find that

f (x+λ (y− x))− f (x)
λ

≤ f (y)− f (x).

Let us put

(D+ f )(x,y− x) := lim
λ↓0

f (x+λ (y− x))− f (x)
λ

, (5.8)

assuming this limit exists. When this limit exists, it is called the one-sided Gâteaux
derivative of f at x in the direction y− x. As we show near the end of the section,
for a convex function f , this limit always exists either as a finite number or as −∞.
Thus, for a convex function,

(D+ f )(x,y− x)≤ f (y)− f (x),

which we can rewrite as

f (y)≥ f (x)+(D+ f )(x,y− x). (5.9)

If there is a particular x ∈C for which the derivative in (5.9) is nonnegative for all
y∈C, then f (y)≥ f (x) for all y∈C; i.e., x is a minimizer of f on C. The converse is
also true; if x minimizes f on C, then the limit in (5.8) is nonnegative. We summarize
this finding precisely in the following theorem.

Theorem 5.4. Let f be a convex function defined on a convex subset C of a real
or complex vector space. A point x ∈C satisfies (D+ f )(x,y− x) ≥ 0 for all y ∈C if
and only if x minimizes f on C.

If X = IR and C is an interval, y− x is a number. This means that we can write
(5.8) as

f (x+λ (y− x))− f (x)
λ (y− x)

(y− x)→ f ′(x)(y− x),

assuming that f is differentiable in the usual sense for functions of one variable. In
this case, we have (D+ f )(x,y− x) = f ′(x)(y− x).

Example 5.5. Consider the problem of minimizing the function f (x) = e−x for
x∈ [0,1]. Let us use Theorem 5.4 to show that the solution of this problem is achieved
by x = 1. First, we must show f is convex. This can be done by the same reasoning
that will be used later in Problem 5.15. It remains to show that (D+ f )(1,y−1) ≥ 0
for y ∈ [0,1]. We simply observe that (D+ f )(1,y−1) = f ′(1)(y−1) =−e−1(y−1)
is greater than or equal to zero for y ∈ [0,1]. Hence, x = 1 minimizes f on [0,1].
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Just as we have related the Gâteaux derivative of a function of one variable to the
ordinary derivative, we can relate the Gâteaux derivative of a function of n variables
to ordinary partial derivatives.

Theorem 5.6. Let f be a real-valued function defined on an open subset U of
IRn; e.g., U = IRn. Denote the partial derivative of f with respect to its kth variable
by fk. If f1, . . . , fn exist and are continuous on U, then

(D+ f )(x,∆x) =
n

∑
k=1

fk(x)∆xk

for all x ∈U and all ∆x = [∆x1, . . . ,∆xn]
T ∈ IRn.

Proof. See the remark following Note 5.1 at the end of the chapter.

Example 5.7. Use Theorem 5.4 to find (x,y) ∈ IR2
+ to minimize the function

f (x,y) := (x+1)2 +(y−2)2.

Solution. By Problem 5.3, IR2
+ is a convex set. We will show later in Exam-

ple 5.21 that f is convex. The minimum of f over IR2 occurs at x = −1 and y = 2.
However, our job is to minimize f (x,y) over x,y≥ 0. By Theorem 5.6,

(D+ f )(x0,y0,x− x0,y− y0) = 2(x0 +1)(x− x0)+2(y0−2)(y− y0).

This will be zero for all x and y if x0 =−1 and y0 = 2. However, (−1,2) does not lie
in IR2

+, which is the set over which we minimizing f . Let us try x0 = 0 and y0 = 2.
Then

(D+ f )(x0,y0,x− x0,y− y0) = 2x,

which is nonnegative for all x under consideration. Hence, (0,2) minimizes f over
IR2

+.

In the preceding example, we minimized f over the set IR2
+, which is not open.

Fortunately f was defined on all of IR2 and we could use Theorem 5.6 to compute
the Gâteaux derivative. However, sometimes the function that we want to minimize
is defined only on a non-open set. In this case, the partial derivatives may be −∞ on
the boundary. The following result modifies Theorem 5.6 to handle this case.

Theorem 5.8. Let f be a convex function defined on IRn
+. Assume that for each

x = [x1, . . . ,xn]
T ∈ IRn

+ with xk > 0, the partial derivative of f with respect to its kth
variable, denoted by fk(x), exists as a finite number. If xk = 0, we take fk(x) to be

lim
t↓0

f (x1, . . . ,xk−1, t,xk+1, . . . ,xn)− f (x)
t

,
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which is the Gâteaux derivative of f in the direction of the kth standard unit vector
in IRn. As we have seen, this limit may be −∞. We assume that for all x ∈ IRn

+,

lim
w∈IRn

+,w→x
fk(w) = fk(x),

where the right-hand side may be −∞ if xk = 0. If x ∈ IRn
+ is such that all the partial

derivatives fk(x) are finite, then

(D+ f )(x,y− x) =
n

∑
k=1

fk(x)(yk− xk)

for all y = [y1, . . . ,yn]
T ∈ IRn

+.

Proof. See the Notes at the end of the chapter.1

Existence of the Limit in (5.8)

Theorem 5.9. A convex function f on a convex set C has a one-sided Gâteaux
derivative at every x ∈C in the direction y− x for every y ∈C if we allow −∞ as a
possible value of the derivative.

Proof. If we can show that the quotient in (5.8) is a nonincreasing function of λ ,
then as λ ↓ 0, either the quotients tend to−∞ or they are bounded below. In the latter
case, the quotients tend to a finite limit (see Problem 5.30 for precise details). To
show that the quotients are nonincreasing, we must show that for 0< λ1 < λ2 ≤ 1,

f (x+λ1(y− x))− f (x)
λ1

≤ f (x+λ2(y− x))− f (x)
λ2

. (5.10)

Put y1 := x+λ1(y− x) and y2 := x+λ2(y− x). Rearrange the second definition as
y− x = (y2− x)/λ2 and substitute this into the first definition so that

y1 = x+
λ1

λ2
(y2− x).

Since 0< λ1/λ2 < 1, and since f is convex,

f (y1)≤ f (x)+
λ1

λ2
[ f (y2)− f (x)],

which we can rearrange as (5.10) as required.
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Theorem 5.10. Let f be a convex function on an interval I of the real line. If a
and b are interior points of I with a < b, then f is Lipschitz continuous on [a,b].
Hence, if x is not an endpoint of I, then f is continuous at x. Also, if x is not an
endpoint of I, then f has finite left and right derivatives at x, denoted by f ′−(x) and
f ′+(x), respectively, satisfying f ′−(x)≤ f ′+(x). Furthermore,

f (y)≥ f (x)+ f ′±(x)(y− x), y ∈ I.

Finally, f ′− and f ′+ are nondecreasing.

Proof. See the Notes at the end of the chapter.2

Example 5.11. Let X = IR and consider the convex set C = [0,∞). Define the
real-valued function f on C by

f (x) :=
{

x lnx, x> 0,
0, x = 0,

0 1/2 1
−1/2

0

1/2

which is shown in the figure at the right. You will show that f is convex in Prob-
lem 5.16. Here we simply show that when x = 0, (D+ f )(x,y− x) = −∞. For x = 0
and y> 0,

f
(
x+λ (y− x)

)
− f (x) = f (λy)− f (0) = f (λy) = λy ln(λy),

and so
f
(
x+λ (y− x)

)
− f (x)

λ
=

λy ln(λy)
λ

= y ln(λy)→−∞

as λ ↓ 0.

Example 5.12. The assumption in Theorem 5.10 that x is not an endpoint of the
interval is critical for continuity. Consider the function on [0,∞) defined by f (0) := 1
and f (x) := 0 for x> 0. Then f is convex, but not continuous at the endpoint x = 0.

Theorem 5.13 (Jensen’s Inequality). Let f be a convex function defined on an
interval, and let X be a random variable taking values in that interval. If E[|X |]<∞,
then

E[ f (X)]≥ f (E[X ]),

where the left-hand side may be +∞, but cannot be −∞.
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Proof. A general proof is given in the Notes at the end of the chapter.3 Here we
point out that if X is a discrete random variable taking finitely many distinct values
x1, . . . ,xn with probabilities λk := P(X = xk), then

E[ f (X)] =
n

∑
k=1

f (xk)P(X = xk) =
n

∑
k=1

λk f (xk),

while E[X ] = ∑k xkP(X = xk) = ∑k λkxk. Thus, (5.7) is exactly Jensen’s inequality.

5.2.1. The Gradient Descent Algorithm

Consider the convex function f shown in Figure 5.3. We would like to develop

xnxn+1x∗

f (xn)

f (xn+1)

Figure 5.3. A convex function f that is minimized by x∗ and a sequence xn for which f (xn)→ f (x∗). We
do not require that xn→ x∗.

an algorithm to generate points xn for which f (xn) decreases to f (x∗), the minimum
value of f . Since f may be flat, there may be many minimizers x∗, and so we cannot
expect that xn will converge to a particular one.

To begin, suppose that the function f is differentiable on a real inner-product
space X . Given a point xn and corresponding value f (xn), the value of f at a nearby
point x is approximated by (Problem 5.21)

f (x)≈ f (xn)+ 〈x− xn,∇xn f 〉.

This suggests that we put

xn+1 = argmin
x

[
f (xn)+ 〈x− xn,∇xn f 〉+α‖x− xn‖2],

where α > 0 is a regularization parameter. The inclusion of the term α‖x− xn‖2

forces the minimizer to be close to xn, which is where the above approximation is
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valid. To find xn+1, note that the quantity in brackets is quadratic in x. It follows thatc

xn+1 = xn− 1
2α ∇xn f .

Setting η := 1/(2α) yields the gradient descent algorithm,

xn+1 = xn−η∇xn f ,

where η > 0 is a called the step size.

Example 5.14 (Gradient Descent and the Projection Problem). Projecting a vec-
tor y0 ∈ Y onto the range of an operator A:X → Y corresponds to minimizing the
function f (x) := ‖y0−Ax‖2. We saw in Section 4.3.2 that under suitable assump-
tions, the minimizer is given by x0 = (A∗A)−1A∗y0. However, the numerical imple-
mentation of this formula can involve considerable challenges. For this reason, a
common alternative is to approximate x0 using the gradient descent algorithm. To do
this, we need a formula for ∇x f . Expanding f (x) = ‖y0‖2−2〈x,A∗y0〉+ 〈Ax,Ax〉, it
is not hard to show that ∇x f = 2A∗(Ax−y0) (cf. Problem 5.21). The gradient descent
algorithm becomes

xn+1 = xn +2ηA∗(y0−Axn).

It is sometimes convenient to write this as a pair equations so that we can keep track
of the error en := y0−Axn; i.e.,

en = y0−Axn

xn+1 = xn +2ηA∗en.

Theorem 5.15 (Gradient Descent). Let f be an L-smooth (Problem 5.24) convex
function defined on a real inner product space X. If x∗ = argminx f (x), then the
gradient descent algorithm starting at x0 and using step size η = 1/L satisfiesd

f (xn)− f (x∗)≤ 2L
n
‖x0− x∗‖2.

c There are two ways to see this. One way is to complete the square by writing

〈x− xn,∇xn f 〉+α‖x− xn‖2 = α
[
‖x− xn‖2 +2〈x− xn,

1
2α ∇xn f 〉+‖ 1

2α ∇xn f‖2]−α‖ 1
2α ∇xn f‖2

= α‖(x− xn)+
1

2α ∇xn f‖2−α‖ 1
2α ∇xn f‖2.

The other way is to take the gradient of the above left-hand side with respect to x. The desired gradient is
∇xn f +2α(x− xn) (see the Remarks in Problem 5.21). Setting this equal to zero and solving for x yields
the asserted value of xn+1.

d Any 0 < η < 2/L will make the error decay like 1/n. However, taking η closer to 2/L makes the
constant multiplying (1/n) larger.
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Proof. Consider two steps xk and xk+1 = xk−η∇xk f . We first show that ‖xk−x∗‖
is strictly decreasing in k. Write

‖xk+1− x∗‖2 = ‖(xk−η∇xk f )− x∗‖2

= ‖(xk− x∗)−η∇xk f )‖2

= ‖xk− x∗‖2−2η〈xk− x∗,∇xk f 〉+η2‖∇xk f‖2

= ‖xk− x∗‖2−2η〈xk− x∗,∇xk f −∇x∗ f 〉+η2‖∇xk f‖2,

since ∇x∗ f = 0 on account of the assumption that x∗ minimizes f on X (see the
Remark in Problem 5.22). Next, use the lower bound

〈xk− x∗,∇xk f −∇x∗ f 〉 ≥ 1
L‖∇xk f −∇x∗ f‖2, by Problem 5.26,

to write

‖xk+1− x∗‖2 ≤ ‖xk− x∗‖2−2η · 1
L‖∇xk f −∇x∗ f‖2 +η2‖∇xk f‖2

= ‖xk− x∗‖2− (2/L2)‖∇xk f‖2 +‖∇xk f‖2/L2, since η = 1/L,

≤ ‖xk− x∗‖2−‖∇xk f‖2/L2.

Hence ‖xk− x∗‖ is strictly decreasing.
Our second task is to upper bound f (xk+1)− f (x∗) in terms of f (xk)− f (x∗).

Since xk+1− xk = −η∇xk f , and since f is L-smooth, we have from (5.36) in Prob-
lem 5.24 that

f (xk+1) ≤ f (xk)−η‖∇xk f‖2 + L
2 η2‖∇xk f‖2

= f (xk)− 1
L‖∇xk f‖2 + 1

2L‖∇xk f‖2, since η = 1/L,

= f (xk)− 1
2L‖∇xk f‖2.

Now subtract f (x∗) from both sides to get

f (xk+1)− f (x∗)≤ f (xk)− f (x∗)− 1
2L‖∇xk f‖2.

To make the right-hand side larger, we need a lower bound on the gradient term. We
can obtain this by using the convexity of f to write

f (x∗) ≥ f (xk)+ 〈xk− x∗,∇xk f 〉
≥ f (xk)−

∣∣〈xk− x∗,∇xk f 〉
∣∣

≥ f (xk)−‖xk− x∗‖‖∇xk f‖
≥ f (xk)−‖x0− x∗‖‖∇xk f‖, since ‖xk− x∗‖ is decreasing.
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It follows that

‖∇xk f‖ ≥ f (xk)− f (x∗)
‖x0− x∗‖ .

Noting that the right-hand side is nonnegative since x∗ minimizes f , it follows that

f (xk+1)− f (x∗)≤ f (xk)− f (x∗)− 1
2L
· [ f (xk)− f (x∗)]2

‖x0− x∗‖2 .

To make further progress, put ∆k := f (xk)− f (x∗) and λ := 1/(2L‖x0− x∗‖2) so
that the above inequality takes the form ∆k+1 ≤ ∆k− λ∆2

k . This inequality tells us
two things. First, ∆k+1 < ∆k. Second, it can be rewritten as

λ
∆k

∆k+1
≤ 1

∆k+1
− 1

∆k
.

Combining this with ∆k+1 < ∆k yields λ < 1/∆k+1−1/∆k. Hence,

1
∆n
≥ 1

∆n−1
+λ ≥ 1

∆n−2
+2λ ≥ ·· · ≥ 1

∆0
+nλ ≥ nλ .

It follows that ∆n ≤ 1/(nλ ) = 2L‖x0− x∗‖2/n.

5.3. Lagrange Multipliers and Derivatives

We return to the optimization problems considered in Section 5.1.

Theorem 5.16. Let X0 be a convex subset of a real or complex vector space X.
Assume that each of the real-valued functions f , h1, . . . , hm is convex on X0. Suppose
there is a point x0 ∈ X0 and a λ0 ∈ IRm

+ such that

H(x0)≤ 0 and λT
0 H(x0) = 0. (5.11)

Suppose also that the Lagrangian in (5.1) satisfiese(D+
x L)(λ0,x0,y− x0) ≥ 0 for all

y ∈ X0. Then f (x0)≤ f (y) for all y ∈ X0 with H(y)≤ 0.

Proof. This is a simple application of Theorem 5.1 and the convexity property
(5.9) applied to the Lagrangian. First note that (5.11) is the same as (5.2). It then
suffices to establish that (5.3) holds. Since f and the hi are convex, the Lagrangian
L(λ ,x) is convex in x for λ ∈ IRm

+ (Problem 5.32). Hence,

L(λ0,y)≥ L(λ0,x0)+(D+
x L)(λ0,x0,y− x0)

e The notatation (D+
x L) indicates that the operator D+ acts on the second argument of the Lagrangian.
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holds for all y ∈ X0. By hypothesis, the Gâteaux derivative is nonnegative, and so
(5.3) follows as required.

Remark. The foregoing proof uses the convexity of f and the hi only to show that
for all λ ∈ IRm

+, the Lagrangian L(λ , ·) is convex on X0. However, all we really need
is that for the particular λ0 of interest, L(λ0, ·) is convex on X0.

Theorem 5.17. Let X and Z be vector spaces, both real or both complex, with Z
being an inner-product space. Let X0 be a convex subset of X. Assume that each of the
real-valued functions f , h1, . . . , hm is convex on X0. In addition, let G(x) = Ax+ b,
where b∈ Z and A:X→ Z is linear. Suppose there exist x0 ∈X0, λ0 ∈ IRm

+, and µ0 ∈ Z
such that

H(x0)≤ 0, λT
0 H(x0) = 0, and G(x0) = 0.

Suppose also that the Lagrangian

L(λ ,µ,x) := f (x)+λTH(x)+Re〈µ,G(x)〉

satisfies (D+
x L)(λ0,µ0,x0,y−x0)≥ 0 for all y ∈ X0. Then f (x0)≤ f (y) for all y ∈ X0

with H(y)≤ 0 and G(y) = 0.

Proof. Problem 5.32.

Examples

Example 5.18. We again consider the problem of minimizing f (x) = e−x for x ∈
[0,1]. To apply Theorem 5.16, we must select an appropriate convex set X0 and
appropriate constraint functions hi(x). There is more than one way to do this. For
the first way, we choose X0 = [0,∞) and h1(x) := x− 1 ≤ 0. We already noted that
f is convex. It is easy to check that h1 is convex. The corresponding Lagrangian is
L(λ ,x) = f (x)+λ (x−1), from which it follows that

(D+
x L)(λ ,x,y− x) = [ f ′(x)+λ ](y− x) = [−e−x +λ ](y− x). (5.12)

We need this to be nonnegative for all y ∈ [0,∞). By (5.11), we also need λ (x−1) =
0. If x = 0, then λ = 0 and (5.12) becomes −y, which is negative for y > 0. Hence,
x = 0 does not satisfy the conditions of the theorem. Suppose x > 0. Then y− x can
be positive or negative as y varies over [0,∞). To make the Gâteaux derivative in
(5.12) nonnegative for all such y, we must make e−x = λ ; in particular, this means
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λ > 0. To satisfy λ (x−1) = 0 then requires x = 1. We have now met the conditions
of the theorem and so we may conclude that x = 1 minimizes e−x on [0,∞) subject to
the constraint x≤ 1.

We now turn to a second way to apply Theorem 5.16. This time we take X0 = IR,
h1(x) := x− 1 ≤ 0 and h2(x) = −x ≤ 0. We know that f and h1 are convex. It is
easy to check that h2 is also convex. Because there are two constraints, we need two
Lagrange multipliers. The Lagrangian is L(λ1,λ2,x) = f (x)+λ1(x− 1)+λ2(−x),
and

(D+
x L)(λ1,λ2,x,y− x) = [−e−x +λ1−λ2](y− x).

Since y ∈ IR, y− x can be positive or negative. To make the Gâteaux derivative
nonnegative for all y ∈ IR requires

e−x = λ1−λ2. (5.13)

We also need nonnegative λ1 and λ2 satisfying λ1(x− 1)+ λ2(−x) = 0, which we
rewrite as

λ1(x−1) = λ2x. (5.14)

The constraint inequalities h1(x) = x− 1 ≤ 0 and h2(x) = −x ≤ 0 imply 0 ≤ x ≤ 1.
If x = 0, then (5.14) implies λ1 = 0 and (5.13) becomes 1 =−λ2, which contradicts
λ2 ≥ 0. If 0 < x < 1, then (5.14) implies that either the multipliers have opposite
signs, which we cannot allow, or they are both zero, which contradicts (5.13). Hence,
the only possible choice for x is x = 1. In this case, (5.14) implies λ2 = 0, and then
(5.13) gives λ1 = e−1 > 0. Thus, x = 1 minimizes f subject to the constraints.

To do more interesting examples, we need to compute Gâteaux derivatives for
more complicated functions. If f is a convex function defined on the whole space
X , then we will need to compute (D+ f )(x,y− x) for all y ∈ X . Hence, it suffices to
compute (D+ f )(x,∆x) for arbitrary ∆x ∈ X .

Example 5.19. Consider the function f (x) = Re〈Ax,z〉, where A:X → Z is a lin-
ear operator, Z is an inner-product space, and z ∈ Z is given. Show that f is convex,
and show that

(D+ f )(x,∆x) = Re〈A∆x,z〉.
If X is also an inner-product space and A∗ exists, then (D+ f )(x,∆x) = Re〈∆x,A∗z〉.

Solution. To establish convexity, fix x,y ∈ X and 0≤ λ ≤ 1. Then

f
(
λx+(1−λ )y

)
= Re〈A[λx+(1−λ )y],z〉
= Re{λ 〈Ax,z〉+(1−λ )〈Ay,z〉}
= λ Re〈Ax,z〉+(1−λ )Re〈Ay,z〉, since λ is real,
= λ f (x)+(1−λ ) f (y).
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To compute the Gâteaux derivative, observe that

f (x+λ∆x)− f (x) = Re〈A(x+λ∆x),z〉−Re〈Ax,z〉= λ Re〈A∆x,z〉.
Hence,

lim
λ↓0

f (x+λ∆x)− f (x)
λ

= lim
λ↓0

Re〈A∆x,z〉= Re〈A∆x,z〉.

Example 5.20. Assume X is an inner-product space and that B:X → X is a self-
adjoint, positive-semidefinite, linear operator. Show that f (x) := 〈Bx,x〉 is convex on
X and that

(D+ f )(x,∆x) = 2Re〈∆x,Bx〉.
We note that it will frequently be the case that B = A∗A where A:X → Y and Y is
another inner-product space such that A∗:Y → X exists. In this case, f (x) = 〈Ax,Ax〉,
and (D+ f )(x,∆x) = 2Re〈∆x,A∗Ax〉.

Solution. First note that since B is self adjoint, f is real valued, which is a pre-
requisite for f to be convex. To establish convexity, fix x,y ∈ X and 0≤ λ ≤ 1. Note
that λ 2 ≤ λ . Then

f
(
x+λ (y− x)

)
=
〈
B[x+λ (y− x)],x+λ (y− x)

〉

= 〈Bx,x〉+λ 〈B(y− x),x〉+λ 〈Bx,y− x〉+λ 2〈B(y− x),y− x〉
≤ 〈Bx,x〉+λ 〈B(y− x),x〉+λ 〈Bx,y− x〉+λ 〈B(y− x),y− x〉,

where the last step uses the facts that λ 2 ≤ λ and 〈B(y− x),y− x〉 ≥ 0 (since B is
positive semidefinite).f Combine the second and fourth inner products to get 〈B(y−
x),y〉. Adding this to the third inner product yields λ [〈By,y〉−〈Bx,x〉]. It now follows
that

f
(
x+λ (y− x)

)
≤ f (x)+λ [ f (y)− f (x)].

Next, we compute the Gâteaux derivative. Observe that

f (x+λ∆x)− f (x) = 〈B[x+λ∆x],x+λ∆x〉−〈Bx,x〉
= λ 〈B∆x,x〉+λ 〈Bx,∆x〉+λ 2〈B∆x,∆x〉
= 2λ Re〈∆x,Bx〉+λ 2〈B∆x,∆x〉, since B is self adjoint.

It now follows that
f (x+λ∆x)− f (x)

λ
−2Re〈∆x,Bx〉= λ 〈B∆x,∆x〉,

which goes to zero as λ ↓ 0.

f If B is positive definite, then f is strictly convex. This can be seen by considering x 6= y, 0 < λ < 1,
and observing that λ 2〈B(y− x),y− x〉< λ 〈B(y− x),y− x〉.
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Example 5.21. Show that f (u,v) := (u+ 1)2 +(v− 2)2 is a convex function on
IR2.

Solution. The first step is to observe that

f (u,v) =
∥∥∥∥
[

u
v

]
−
[
−1

2

]∥∥∥∥
2

IR2
.

If we put x = [u,v]T and y = [−1,2]T, then f has the form

‖x− y‖2 = 〈x− y,x− y〉= 〈x,x〉−2〈x,y〉+ 〈y,y〉.

By Example 5.20, 〈x,x〉 is convex. By Example 5.19, 〈x,y〉 is a convex function of x.
The last term is a constant function of x and is convex. By Problem 5.18, the sum of
these terms is convex.

5.3.1. Norm Constrained Least Squares

Example 5.22 (Quadratically Constrained Least Squares). Consider the problem

min
x∈X
‖y−Ax‖ subject to ‖Qx‖2 ≤ b,

where X and Y are inner-product spaces, A:X→Y and Q:X→ X are linear operators,
and y ∈ Y and b ≥ 0 are given. Assume that the adjoints A∗ and Q∗ exist. This is
a common problem in communications and signal processing. The problem arises
whenever the system output y is given, and the goal is to design a system input x to
achieve Ax ≈ y as closely as possible, given a constraint on the energy available for
x. The first step is to realize that the problem is unchanged if we replace ‖y−Ax‖ by
‖y−Ax‖2. Next, to apply Theorem 5.16, we first put

f (x) = ‖y−Ax‖2 = 〈y−Ax,y−Ax〉= ‖y‖2−2Re〈Ax,y〉+ 〈Ax,Ax〉.

By the same argument as in Example 5.20, f is convex. Next, we put H(x) :=
‖Qx‖2 − b = 〈Qx,Qx〉 − b. By Example 5.20, H is also convex. With L(λ ,x) =
f (x)+λH(x), we have from Examples 5.19 and 5.20 that

(D+
x L)(λ ,x,∆x) = −2Re〈∆x,A∗y〉+2Re〈∆x,A∗Ax〉+λ2Re〈∆x,Q∗Qx〉

= 2Re〈∆x,−A∗y+A∗Ax+λQ∗Qx〉.

In order for this to be zero for all ∆x ∈ X , it is necessary and sufficient that the right-
hand argument of the inner product be zero; i.e.,

(λQ∗Q+A∗A)x = A∗y. (5.15)
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We denote a solution of this equation by xλ . When λ = 0, we must solve A∗Ax = A∗y.
This is the equation considered in Lemma 4.16 If a solution x0 exists, we must check
to see if ‖Qx0‖2 ≤ b. If this is so, the unconstrained solution solves the constrained
problem and we are finished. If ‖Qx0‖2 > b, we must try to solve (5.15) for positive
values of λ . To satisfy the condition λ (‖Qx‖2− b) = 0 with positive λ , we must
adjust λ so that ‖Qxλ‖2 = b. In other words, we must solve (5.15) for increasing
values of λ until ‖Qxλ‖2 drops to b.

Example 5.23 (Projection onto an Ellipse). Recall the problem of projecting onto
an ellipse as discussed in Example 4.28.

If we measure the distance from y to the ellipse BQ in the Q-norm, then we must
solve

min
x∈X
‖y− x‖Q subject to ‖x‖2

Q ≤ 1.

In this case,
L(λ ,x) = 〈Q(y− x),y− x〉+λ (〈Qx,x〉−1),

and (5.15) becomes (λ +1)Qx=Qy. Rewriting this as Q(y−(1+λ )x) = 0 and using
the fact that Q is nonsingular, we conclude that x = y/(1+λ ). If ‖y‖Q > 1, then we
must have 1+λ = ‖y‖Q.

Now suppose we measure the distance from y to BQ in the norm induced by the
original inner product. Then we must solve

min
x∈X
‖y− x‖ subject to ‖x‖2

Q ≤ 1.

In this case,
L(λ ,x) = 〈y− x,y− x〉+λ (〈Qx,x〉−1),

and (5.15) becomes (λQ+ I)x = y.

Example 5.24 (1-norm Constrained Least Squares). Consider the problem

min
x∈IRn
‖y−Ax‖ subject to ‖x‖1 ≤ b,

where ‖x‖1 := |x1|+ · · ·+ |xn| is the 1-norm on IRn. We recast the problem as follows.
First observe that

n

∑
k=1
|xk| ≤ b ⇔ ∃θk ≥ 0 with |xk| ≤ θk and

n

∑
k=1

θk ≤ b.
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The implication⇒ follows by taking θk := |xk|. The reverse implication is obvious.
Since the condition |xk| ≤ θk is equivalent to the pair of conditions xk ≤ θk and−xk ≤
θk, the original problem is equivalent to

min
x∈IRn,θ∈IRn

‖y−Ax‖2 subject to
n

∑
k=1

θk ≤ b and
{

xk−θk ≤ 0,
−xk−θk ≤ 0, k = 1, . . . ,n.

We can rewrite this as follows. Put z = [xT,θT]T, s := [01×n,11×n]
T ∈ IR2n,

Ã :=
[

A 0m×n
]
∈ IRm×2n, and H :=

[
In −In
−In −In

]
∈ IR2n×2n.

With this notation, the above formulation is equivalent to

min
z∈IR2n

‖y− Ãz‖2 subject to 〈z,s〉 ≤ b and Hz≤ 0.

This is a quadratic programming problem, which can be solved using the MATLAB
function quadprog.

5.3.2. Water-Filling

Example 5.25 (Water-Filling: Existence of a Solution). Consider the problem

max
x∈IRn

+

n

∑
k=1

Fk(xk) subject to
n

∑
k=1

xk ≤ P,

where P > 0 is a given constant and the Fk are real-valued, concave functions on
[0,∞) that satisfy some additional conditions mentioned below. A classical water-
filling problem arises in determining the capacity of parallel Gaussian channels in
information theory [10]. In that problem,

Fk(t) = ln
(

1+
t

Nk

)
, t ≥ 0, (5.16)

where Nk is the noise power in the kth channel. The key features of the Fk that
we need to solve the general problem are that their derivatives, denoted by fk, be
positive, strictly decreasing, continuous, and satisfy fk(t)→ 0 as t→∞. Under these
assumptions,

Mk := fk(0)> 0

is the maximum value of fk on [0,∞). Since fk is stricly decreasing, it is a one-to-
one mapping of [0,∞) to (0,Mk]. In fact, since derivatives have the intermediate-
value property [35, p. 108, Th. 5.12], fk is onto.g Therefore, f−1

k :(0,Mk]→ [0,∞)

g Alternatively, since we have assumed that the fk are continuous, we could have appealed to the
intermediate-value property of continuous functions [35, p. 93, Th. 4.23].
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exists and is strictly decreasing (Problem 6.61(a)). For future reference, note that
f−1
k (Mk) = 0. When Fk is given by (5.16), fk(t) = 1/(t +Nk), Mk = fk(0) = 1/Nk,

and f−1
k (s) = (1/s)−Nk.

We now turn to the optimization. First, maximizing ∑k Fk(xk) is the same as
minimizing −∑k Fk(xk). Since the Fk are concave, the −Fk are convex. Hence,
−∑

n
k=1 Fk(xk) is convex by Problem 5.18. Since H(x) := ∑k xk−P is also convex,

we can apply Theorem 5.16. The Lagrangian is

L(λ ,x) :=−
n

∑
k=1

Fk(xk)+λ
( n

∑
k=1

xk−P
)
.

We must find λ ≥ 0 and x ∈ IRn
+ satisfying the three conditions

n

∑
k=1

xk ≤ P, λ
( n

∑
k=1

xk−P
)
= 0,

and

(D+
x L)(λ ,x,y− x) =

n

∑
k=1

[
λ − fk(xk)

]
(yk− xk)≥ 0, for all y ∈ IRn

+.

We first argue that λ = 0 is not going to work because the fk are all positive. To see
this, suppose λ = 0 and each yk > xk. Then

n

∑
k=1

[
λ − fk(xk)

]
(yk− xk) =−

n

∑
k=1

fk(xk)(yk− xk)< 0.

So fix a λ > 0, and consider a k for which Mk < λ . For such k, if we take xk = 0, then
[
λ − fk(xk)

]
(yk− xk) =

[
λ − fk(xk)

]
yk ≥ [λ −Mk]yk ≥ 0, for yk ≥ 0.

For k with Mk ≥ λ , λ is in the domain of f−1
k and we can take xk = f−1

k (λ ); in other
words, with this value of xk ≥ 0, fk(xk) = λ and we have

[
λ − fk(xk)

]
(yk− xk) = 0(yk− xk) = 0, for yk ≥ 0.

Choosing the xk in this way guarantees that (D+
x L)(λ ,x,y− x) ≥ 0 for all y ∈ IRn

+.
The choice between xk = 0 and xk = f−1

k (λ ) can be expressed compactly by writing
xk = ξk(λ ), where

ξk(λ ) :=
{

0, λ >Mk,

f−1
k (λ ), 0< λ ≤Mk.

If we put

g(λ ) :=
n

∑
k=1

ξk(λ ),
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Figure 5.4. A typical function g when Mn < · · ·<M1.

then ∑
n
k=1 xk = ∑

n
k=1 ξk(λ ) = g(λ ), and the constraint is satisfied if we can solve

g(λ ) = P. A typical function g is shown in Figure 5.4. From the graph, g is contin-
uous, strictly decreasing on (0,M1], blows up near the origin, and is zero at M1. By
the intermediate-value theorem for continuous functions [35, p. 93, Th. 4.23], for any
level P> 0, there is a 0< λ <M1 such that g(λ ) = P; the solution is unique because
g is strictly decreasing. The properties of g that we need to justify these conclusions
are that g be continuous, strictly decreasing on (0,M1], satisfy g(λ )→ ∞ as λ → 0
and g(M1) = 0. Fortunately, these properties hold in general as a consequence of the
assumptions made above about the fk.4

Remark. The value of the function f−1
k (λ ) is just the solution of the equation

h(x) = 0 when h(x) = fk(x)−λ . The solution can be obtained in MATLAB with the
commands

h = @(x)f(k,x)-lambda
x = fzero(h,Mk/2)

where f(k,x) is a function you write to compute fk(x), fzero is a MATLAB func-
tion, and Mk/2 is a starting point for fzero. Since it is easy to compute f−1

k numer-
ically, it is easy to compute ξk and g as well. To solve g(λ ) = P, use the commands

gP = @(lambda)g(lambda)-P
lambda = fzero(gP,lstart)

where lstart might be max(M1, . . . ,Mn)/2.

Example 5.26 (Water-Filling: Why the Name?). Suppose Mn < · · ·<M1. All we
know in general is that the desired value of λ lies between zero and M1. However, we
can actually say a bit more without too much work. When Mn < · · · < M1, we have
g(Mn) > g(Mn−1) > · · · > g(M2) > g(M1). Suppose we compute these n numbers
and find that

g(Mi+1)> P≥ g(Mi).
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Then the solution of g(λ ) = P must satisfy

Mi+1 < λ ≤Mi.

The definitions of the ξk and g imply (see also Figures 5.5 and 5.4)
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ξ
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M
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M
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M
3

M
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M
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Figure 5.5. Typical functions ξk when Mn < · · ·<M1.

g(λ ) =
i

∑
k=1

f−1
k (λ ), Mi+1 < λ ≤Mi, (5.17)

where Mn+1 taken as zero. Suppose we think of the terms f−1
k (λ ) in (5.17) as rep-

resenting the different depths of water in a swimming pool as shown at the left in
Figure 5.6. In other words, we fill the pool with water by decreasing λ until the sum
of the different depths is equal to P. For this reason, we call (5.17) the water-filling
equation, and the process of finding λ is called water-filling.

When Fk is given by (5.16), f−1
k (λ )− f−1

k+1(λ ) = Nk+1−Nk. If we put a platform
of height N1 underneath the entire swimming pool we get the right-hand picture in
Figure 5.6.

Example 5.27 (Water-Filling: A Special Case). Suppose that f−1
k (s)= β (s)−ck,

where the ck are given constants, and β is a function that does not depend on k. Then
using (5.17), we can rearrange g(λ ) = P as

β (λ ) =
1
i

[
P+

i

∑
k=1

ck

]
.

In the classical water-filling problem, β (λ ) = 1/λ , ck = Nk, and we get

λ =
i

P+∑
i
k=1 Nk

.
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f−1
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Figure 5.6. Left: Illustration of water-filling equation (5.17) when i = 3; the pool is filled by adjusting
λ until the sum of the water depths is equal to P. Right: Illustration of water-filling adapted to (5.16) by
setting the pool on a platform of height N1.

Then x` = 0 for ` > i, and

x` = f−1
` (λ ) = (1/λ )−N` =

1
i

[
P+

i

∑
k=1

Nk

]
−N`, `= 1, . . . , i.

This is would be a closed-form solution except for the determination of i. Fortunately,
it is easy to find i by comparing P with the n numbers g(Mi) = iNi−∑

i
k=1 Nk.

5.3.3. Portfolio Optimization

You are presented with the opportunity to invest money in a variety of assets; e.g.,
stocks, bonds, etc. For k = 1, . . . ,n, the kth asset has rate of return ρk. This means
that if you invest d dollars in asset k, you will end up with an additional d ·ρk dollars
more than you started with. Equivalently, starting with d dollars, you end up with a
total of d(1+ρk) dollars. The quantity 1+ρk is called the total return.

Suppose you start out with initial wealth d, and you allocate a fraction xk to asset
k, where x1 + · · ·+ xn = 1. In other words, you will invest all d dollars, with d · xk
dollars invested in asset k. In the end, you will have

n

∑
k=1

(d · xk)ρk = d
n

∑
k=1

xkρk

more dollars than you started with. To maximize this expression, set xk = 1 for some
k ∈ argmaxk ρk and set all the other xk = 0.

The challenge of the foregoing is that the rates of return ρk are random. We denote
their means by mk := E[ρk] so that the expected rate of return per dollar invested can
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be written as

E

[ n

∑
k=1

xkρk

]
=

n

∑
k=1

xkmk = 〈x,m〉,

where m := [m1, . . . ,mn]
T ∈ IRn is the vector of expected rates of return, and x :=

[x1, . . . ,xn]
T ∈ IRn is called the portfolio. To maximize the expected rate of return,

set xk = 1 for some k ∈ argmaxk mk and set all the other xk = 0.
However, you probably would not feel comfortable investing all of your money

in one stock, or even in the stock market as a whole. If prices fall, you lose money.
So you would probably put some of your money in a savings account. Even though
interest rates vary over time, you will not lose your original investment. The question
becomes one of balancing return against how much risk you are willing to assume.
The following formulation of this problem (portfolio selection) and its solution are
due to Harry Markowitz [29], for which he was awarded the 1990 Nobel Prize in
Economic Sciences (with Merton Miller and William Sharpe) [40].

Portfolio risk is defined as the standard deviation of the portfolio’s rate of return;
i.e., the square root of

var

( n

∑
k=1

xkρk

)
= 〈Cx,x〉,

where C is the covariance matrix of the rates of return; i.e., Ci j := E[(ρi−mi)(ρ j−
m j)]. Given a desired expected portfolio rate of return r, among the vectors x satisfy-
ing

〈x,m〉= r and
n

∑
k=1

xk = 1,

we seek the one that minimizes the portfolio risk, or equivalently the variance 〈Cx,x〉.
To express the problem in compact notation, we combine the two equations in the
preceding display into the matrix-vector equation Bx = z, whereh

B :=
[

m1 m2 · · · mn
1 1 · · · 1

]
and z :=

[
r
1

]
. (5.18)

Then our optimization problem becomesi

min
x∈IRn

1
2 〈Cx,x〉 subject to Bx = z. (5.19)

This quadratic programming problem can be solved in closed form using Lagrange
multipliers. As shown in Problem 5.43, the optimal solution x is obtained by solving

h Note that BT is full rank as long as the mk are not all the same; i.e., the top row of B is not proportional
to the all ones vector. In this case, Theorem 4.13(g) implies B is onto.

i The factor of 1/2 puts the problem in standard form and does not change the solution.
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the linear equation equation
[

C BT

B 0

][
x
µ

]
=

[
0
z

]
. (5.20)

Assuming that the matrix on the left is invertible (which can be the case even if C is
singular; see Problem 5.43),

x =
[

In×n 0n×2
][C BT

B 0

]−1 [ 0
z

]
. (5.21)

Since z is given by (5.18), we see that the optimal x is a linear function of the desired
rate of return r. Hence, the optimal variance 〈Cx,x〉 is a quadratic function of r, which
we denote by σ2(r). In other words, the graph of σ2(r) is a parabola that opens
upward (convex function of r), as illustrated in the graph at the left in Figure 5.7.
Now suppose we are given a desired risk level σ0. Then the equation σ2(r) = σ2

0
will usually have two solutions, say r1 < r2, corresponding to two different portfolios.
These two portfolios induce the same risk, but the second one yields a higher return.
This second portfolio is said to be efficient.

0.12 0.13 0.14 0.15
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Figure 5.7. Left: Variance σ2(r) as a function of return r. For each portfolio x, the point (〈x,m〉,〈Cx,x〉)
must lie above or on the curve. Right: r plotted as a multivalued function of the risk σ . For each portfolio
x, the point (〈Cx,x〉1/2,〈x,m〉) lies to the right of or on the curve.

Remarks. (i) Economists and financial engineers typically plot return as a mul-
tivalued function of the risk σ , and so their curves open to the right as shown at the
right in Figure 5.7.

(ii) There is no guarantee that the solution x in (5.21) will have all nonnegative
components. Having xk negative corresponds to shorting a stock. To prevent this,
we can restrict x ∈ IRn

+. This yields the quadratic programming problem

min
x∈IRn

+

1
2 〈Cx,x〉 subject to Bx = [r,1]T,

which can be solved using the MATLAB function quadprog.
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The One-Fund Theorem

Suppose that ρn≡mn; i.e., ρn is a constant random variable that has zero variance.
For this reason, we call the nth asset the risk-free asset, and we call mn the risk-free
rate of return. The other assets are said to be risky. Because ρn has zero variance,
the bottom row and right-most column of the covariance matrix C are zero. In other
words, C has the form

C =

[
D 0
0 0

]
.

We assume that D is positive definite and that at least one of m1, . . . ,mn−1 is different
from mn.

The one-fund theorem says that under a mild assumption made below, the opti-
mal portfolio for any desired rate of return r can be expressed as the affine combina-
tion of a two fixed portfolios. The first one contains only the n− 1 risky assets and
achieves rate of return r0 6= mn with minimum risk, while the second one contains
only the riskless asset and achieves rate of return mn with zero risk.

Because of the partitioned form of C, it is convenient to put x = [ξT v]T ∈ IRn,
where ξ ∈ IRn−1, and µ := [µ1 µ2]

T ∈ IR2. We also write

B =

[
mT mn

11T 1

]
, where m :=

[
m1 · · · mn−1

]T and 11 :=
[

1 · · · 1
]T ∈ IRn−1.

With this notation, we follow [8, Sec. 4] and observe that (5.20) becomes

Dξ +mµ1 + 11µ2 = 0
mnµ1 +µ2 = 0

mTξ +mnv = r

11Tξ + v = 1, (5.22)

where the first two equations correspond to the top row of (5.20), Cx+BTµ = 0, and
the last two equations correspond to the second row, Bx = z. At this point we have
four linear equations in the four unknowns ξ , v, µ1, and µ2. The second equation can
be used to solve for µ2 and substituted into the first equation. The fourth equation
can be solved for v and substituted into the third equation. This leaves us with two
equations in the two unknowns ξ and µ1. Doing the first substitution results in

ξ =−µ1D−1{m−mn11}.

Doing the second substitution and rearranging yields

(m−mn11)Tξ = r−mn.
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Into this last formula substitute the one for ξ to get

−µ1
〈
D−1{m−mn11},m−mn11

〉
= r−mn.

Solving for µ1 and substituting into the above formula for ξ yields

ξ =
r−mn〈

D−1{m−mn11},m−mn11
〉D−1{m−mn11}. (5.23)

Write ξ (r) to emphasize the dependence of ξ on the desired rate of return r. The key
observation is that given any r0 6= mn,

ξ (r) =
r−mn

r0−mn
· r0−mn〈

D−1{m−mn11},m−mn11
〉D−1{m−mn11}

=
r−mn

r0−mn
ξ (r0).

The next step is to use this formula for ξ in (5.22) to write

v = 1− 11Tξ = 1− r−mn

r0−mn
11Tξ (r0).

When r = r0, v = 1−11Tξ (r0). We would like to choose r0 with 11Tξ (r0) = 1 so that
when r = r0, the optimal portfolio has v = 0. Using (5.23), we find that

r0 = mn +

〈
D−1{m−mn11},m−mn11

〉

11TD−1{m−mn11}
,

assuming the denominator is not zero.j Under this assumption, we can write

x =
[

ξ
v

]
=

r−mn

r0−mn

[
ξ (r0)

0

]
+

(
1− r−mn

r0−mn

)[
0
1

]
.

Thus, the optimal portfolio for any desired rate of return r is an affine combination of
a two fixed portfolios. The first one contains only the n−1 risky assets and achieves
rate of return r0 6= mn with minimum risk; the second one contains only the riskless
asset and achieves rate of return mn with zero risk.

Notes

Note 5.1. We establish the formula for the Gâteaux derivative in Theorem 5.8.
To begin, fix any x = [x1, . . . ,xn]

T and y = [y1, . . . ,yn]
T in IRn

+, and writek

f
(
x+λ (y− x)

)
− f (x) =

n

∑
k=1

f (zk)− f (zk−1), (5.24)

j If the denominator is zero, then by (5.23), 11Tξ = 0 for all r.
k Here zk is a vector, not a component of a vector.

January 11, 2020



Notes 109

where z0 := x and for k = 1, . . . ,n,

zk :=
[
x1 +λ (y1− x1), . . . ,xk +λ (yk− xk),xk+1, . . . ,xn

]T
. (5.25)

Since xi and yi are nonnegative, it is clear that each component of zk is nonnegative,
and so zk ∈ IRn

+. In particular, zn = x+λ (y−x). Since zk and zk−1 differ only in their
kth component,

f (zk)− f (zk−1) = g
(
xk +λ (yk− xk)

)
−g(xk),

where g is the function of one variable

g(t) := f
(
x1 +λ (y1− x1), . . . ,xk−1 +λ (yk−1− xk−1), t,xk+1, . . . ,xn

)

and t varies in the closed interval with end points xk and xk + λ (yk− xk). Since g
is differentiable on this interval, it is continuous on this interval [35, p. 104, Theo-
rem 5.2]. Hence, we may apply the mean-value theorem [35, p. 108, Theorem 5.10]
to write

g(xk +λ (yk− xk))−g(xk) = λg′(τ)(yk− xk), (5.26)

where τ lies strictly between xk and xk +λ (yk− xk). Hence, |τ− xk|< λ |yk− xk|. In
terms of the kth partial derivative of f , (5.26) says

f (zk)− f (zk−1) = λ fk(wk)(yk− xk),

where

wk :=
[
x1 +λ (y1− x1), . . . ,xk−1 +λ (yk−1− xk−1),τ,xk+1, . . . ,xn

]T
.

Note that

‖wk− x‖2
IRn = λ 2

k−1

∑
i=1
|yi− xi|2 + |τ− xk|2 < λ 2

k

∑
i=1
|yi− xi|2

≤ λ 2
n

∑
i=1
|yi− xi|2 = λ 2‖y− x‖2

IRn .

Hence, for small λ > 0, wk is close to x. We can now write

f
(
x+λ (y− x)

)
− f (x) =

n

∑
k=1

f (zk)− f (zk−1)

=
n

∑
k=1

λ fk(wk)(yk− xk).
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It follows that

f
(
x+λ (y− x)

)
− f (x)

λ
−〈y− x,∇x f 〉IRn =

n

∑
k=1

fk(wk)(yk− xk)−
n

∑
k=1

fk(x)(yk− xk)

=
n

∑
k=1

[ fk(wk)− fk(x)](yk− xk).

Given ε > 0, for small enough λ > 0, | fk(wk)− fk(x)| < ε/n by continuity of the
partial derivatives. Hence,

∣∣∣∣
n

∑
k=1

[ fk(wk)− fk(x)](yk− xk)

∣∣∣∣ ≤
ε
n

n

∑
k=1
‖y− x‖IRn = ε‖y− x‖IRn .

Remark. The foregoing proof can be adapted to establish the analogous result in
Theorem 5.6 by making the following changes. First, replace y− x with ∆x. Second,
change the sentence below (5.25) to say that for small λ , each zk ∈U . In fact, we
can even allow λ < 0 if we change “small λ > 0” to “small |λ | > 0.” In this way,
we can show that under the assumptions of Theorem 5.6, f has a two-sided Gâteaux
derivative.

Note 5.2. We prove Theorem 5.10. We begin with some basic inequalities. For
any u< x< v in the interval I, we can write x in two different ways as

x = u+λ (v−u), with λ = (x−u)/(v−u) ∈ (0,1),

and
x = v+λ (u− v), with λ = (x− v)/(u− v) ∈ (0,1).

Since f is convex, we have

f (x)≤ f (u)+
x−u
v−u

[
f (v)− f (u)

]
and f (x)≤ f (v)+

x− v
u− v

[
f (u)− f (v)

]
.

Rewrite the above display noting that x−u is positive and x− v is negative. Thus,

f (x)− f (u)
x−u

≤ f (v)− f (u)
v−u

and
f (v)− f (u)

v−u
≤ f (v)− f (x)

v− x
. (5.27)

It follows that
f (x)− f (u)

x−u
≤ f (v)− f (x)

v− x
. (5.28)

The inequalities in (5.27) and (5.28) are illustrated in Figure 5.8.
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u x v u x v u x v

Figure 5.8. The left-hand graph illustrates the left-hand inequality in (5.27), which says that the slope
of the chord above [u,x] is less than or equal to the slope of the chord above [u,v]. The middle graph
illustrates the right-hand inequality in (5.27), which says that the slope of the chord above [u,v] is less than
or equal to the slope of the chord above [x,v]. The right-hand graph illustrates (5.28), which says that the
slope of the chord above [u,x] is less than or equal to the slope of the chord above[x,v].

If u< x< v<w, then making the substitution (u,x,v)→ (x,v,w) in (5.28) yields

f (v)− f (x)
v− x

≤ f (w)− f (v)
w− v

.

Combining this with (5.28) yields

f (x)− f (u)
x−u

≤ f (w)− f (v)
w− v

. (5.29)

Now suppose that a < b are interior points of I. Then there are other interior
points p,q ∈ I with p< a< b< q. Consider points

p< a< s< t < b< q.

From (5.29) with (u,x,v,w) = (p,a,s, t),

f (a)− f (p)
a− p

≤ f (t)− f (s)
t− s

. (5.30)

From the left-hand inequality in (5.27) with (u,x,v) = (p,a, t),

f (a)− f (p)
a− p

≤ f (t)− f (a)
t−a

,

which shows that (5.30) holds even for s= a. Similarly, from (5.29) with (u,x,v,w) =
(s, t,b,q),

f (t)− f (s)
t− s

≤ f (q)− f (b)
q−b

, (5.31)

and from the right-hand inequality in (5.27) with (u,x,v) = (s,b,q),

f (b)− f (s)
b− s

≤ f (q)− f (b)
q−b

.
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Thus, (5.31) holds even for t = b. Letting K denote the larger of the absolute values
of the left-hand side of (5.30) and of the right-hand side of (5.31), we have

| f (t)− f (s)| ≤ K|t− s|, s, t ∈ [a,b].

Thus, f is Lipschitz continuous on [a,b].

We now turn to the derivatives. The left-hand inequality in (5.27) shows that
for fixed u, f (t)− f (u)

t−u is increasing in t (nondecreasing, to be precise). The right-hand

inequality in (5.27) shows that for fixed v, f (v)− f (t)
v−t is increasing in t. If we fix v on the

right-hand side of (5.28), then the left-hand side is bounded above and is increasing
in u as u increases to x. Similarly, if we fix u on the left-hand side of (5.28), then the
right-hand side is bounded below and is decreasing in v as v decreases to x. Hence,
the limits

f ′−(x) := lim
u↑x

f (x)− f (u)
x−u

≤ lim
v↓x

f (v)− f (x)
v− x

=: f ′+(x) (5.32)

exist and are finite. From (5.28),

f (x)− f (u)
x−u

≤ f ′+(x), u< x.

On the other hand, since f ′+(x) is the limit of decreasing quotients, the limit is less
than or equal to any particular quotient; i.e.,

f ′+(x)≤
f (v)− f (x)

v− x
, v> x.

Given any y ∈ I, by taking u = y if y< x and taking v = y if y> x, we see that

f (y)≥ f (x)+ f ′+(x)(y− x).

This also holds trivially for y = x. A similar argument can be made with f ′+(x)
replaced by f ′−(x).

To conclude, we show that f ′+ and f ′− are nondecreasing. In (5.29) let x→ u and
then w→ v to get f ′+(u)≤ f ′+(v). Alternatively, letting u→ x and then v→ w, yields
f ′−(x)≤ f ′−(w).

Note 5.3. We prove Jensen’s inequality, Theorem 5.13. Let C denote the interval
of interest. Put m := E[X ]. Then m belongs to the interval C. If C is an interval that
includes one of its endpoints, say c0, then either m = c0 or m 6= c0. If m = c0, then
X = c0 almost surely. In this case, E[ f (X)] = E[ f (m)] = f (m) = f (E[X ]). If m is not
an endpoint of the interval, then convexity of f implies

f (x)≥ f (m)+ f ∗(m)(x−m), for all x ∈C, (5.33)
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where f ∗ denotes either the left-hand or right-hand derivative of f (cf. Theorem 5.10).
Assuming E[ f (X)] is finite, we have from (5.33) that

E[ f (X)]≥ f (m)+ f ∗(m)(E[X ]−m)︸ ︷︷ ︸
=0

= f (m) = f (E[X ]).

Below we show that E[ f (X)−]< ∞.l Hence, E[ f (X)] exists. It then follows that
if E[ f (X)] is not finite, it is +∞; in this case, Jensen’s inequality is obviously true.
Let B := {x ∈C : f (x)< 0}. Thenm

E[ f (X)−] = E[1B(X) f (X)−]

= E[− f (X)1B(X)]

≤ E[{− f (m)− f ∗(m)(X−m)}1B(X)], by (5.33),
= { f ∗(m)m− f (m)}P(X ∈ B)− f ∗(m)E[X1B(X)].

The last expectation on the right is finite since we have assumed E[|X |]< ∞. Hence,
E[ f (X)−]< ∞.

Note 5.4. Properties of g in Water-Filling Example 5.25. Without loss of generality,
suppose that Mn < · · · < M1. We must show that g is continuous on (0,∞), strictly
decreasing on (0,M1], and satisfies g(λ )→ ∞ as λ → 0 and g(λ ) = 0 for λ ≥ M1.
As noted in Example 5.25, the properties of fk imply f−1

k is continuous and strictly
decreasing on (0,Mk] with f−1

k (Mk) = 0. Hence, ξk is continuous on (0,∞), strictly
decreasing on (0,Mk], and satisfies ξk(λ ) = 0 for λ ≥ Mk. It follows that g is con-
tinuous on (0,∞), strictly decreasing on (0,M1], and satisfies g(λ ) = 0 for λ ≥M1.
Since fk(t)→ 0 as t → ∞, we have that as λ → 0, f−1

k (λ )→ ∞. Hence, the same is
true for ξk and for g.

Problems

1. Show that (5.2) holds if and only if

L(λ ,x0)≤ L(λ0,x0), for all λ ∈ IRm
+.

Remark. Using this result, (5.2) and (5.3) can be combined into the pair of
inequalities,

L(λ ,x0)≤ L(λ0,x0)≤ L(λ0,x), for all λ ∈ IRm
+, x ∈ X0. (5.34)

In other words, (λ0,x0) is a saddle point of L. Theorem 5.1 is often stated with
(5.2) and (5.3) replaced by (5.34), e.g., [41, p. 59].

l For any random variable Y , we define Y− :=−Y if Y < 0 and Y− := 0 otherwise.
m Here 1B denotes the indicator function defined by 1B(x) := 1 if x ∈ B and 1B(x) := 0 if x /∈ B.

January 11, 2020



114 5 Optimization

2. Prove Theorem 5.3.

3. Show that IRd
+ is a convex set.

4. Let A:X → Y , where A is a linear transformation from the vector space X to the
vector space Y . Suppose that C is a nonempty convex subset of X . Put

D := {Ax : x ∈C}.

Determine whether or not D is convex.

5. Let f be a real-valued, convex function defined on the real line IR. Assume that
x0 ∈ IR minimizes f on IR; i.e., f (x0)≤ f (x) for all x ∈ IR. Determine whether
or not f is nondecreasing on [x0,∞); i.e., for x0 ≤ x1 ≤ x2, determine whether or
not f (x0)≤ f (x1)≤ f (x2).

6. Let f be a concave function on a convex set C. Suppose that C can be expressed
as the convex hull of a finite set of points, say C = co{v1, . . . ,vp} (such a set is
called a (convex) polytope ). Let f (vk) = min{ f (v1), . . . , f (vp)}. Show that vk
minimizes f on C. Hence, minimization of a concave function on a polytope is
easy if p is not too large.

7. Show that a strictly convex function can have at most one minimizer.

8. Let C be a convex subset of a vector space X , and let f be a real-valued, convex
function defined on C. Suppose that there is an x0 ∈C such that f (x0)≤ f (x) for
all x ∈C. Determine whether or not E := {x ∈C : f (x) = f (x0)} is a convex set.

9. Strong convexity. A convex function f on a convex set C in a real or complex
inner-product space X is said to be strongly convex with parameter µ > 0 if the
function g(x) := f (x)− µ

2 ‖x‖2 is convex.

(a) Show that if f0 is convex on C and x0 ∈ X , then

fµ(x) := f0(x)+
µ
2 ‖x− x0‖2, µ > 0,

is strongly convex.

(b) Show that if f is strongly convex, then f satisfies the strengthening of (5.9),

f (y)≥ f (x)+(D+ f )(x,y− x)+ µ
2 ‖y− x‖2, x,y ∈C.

(c) Show that a function f on C is strongly convex if and only if it satisfies the
strengthening of (5.6),

f
(
λx+(1−λ )y

)
+λ (1−λ ) · µ

2 ‖x− y‖2 ≤ λ f (x)+(1−λ ) f (y),

January 11, 2020



Problems for Chapter 5 115

for all 0≤ λ ≤ 1 and all x,y ∈C, Hint: First derive the identity that for all
real a,

a‖x‖2 +(1−a)‖y‖2−‖ax+(1−a)y‖2 = a(1−a)‖x− y‖2.

(d) Show that a strongly convex function is strictly convex.

Remarks. A convex function f0 as in part (a) may not be strictly convex; e.g.,
f0(x) = x for x ∈ IR. However, the quadratic term added to form fµ makes fµ
strongly convex and therefore strictly convex by part (d). A convex function f0
may not be bounded below; e.g., f0(x) = − lnx for x ∈ (0,∞). However, most
convex functions cannot decrease faster than linearly.n If f0 is such a function,
then adding the quadratic term in the definition of fµ means that fµ(x)→ ∞ as
‖x‖→∞ (such a function is said to be coercive; see Problem 5.23). This implies
that any minimum of fµ must occur inside some closed ball of finite radius. With
some additional assumptions, one can guarantee the existence of a minimizer of
fµ , which, as just noted, must be unique. For example, if f0 is continuous, then
so is fµ ; if X is finite dimensional, then by Theorems 6.41 and 6.44, fµ has a
unique minimizer. For a more general result, see [4, Corollary 11.16]. When
f0 is such that fµ always has a unique minimizer, one can define the proximal
mapping,

(prox f0)(x) := argmin
y∈C

[
f0(y)+ 1

2‖y− x‖2], x ∈ X .

For µ > 0,

(prox( 1
µ f0))(x) = argmin

y∈C

[ 1
µ f0(y)+ 1

2‖y− x‖2]= argmin
y∈C

[
f0(y)+

µ
2 ‖y− x‖2].

10. Consider the function f (x) := |x| for x ∈ IR. Show that

(D+ f )(x,y− x) =





y− x, x> 0,
x− y, x< 0,
y− x, x = 0 and y> 0,
x− y, x = 0 and y< 0.

Remarks. (i) Since (D+ f )(0,∆x) = |∆x|, we see that the one-sided Gâteaux
derivative is not necessarily a linear function of ∆x. (ii) Although the one-sided
Gâteaux derivative of f (x) = |x| exists at x = 0, the function f (x) = |x| does not
have a derivative at x = 0 in the usual calculus sense because the left and right
derivatives there are not equal.

n This is illustrated in Problem 5.22. See [4, Theorem 9.19] for the general case.
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11. Show that the one-sided Gâteaux derivative satisfies

(D+ f )
(
x,a(y− x)

)
= a(D+ f )(x,y− x), a> 0.

In other words, the one-sided Gâteaux derivative is homogeneous in its direction
argument for positive constants.

12. Let X denote the real vector space of continuous waveforms on [0,1]. Let t0 ∈
[0,1] be given, and for x ∈ X , put f (x) := [x(t0)]2. Find the Gâteaux derivative
of f at x in the direction ∆x.

13. For convex functions on an interval of the real line, (5.9) becomes

f (y)≥ f (x)+ f ′(x)(y− x), (5.35)

for x,y in the interval where f is defined, and assuming f is differentiable in the
usual sense at x. Prove that if f is a real-valued function that is differentiable on
an interval and if (5.35) holds for all x,y in the interval, then f is convex. Hint:
Given any two points u,v in the interval, show that

f
(
u+λ (v−u)

)
≤ f (u)+λ [ f (v)− f (u)], 0< λ < 1.

(The cases λ = 0 or 1 are trivial.) In (5.35) put x = u+ λ (v− u) and y = u.
Repeat with the same x but now y = v. Use the two resulting inequalities to
obtain a lower bound on (1−λ ) f (u)+λ f (v).

14. Let f be a real-valued function on an interval of the real line, and assume the
usual derivative f ′(x) exists. Show that if f ′ is nondecreasing (resp. strictly
increasing), then f is convex (resp. strictly convex). Hint: Use the ordinary
mean-value theorem to show that (5.35) holds for all x,y. Treat the cases x < y
and x> y separately. Apply the result of the preceding problem.

Remark. Conversely, if f is convex and differentiable, it is necessary that f ′ be
nondecreasing, since in this case f ′ = f ′− = f ′+ and Theorem 5.10 tells us that
f ′+ is nondecreasing.

15. Use the result of the previous problem to show that the following functions are
strictly convex. (a) f (x) = ex. (b) f (x) = − lnx for x > 0. (c) f (x) = x lnx for
x> 0. (d) f (x) = xp for x> 0 (assume p> 1).

16. Put f (x) := x lnx for x> 0 and f (0) = 0. Show that f is strictly convex on [0,∞).

17. For x ∈ IRn
+, put

f (x) :=
n

∑
k=1

xk lnxk,

where 0ln0 := 0. Use the result of the previous problem to show that f is convex.
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18. Let C be a convex set on which convex functions f1, . . . , fn are defined. Let
c1, . . . ,cn be nonnegative constants, and put g(x) := ∑

n
k=1 ck fk(x). Show that g is

convex. In other words, a nonnegative linear combination of convex functions is
convex.

19. Is every strictly convex function strongly convex? Hint: Consider the function
f (x) := x4. Problem 5.14, including the remark following it may be helpful.

20. Let g be a real-valued function on a convex set C. Show that g is convex on C if
and only if for each pair x,y∈C, the function h(t) := g(tx+(1−t)y) for t ∈ [0,1]
is convex on [0,1].

21. Gradient Vectors. For a real-valued function f defined on an open set U of a real
inner-product space X , the gradient of f at x ∈U is the vector ∇x f ∈ X having
the property that given any ε > 0, for all sufficiently small ‖∆x‖,o

∣∣ f (x+∆x)− f (x)−〈∆x,∇x f 〉
∣∣≤ ε‖∆x‖.

Suppose S and T are bounded linear operators mapping a real inner-product
space X to a real inner-product space Y .p If S and T have adjoints S∗ and T ∗, and
if f (x) := 〈Sx,T x〉, show that ∇x f = (S∗T +T ∗S)x.

Remarks. In the special case that T = S so that f (x) = ‖Sx‖2, the formula sim-
plifies to ∇x f = 2S∗Sx, and if Y = X and T = S = I so that f (x) = ‖x‖2, then
∇x f = 2x. If f is an arbitrary real-valued function on IRn and f has continuous
partial derivatives, a trivial adaptation of the method of Note 5.1 can be used to
show that ∇x f = [∂ f/∂x1, . . . ,∂ f/∂xn]

T.

22. We can generalize Problem 5.13 as follows. Let f be a real-valued function
defined on an open subset U of a real inner-product space X . Let C be a convex
subset of U , and assume ∇x f exists for x ∈C. Show that f is convex on C if and
only if

f (y)≥ f (x)+ 〈y− x,∇x f 〉, x,y ∈C.

Hints: To show that the inequality implies convexity, follow the hints for Prob-
lem 5.13. To show the necessity of the inequality, observe that by (5.9), it suffices
to show that

(D+ f )(x,y− x) = 〈y− x,∇x f 〉.
o If x ∈U , then f (x) is defined since we assumed f was defined on U . However, to make sure that

f (x+∆x) is also defined, at least for small ∆x, we have required U to be an open set. A set U in an
inner-product space is open if for every x ∈U , all points close to x also lie in U .

p A linear operator S is bounded if for some finite, nonnegative constant C, ‖Sx‖ ≤C‖x‖ holds for all
vectors x. This concept is explored in more detail in Section 7.2.
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Remark. Combining the above formula with (5.8) shows that if x minimizes f
on C, then 〈y− x,∇x f 〉 ≥ 0 for all y ∈C. In the special case that C = X , we can
apply this inequality to y = x±∇x f to show that ±‖∇x f‖2 ≥ 0, which implies
∇x f = 0.

23. Let f be as in the preceding problem, and further assume that f is strongly
convex as in Problem 5.9. Show that f (y)→ ∞ as ‖y‖ → ∞; i.e., f is coercive.
Hints: If g(x) := f (x)− µ

2 ‖x‖2, then ∇xg = ∇x f − µx. The Cauchy–Schwarz
inequality may also be helpful.

24. Let f be as in Problem5.22, and suppose that ∇ f is Lipschitz continuous, sayq

‖∇y f −∇x f‖ ≤ L‖y− x‖, x,y ∈C,

for some finite, nonnegative constant L. The following steps show that

f (y)≤ f (x)+ 〈y− x,∇x f 〉+ L
2‖y− x‖2, x,y ∈C. (5.36)

(a) Show that if g(x) := L
2‖x‖2− f (x) is convex, then (5.36) holds. Hint: Apply

Problem 5.22 to g and note that ∇xg = Lx−∇x f .

(b) Show that g is convex. Hints: By Problem 5.20, it suffices to show that
h(t) := g(tx+(1− t)y) is convex for t ∈ [0,1]. By Problem 5.14, h will be
convex if h′ is nondecreasing. Use the fact that h′(t) =

〈
x−y,∇tx+(1−t)yg

〉
.

Note also that the Cauchy–Schwarz inequality and the Lipschitz condition
imply

〈y− x,∇u f −∇v f 〉 ≤ L‖y− x‖‖u− v‖.

Remarks. (i) Applying the convexity property of Problem 5.22 to (5.36) shows
that

0≤ f (y)− f (x)−〈y− x,∇x f 〉 ≤ L
2‖y− x‖2. (5.37)

(ii) Using (5.36) with the additional assumption that f is strongly convex, allows
us to apply Problems 5.9(b) to write

f (x)+ 〈y− x,∇x f 〉+ µ
2 ‖y− x‖2 ≤ f (y)≤ f (x)+ 〈y− x,∇x f 〉+ L

2‖y− x‖2.

Such a function of y is “sandwiched” between two quadratic functions of y that
have the same constant and linear terms.

25. Let f be as in the preceding problem. Show that

f (x)− f (y)≤ 〈x− y,∇x f 〉− 1
2L‖∇x f −∇y f‖2, x,y ∈C.

q Such a function is said to be L-smooth.
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Hints: The convexity of f implies that for any x and z, f (z)≥ f (x)+〈z−x,∇x f 〉,
or f (x)− f (z) ≤ 〈x− z,∇x f 〉. By Problem 5.24, for any z and y, f (z)− f (y) ≤
〈z− y,∇y f 〉+ L

2‖z− y‖2. It follows that

f (x)− f (y) = f (x)− f (z)+ f (z)− f (y)

≤ 〈x− z,∇x f 〉+ 〈z− y,∇y f 〉+ L
2‖z− y‖2.

Now substitute z = y− 1
L (∇y f −∇x f ) and simplify.

26. Use the result of the preceding problem to show that

1
L‖∇x f −∇y f‖2 ≤ 〈x− y,∇x f −∇y f 〉.

Hint: Write out the result of the preceding problem. Then write it again with x
and y interchanged.

27. Monotone Gradient. Let f be a real-valued function defined on an open subset U
of a real inner-product space X . Let C be a convex subset of U , and assume ∇x f
exists for x ∈C. We say that ∇ f is monotone on C ifr

〈y− x,∇y f −∇x f 〉 ≥ 0, x,y ∈C.

Show that f is a convex function on C if and only if ∇ f is monotone on C. Hints:
By Problem 5.20, f is convex on C if and only if h(t) := f (x+t(y−x)) is convex
on [0,1], and by Problem 5.14, h is convex if and only if h′ is nondecreasing.
Note also that h′(t) = 〈y− x,∇x+t(y−x) f 〉.

28. Strongly Monotone Gradient. Let f be as in the preceding problem. We say that
∇ f is strongly monotone with parameter µ > 0 if

〈y− x,∇y f −∇x f 〉 ≥ µ‖y− x‖2, x,y ∈C.

Show that f has a strongly monotone gradient with parameter µ if and only if f
is strongly convex with parameter µ as defined in Problem 5.9.

29. Let X0 be a convex subset of a real or complex vector space X . Fix any x0 ∈ X0,
and put C := {x ∈ X : x0 + x ∈ X0}.

(a) Show that C is convex.
(b) Show that if x ∈C and 0≤ η ≤ 1, then x0 +ηx ∈ X0.

r The notion of monotone gradient does not require that C be convex.
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(c) For x ∈C, put ϕ(x) := (D+ f )(x0,x). Show that ϕ is a convex function on
C. Hint: Fix x1,x2 ∈C, 0≤ λ ≤ 1, and 0< η ≤ 1. Observe that

λ (x0 +ηx1)+(1−λ )(x0 +ηx2) ∈ X0.

This point can be rewritten as x0 +η [λx1 +(1−λ )x2]. Since f is convex,

f
(
x0 +η [λx1 +(1−λ )x2]

)
≤ λ f (x0 +ηx1)+(1−λ ) f (x0 +ηx2).

Remark. For some x0 ∈ X0 and x ∈C, we may have ϕ(x) =−∞.

30. Let ψ(t) be nondecreasing and bounded below for t > τ . Let L denote the great-
est lower bound of {ψ(t) : t > τ}. Prove that

lim
t↓τ

ψ(t) = L.

31. Let X denote the set of real-valued, continuous waveforms on [0,1]. If

f (x) :=
∫ 1

0
x(t)3 dt,

find the Gâteaux derivative (D+ f )(x,∆x) for ∆x ∈ X .

32. Prove Theorem 5.17. You should first verify that the Lagrangian is a convex
function of x.

33. Find real numbers v and w that minimize f (v,w) := v2+w2+4v−2w+5 subject
to the constraint v2 +w2 ≤ 1. Hint: Observe that f (v,w) = (v+2)2 +(w−1)2.
Check your work with the MATLAB code

f = @(x)(x(1)+2)^2+(x(2)-1)^2;
x0 = [ 0 0 ]’;
[xmin,fmin] = fmincon(f,x0,[],[],[],[],[],[],’nonlcon’)

where nonlcon.m is a MATLAB M-file containing

function [c,ceq] = nonlcon(x)
c = x(1)^2 + x(2)^2 - 1;
ceq = [];

34. Consider the function f (x,y) := x2− lnx+ 1
2 y2− lny for x,y> 0. Solve

min
x,y>0

f (x,y) subject to x2 + y2 ≤ c2

under the assumption 0 < c2 < 3/2. Repeat for c2 ≥ 3/2. Hint: You can gain
some insight to the problem by separately minimizing x2− lnx for x > 0 and
y2/2− lny for y> 0.

January 11, 2020



Problems for Chapter 5 121

35. Let g be a bounded function with |g(t)| > 0 for t ∈ [0,1], and let y be a given
finite-energy waveform on [0,1]. Find the finite-energy waveform x that solves

min
x

∫ 1

0

∣∣y(t)−g(t)x(t)
∣∣2 dt subject to

∫ 1

0

∣∣x(t)
∣∣2 dt ≤ b.

Express your solution x in terms of y, g, and a Lagrange multiplier. Also, in
the special case g(t) ≡ 1, find the Lagrange multiplier and the corresponding
solution x in terms of y and b only.

36. Let a and y be given vectors in an inner-product space V . Do not assume V finite
dimensional. Solve

min
x∈ |C
‖y−ax‖2 subject to |x|2 ≤ E,

where E is a given energy constraint.

37. Solve
min

x
‖x‖2 subject to Ax = y,

where A:X → Y is a linear operator between inner-product spaces X and Y such
that the adjoint A∗ exists and y ∈Y is given. Discuss any additional assumptions
you would like to make in order to guarantee that a solution exists.

38. Solve

min
x∈IRn

+

n

∑
k=1

xk lnxk subject to
n

∑
k=1

xk = 1.

Remark. A sequence of nonnegative numbers that sums to one is sometimes
called a probability mass function. In this problem you are finding the proba-
bility mass function that minimizes the negative of the entropy of the probability
mass function.

39. Solve
max

x≥0,y≥0
{2x− x2 + 3

2 y} subject to x+ y≤ 1.

Check your work with the MATLAB code

f = @(x)-(2⁎x(1)-x(1).^2+(3/2)⁎x(2));
A = [ 1 1 ];
b = 1;
lb = [ 0 0 ]’;
x0 = [ 0 0 ]’;
[xmin,fmin] = fmincon(f,x0,A,b,[],[],lb)
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40. Solve
max

x≥0,y≥0
{2x− x2 +3y} subject to x+ y≤ 1.

Check your work by modifying the MATLAB code of the previous problem.

41. Consider the problem

min
x∈X

f (x) subject to
∫ 1

0
|x(t)|2 dt ≤ 1,

where X and f are defined in Problem 5.31. Set up the Lagrangian, and find
all choices of λ ≥ 0 and x ∈ X such that (D+

x L)(λ ,x,∆x) = 0 for all ∆x, the
constraint is satisfied, and

λ
(∫ 1

0
|x(t)|2 dt−1

)
= 0.

42. Let X and Y be real inner-product spaces. Let A:X→Y and B:X→ IRm be linear
operators. Assume that B∗ exists and is nonsingular. Assume that A∗ exists and
that A∗A is invertible. For given y ∈ Y and z ∈ IRm, find x ∈ X to minimize
‖y−Ax‖ subject to Bx = z. Hint: It may be helpful to apply Proposition 4.26.

43. Let X and Z be complex inner-product spaces. Let C:X → X and B:X → Z be
linear operators. Assume B∗ exists and that C is positive semidefinite. Given
d ∈ X and z ∈ Z, consider the quadratic programming problem

min
x∈X

1
2 〈Cx,x〉+Re〈x,d〉 subject to Bx = z.

Remark. This problem contains the previous one as a special case if we take
C = 2A∗A and d =−2A∗y.

(a) Show that if x ∈ X and µ ∈ Z solve
[

C B∗

B 0

][
x
µ

]
=

[
−d

z

]
,

then x solves the above quadratic programming problem.

(b) Suppose that x(k) and µ(k) solve

[
C B∗

B 0

][
x(k)

µ(k)

]
=

[ −d
z(k)

]
, k = 1, . . . ,K.
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Show that if ∑
K
k=1 ηk = 1 and if z̃ := ∑

K
k=1 ηkz(k), then x̃ := ∑

K
k=1 ηkx(k)

solves
min
x∈X

1
2 〈Cx,x〉+Re〈x,d〉 subject to Bx = z̃.

Remark. The importance of part (b) is that once we have solved the mini-
mization problem K times for z(1), . . . ,z(K), we can obtain the solution for
any z in the affine hull of z(1), . . . ,z(K) by taking the appropriate affine com-
bination of the solutions x(1), . . . ,x(K). For example, recall the discussion
of portfolio optimization in Section 5.3.3 where Z = IR2. Suppose we
have found optimal portfolios x(1) and x(2) for

z(1) =
[

r1
1

]
and z(2) =

[
r2
1

]
.

Then for any real η , if we put rη := ηr1 +(1−η)r2, the optimal portfolio
is xη := ηx(1)+(1−η)x(2). This is the Two-Fund Theorem.

(c) Assume that B∗ is nonsingular. Assume that whenever both Bx = 0 and
〈Cx,x〉= 0, we must have x = 0. Show that the matrix in part (a) is nonsin-
gular.

(d) Let B be as in (5.18), and suppose C is an n×n matrix of the form

C =

[
D 0
0 0

]
,

where D is an (n−1)× (n−1) positive-definite matrix. Show that when-
ever Bx = 0 and 〈Cx,x〉= 0, we must have x = 0.
Remark. An important instance of the Two-Fund Theorem arises when
the covariance matrix C is singular. Using the notation of the previous
remark, suppose x(1) ∈ kerC. Then Cx(1) = 0, and the risk σ(r1) = 0. More
generally, Cxη = (1−η)Cx(2), and

σ2(rη) =
〈
Cxη ,xη

〉
= (1−η)

〈
Cx(2),xη

〉
= (1−η)

〈
x(2),Cxη

〉

= (1−η)2〈x(2),Cx(2)
〉
.

From the definition of rη , we can write η = (r2− rη)/(r2− r1) or 1−η =
(rη − r1)/(r2− r1). Hence,

σ2(rη) =

[
rη − r1

r2− r1

]2〈
x(2),Cx(2)

〉
.
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Assuming r1 < r2, the above formula implies
that for rη ≥ r1, the risk σ(rη) is a straight line
with nonnegative slope, while for rη < r1, the
risk is a straight line with nonpositive slope.

0
r

1

(r )

44. If x is given by (5.21) with z as in (5.18), show that 〈Cx,x〉 is a convex function
of r, if C is positive semidefinite. Hint: Example 5.20.

45. MATLAB. Consider the convex set

C :=
{[

u
v

]
: u ∈ IR and v≥ eu

}
.

Find the projection of the origin x := [0,0]T onto C. Hint: Set this up as a
Lagrange multiplier problem. You will have to solve a nonlinear scalar equation
numerically.

46. In Example 5.22 additionally assume that Q−1 and (Q−1)∗ exist. Consider the
problem

min
z∈X
‖y−AQ−1z‖2 subject to ‖z‖2 ≤ b.

Suppose that you can find z and λ such that ‖z‖2 ≤ b, λ (‖z‖2−b) = 0, and

[λ I +(AQ−1)∗(AQ−1)]z = (AQ−1)∗y.

Show that x := Q−1z solves

min
x∈X

subject to ‖Qx‖2 ≤ b.

47. Consider the problem

min
x∈X
‖Qx‖2 subject to ‖y−Ax‖2 ≤ ε,

where X and Y are complex inner-product spaces, A:X → Y and Q:X → X are
linear operators, and y ∈Y and ε ≥ 0 are given. Assume that the adjoints A∗ and
Q∗ exist.

(a) If the Gâteaux derivative of the Lagrangian must be zero in all directions
∆x, determine the linear equation that x must satisfy. How does it compare
to (5.15)?
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(b) If Q is nonsingular and ε < ‖y‖2, show that the Lagrange multiplier cannot
be zero.

48. Use the notation from Example 5.24 to formulate the problem of finding the
minimum 1-norm solution of Ax = b as a quadratic programming problem.

49. Let ‖ · ‖ denote the standard Euclidean norm on IRn. For y = [y1, . . . ,yn]
T ∈ IRn,

the 1-norm is defined by ‖y‖1 := |y1|+ · · ·+ |yn|. Given a positive number t and
a vector x = [x1, . . . ,xn]

T ∈ IRn, show that the solution of

argmin
y∈IRn

(
t‖y‖1 +

1
2‖x− y‖2

)

is given by [ηt(x1), . . . ,ηt(xn)]
T, where ηt is the shrinkage operator defined in

Problem 3.25.

Remark. Using the notation in the remark of Problem 5.9, we can write

[ηt(x1), . . . ,ηt(xn)]
T = (prox(t f ))(x),

where f (x) = ‖x‖1.
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CHAPTER 6

Sequences, Limits, Completeness, and
Compactness

To motivate the material in this chapter, we consider some questions raised by
our earlier work.

Recall from our proof of the Projection Theorem for Finite-Dimensional Sub-
spaces that if w1, . . . ,wn are orthonormal vectors in an inner-product space X , then
the projection of any x ∈ X onto Wn := span{w1, . . . ,wn} is given by

n

∑
k=1
〈x,wk〉wk.

If we now have an infinite sequence of orthonormal vectors, w1,w2, . . . , it is natural
to expect that the projection of x onto W := span{w1,w2, . . .} is given by

∞

∑
k=1
〈x,wk〉wk := lim

n→∞

n

∑
k=1
〈x,wk〉wk.

In other words, we define the infinite sum to be the limit of the finite partial sums.
How do we know the limit exists? Even if the limit exists, how do we know it lies in
W?

Consider the problem of minimizing or maximizing a real-valued function f de-
fined on a subset X0 of an arbitrary set X . How do we know that a maximum or
minimum exists? For example, the function f (x) := x for x ∈ [0,1) has a unique min-
imizer at x = 0, but there is no maximum value of f on [0,1). Or suppose we have an
algorithm that generates a sequence xn ∈ X0 with the property that f (xn) ≤ f (xn+1).
Even if xn converges to some limit x0, it may happen that x0 /∈ X0.

The purpose of this chapter is to provide tools for understanding and addressing
the foregoing questions. Key concepts will be those of Cauchy sequence, closure of
a set, sequentially compact set, and continuous function.

6.1. The Real Numbers

The Least Upper Bound and the Greatest Lower Bound

Sometimes a set of numbers has a largest or maximum element, and sometimes
it does not. For example, the largest element of [0,1] is 1, but [0,1) does not have a
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largest element. For this reason, we introduce the concept of least upper bound as the
next best thing to the largest element of a set in case the set does not have a largest
element.

We say that a real number r is an upper bound of a set B of real numbers if for
all b ∈ B, b≤ r. We say that a real number r is the least upper bound of B if r is an
upper bound of B, and if every number smaller than r is not an upper bound of B.

Since 1 is an upper bound of [0,1), and since no number smaller than 1 is an
upper bound of [0,1), we see that 1 is the least upper bound of [0,1). Similarly, 1 is
the least upper bound of [0,1].

Least Upper Bound Axiom [35]. Every nonempty subset of real numbers that is
bounded above has a least upper bound.

If B is a set of real numbers, we define the supremum of B as follows. If B is
nonempty and bounded above, we define supB to be the least upper bound of B. If
B is nonempty and not bounded above, we write supB = ∞. If B is empty, we write
supB = −∞. (Conventions concerning ±∞ are discussed in the notes at the end of
the chapter.)

A nonempty set B that is bounded below has a greatest lower bound. We define
the infimum of B as follows. If B is nonempty and bounded below, we define infB to
be the greatest lower bound of B. If B is nonempty and not bounded below, we write
infB =−∞, and if B is empty, we write infB = ∞.

Limits

A sequence of real numbers xn is said to converge to a real number x if given
any ε > 0, we have for sufficiently large n that |xn− x| < ε . In this case, we write
lim
n→∞

xn = x or we write xn→ x.

Example 6.1. Show that 1/2n→ 0.

Solution. Since 2n ≥ n, we have 1/2n < 1/n. Hence, given ε > 0, we have for
n> 1/ε that |1/2n|= 1/2n < ε .

Example 6.2. If xn→ x and yn→ y, prove that xn + yn→ x+ y.

Solution. We need to show that for large n,

|(xn + yn)− (x+ y)|< ε.
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Before we can start the proof itself, we need to do some analysis to see how to
approach it. We begin by using the triangle inequality to write

|(xn + yn)− (x+ y)|= |(xn− x)+(yn− y)| ≤ |xn− x|+ |yn− y|. (6.1)

If we can show that |xn−x|< ε/2 and |yn−y|< ε/2, then we will have the inequality
we need.

Proof. Let ε > 0 be given. Since xn→ x, we know that there is an N1 such that
for all n≥ N1, |xn− x|< ε/2. Similarly, since yn→ y, there is an N2 such that for all
n ≥ N2, |yn− y|< ε/2. Hence, for n ≥ N = max(N1,N2), we can upper bound (6.1)
by ε as required.

Lemma 6.3. Let B be a nonempty set of real numbers with least upper bound r.
Then there is a sequence bn ∈ B with bn converging to r.

Proof. To say that r is the least upper bound of B implies that for every n =
1,2,3, . . . , the number r− 1/n is not an upper bound of B. This means that there is
some bn ∈ B with r−1/n< bn ≤ r. Hence, |bn− r|< 1/n. It is now clear that given
any ε > 0, we have for all n> 1/ε that |bn− r|< ε .

Sequential Compactness

If x1,x2,x3, . . . is a sequence of real numbers, and if n1,n2, . . . is a sequence of
integers with the property that nk→∞ in the sense that given any N, there is a K such
that for all k ≥ K, nk ≥ N, then we say that xnk is a subsequence of xn.

Example 6.4. Consider a sequence x1,x2,x3, . . . that starts out as π , e, 5, −2, 12,
−8, . . . . We can summarize this in the table

m 1 2 3 4 5 6 · · ·
xm π e 5 −2 12 −8 · · ·

Similarly, suppose n1,n2,n3, . . . is a sequence of positive integers that starts out
3,1,6,2,2,4, . . . . This corresponds to the table

k 1 2 3 4 5 6 · · ·
nk 3 1 6 2 2 4 · · ·

We now determine the subsequence yk := xnk as follows. Since n1 = 3, y1 = xn1 =
x3 = 5. Since n2 = 1, y2 = xn2 = x1 = π . Since n3 = 6, y3 = xn3 = x6 = −8. Since
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n4 = 2, y4 = xn4 = x2 = e. Since n5 = 2, y5 = xn5 = x2 = e. Since n6 = 4, y6 = xn6 =
x4 =−2. Hence, the first part of the yk sequence corresponds to the table

k 1 2 3 4 5 6 · · ·
yk 5 π −8 e e −2 · · ·

This example does not illustrate the requirement that nk→ ∞.

Sequence Notation. When we write, “Consider a sequence xn,” it is important
to understand that the subscript n is a dummy variable. We could just as well have
written, “Consider a sequence xm.” In other words, in these two statements, n and m
are “dummy variables.” Strictly speaking, x is the name of a list of real numbers, and
an expression such as x5 refers to the 5th entry in the list named x.

When we write, “Consider a sequence xn having subsequence xnk ,” the n in xn
and the k in xnk are dummy variables, but the n in both nk and xnk is the name of a
list of positive integers. So we could have written, “Consider a sequence xm having
subsequence xn` .”

A subset of real numbers is said to be sequentially compact if every sequence in
the set has a converging subsequence whose limit lies in the subset. The following
result implies that a closed interval [a,b] is sequentially compact.

Theorem 6.5 (Bolzano–Weierstrass). Every bounded sequence of real numbers
has a subsequence that converges to a finite real number.

Proof. Let xn be a bounded sequence of real numbers. Then there are bounds
−∞< a< b< ∞ such that a≤ xn ≤ b for all n. Put

ym := sup
n≥m

xn.

This is shorthand for ym := supAm, where Am := {xn : n ≥ m}. Since xn ≤ b for all
n, b is an upper bound on Am. Since ym is the least upper bound of Am, ym ≤ b. Also
note that ym ≥ xm ≥ a. Hence, a≤ ym ≤ b for all m = 1,2, . . . .

Now put
z := inf

m≥1
ym.

Since a is a lower bound on ym, a must be less than or equal to the greatest lower
bound of the ym; i.e., a≤ z. Combining this with z≤ y1 ≤ b shows that z ∈ [a,b].
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We now show that there is a subsequence xnk → z. For k = 1,2, . . . , we proceed
as follows. Since z is a greatest lower bound, z+1/k is not a lower bound of the ym.
Hence, for some ymk , we have

z≤ ymk < z+1/k. (6.2)

Note that since the ym are nonincreasing, i.e., ym+1 ≤ ym, we may assume mk ≥ k.
Next, since

ymk = sup
n≥mk

xn,

ymk −1/k is not an upper bound on {xn : n≥ mk}. Hence, for some nk ≥ mk,

ymk −1/k < xnk ≤ ymk . (6.3)

It follows that
−1/k < xnk − ymk .

Now, from the left-hand inequality in (6.2), ymk − z≥ 0, and so

−1/k < (xnk − ymk)+(ymk − z)

= xnk − z

≤ ymk − z, by (6.3),
< 1/k, by (6.2).

Hence, −1/k < xnk − z< 1/k, or |xnk − z|< 1/k.

The number z in the preceding proof is called the limit superior of the sequence
xn; i.e.,

limsup
n

xn := inf
m

(
sup
n≥m

xn

)
.

Similarly, the limit inferior is defined by

liminf
n

xn := sup
m

(
inf
n≥m

xn

)
.

The notation limn xn and limn xn is also used for limsupn xn and liminfn xn, respec-
tively.

Remark. Observe that for each m = 1,2, . . . ,

inf
n≥m

xn ≤ sup
n≥m

xn.

Since the left-hand side is a nondecreasing sequence in m, and the right-hand side is
a nonincreasing sequence in m, it is easy to prove that both sides have limits in m.
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The limit in m on the left is limn xn, and the limit in m on the right is limn xn. It then
follows that limn xn ≤ limn xn. Now suppose that one has a sequence xn for which one
can show that limn xn ≥ limn xn. Then limn xn = limn xn, and it can be proved that xn
converges to this common value. Conversely, if xn converges, it can be proved that
limn xn = limn xn is the value of the limit.

6.2. Normed Vector Spaces and Metric Spaces

Normed Vector Spaces

To generalize properties of absolute value from numbers to vectors, we introduce
the concept of a norm.

Given a real or complex vector space X , we say that ‖ · ‖ is a norm on X if the
following three properties hold.

(i) For all x ∈ X , 0≤ ‖x‖< ∞, with ‖x‖= 0 if and only if x is the zero vector.
(ii) For all x ∈ X and all scalars a, ‖ax‖= |a|‖x‖.
(iii) For all x,y ∈ X , ‖x+y‖ ≤ ‖x‖+‖y‖. This is known as the triangle inequality.

We sometimes call ‖x‖ the length of x. If x has length one, it is called a unit vector.
A vector space on which a norm is defined is called a normed vector space.

The first thing to note is that if X is an inner-product space and if ‖x‖ := 〈x,x〉1/2

as in Chapter 3, then ‖ · ‖ satisfies the foregoing three properties; the first two prop-
erties are obvious, and the third was established by Corollary 3.2.

Proposition 6.6. A norm satisfies the inequality
∣∣‖x‖−‖y‖

∣∣≤ ‖x− y‖.

Proof. By the triangle inequality, we can write

‖x‖= ‖(x− y)+ y‖ ≤ ‖x− y‖+‖y‖,

from which it follows that ‖x‖−‖y‖ ≤ ‖x−y‖. If we had started with ‖y‖ instead of
‖x‖, we would have ended up with ‖y‖−‖x‖ ≤ ‖y−x‖. Since the larger of ‖x‖−‖y‖
and ‖y‖−‖x‖ is the absolute value of their difference, the proposition follows.
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If ‖ · ‖ is a norm on a vector space X , then we can define related norms on Xd

several ways. Here are three ways. For x = [x1, . . . ,xd ]
T, puta

‖x‖1 :=
d

∑
i=1
‖xi‖, ‖x‖2 :=

√
d
∑

i=1
‖xi‖2, and ‖x‖∞ := max

1≤i≤d
‖xi‖.

In the formula
‖x‖∞ ≤ ‖x‖2 ≤ ‖x‖1 ≤ d ‖x‖∞, (6.4)

the first and third inequalities are obvious. For the middle inequality, write

‖x‖2
1 = (‖x1‖+ · · ·+‖xd‖)2

=
d

∑
i=1
‖xi‖2 +nonnegative cross terms

≥
d

∑
i=1
‖xi‖2 = ‖x‖2

2.

Now take square roots. It is left to the problems to show that ‖ · ‖1, ‖ · ‖2, and ‖ · ‖∞

satisfy the properties of a norm.

Example 6.7. Suppose X = IR equipped with the absolute-value norm. Then
we immediately get three norms on IRd . When d = 2, it is interesting to sketch
{x : ‖x‖ = 1} under each norm. The “2-norm” is the usual Euclidean norm, which
yields a circle of radius one. The reader should verify that the “1-norm” yields a
diamond, and the “infinity norm” yields a square. When d = 3, the 2-norm yields
a sphere, the infinity norm yields a box, and the 1-norm yields the surface of an
octahedron as shown in Figure 6.1.

We can identify |C under the usual absolute-value for complex numbers with IR2

under the 2-norm. Hence, we immediately get the 1-norm, the 2-norm, and the infin-
ity norm on |Cd .

Example 6.8. Not all norms come from an inner product. Recall that if a norm
comes from an inner product, then the norm must satisfy the parallelogram law
(Problem 3.3),

‖x+ y‖2 +‖x− y‖2 = 2(‖x‖2 +‖y‖2).

However, the reader can check that with x = [1,1]T and y = [1,−1]T, the parallelo-
gram law does not hold for the infinity norm.

a We caution the reader that the norm symbol with subscripts is defined in different ways in other
situations in the text; e.g., in the next subsection.
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Figure 6.1. The unit “sphere” in IR3 under the 1-norm.

6.2.1. The Lp Spaces

In Example 2.11 we introduced the Lp spaces (1≤ p<∞) as the set of waveforms
x on some fixed interval such that

∫ |x(t)|p dt < ∞. If x ∈ Lp and we putb

‖x‖p :=
(∫
|x(t)|p dt

)1/p

,

then ‖x‖p is finite on Lp. It can be shown that ‖ · ‖p satisfies the properties of a norm
on Lp. In the Lp spaces, the triangle inequality is called the Minkowski inequality
(see Problem 6.13).

An important tool in the study of Lp spaces is the Hölder inequality (see Prob-
lem 6.12). It says that if x ∈ Lp and y ∈ Lq and 1

p +
1
q = 1 with 1< p< ∞, then

∫
|x(t)y(t)|dt ≤ ‖x‖p ‖y‖q.

In particular, this implies that the product xy ∈ L1.

Example 6.9. Show that Lp[a,b]⊂ L1[a,b] if p> 1.

b Do not confuse the meaning of ‖ ·‖1 and ‖ ·‖2 in the context of waveforms with that in the context of
vectors in IRd or |Cd .
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Solution. Suppose x ∈ Lp[a,b]. We must show that
∫ b

a |x(t)|dt < ∞. Observe
that y(t) ≡ 1 satisfies

∫ b
a |y(t)|q dt =

∫ b
a 1dt = b− a. Hence, ‖y‖q = (b− a)1/q. By

Hölder’s inequality,

∫ b

a
|x(t)|dt =

∫ b

a
|x(t) ·1|dt ≤ ‖x‖p(b−a)1/q < ∞.

In particular, if x ∈ L2[a,b], then x ∈ L1[a,b].

Example 6.10. Show that Lp(IR) 6⊂ L1(IR) if p> 1.

Solution. Consider the waveform x(t) := 1/t for t ≥ 1 and x(t) := 0 for t < 1.
Then ∫

∞

−∞

|x(t)|p dt =
∫

∞

1
t−p dt =

1
p−1

< ∞.

However, ∫
∞

−∞

|x(t)|dt =
∫

∞

1
t−1 dt = ln t

∣∣∣
∞

1
= ∞.

Example 6.11. Show that L1(IR) 6⊂ Lp(IR) if p> 1.

Solution. Consider the waveform x(t) = t−1/p for 0 < t ≤ 1 and x(t) = 0 other-
wise. Then ∫

∞

−∞

|x(t)|dt =
∫ 1

0
t−1/p dt =

t1−1/p

1−1/p

∣∣∣∣
1

0
=

p
p−1

.

However, ∫
∞

−∞

|x(t)|p dt =
∫ 1

0
t−1 dt = ln t

∣∣∣
1

0
= 0− (−∞) = ∞.

Example 6.12 (Lp Spaces of Random Variables). The collection of random vari-
ables with finite absolute pth moment is also sometimes denoted by Lp. In other
words, a random variable X is in Lp if E[|X |p] < ∞. Recall that the moment gener-
ating function of a random variable X is the function M(s) := E[esX ]. For real s, we
can use the Hölder inequality to show that ψ(s) := lnM(s) is a convex function of s.c

Fix any real s and t. Then for 0< λ < 1,

ψ
(
λ s+(1−λ )t

)
= lnE[e(λ s+(1−λ )t)X ] = lnE

[
(esX )λ
︸ ︷︷ ︸
=:U

(etX )1−λ
︸ ︷︷ ︸

=:V

]
.

c The function ψ(s) := lnM(s) is known as the cumulant generating function of X .
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Now by the Hölder inequality for nonnegative U and V ,

E[UV ]≤
(
E[U p]

)1/p(
E[V p]

)1/q
.

Taking p := 1/λ and q := 1/(1−λ ), observe that

U p =
[
(esX )λ ]p

= esX and V q =
[
(etX )1−λ ]q = etX .

Hence,
E[UV ]≤

(
E[esX ]

)1/p (
E[etX ]

)1/q
,

and we have

lnE[UV ] ≤ 1
p

lnE[esX ]+
1
q

lnE[etX ]

= λψ(s)+(1−λ )ψ(t).

To conclude, simply note that lnE[UV ] = ψ(λ s+(1−λ t)).

The foregoing example is important in studying the Chernoff bound. For s> 0,

P(X ≥ x) = P(sX ≥ sx) = P(esX ≥ esx) ≤ E[esX ]

esx , by Markov’s inequality,

= e−sxM(s)

= exp[−sx+ lnM(s)].

To minimize this last exponential, it suffices to minimize −sx+ lnM(s) as a function
of s. This is a convex function of s and therefore has a unique minimum value. The
optimal value of s can be found by taking the derivative, which is

−x+
M′(s)
M(s)

,

and finding its zeros; e.g., by using the MATLAB function fzero.

6.2.2. Metric Spaces

In a normed vector space, the distance between two vectors x and y is taken as
‖x− y‖. We have already seen three different norms, and therefore different notions
of distance, on IRd . To generalize ideas of distance from vector spaces to more ab-
stract sets, we introduce the concept of a metric.
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Let X be a nonempty set, and let ρ:X×X → [0,∞) have the following properties
for any points x, y, and z in X :

(i) ρ(x,y)≥ 0, and ρ(x,y) = 0 if and only if x = y.
(ii) ρ(x,y) = ρ(y,x).
(iii) ρ(x,z)≤ ρ(x,y)+ρ(y,z). This is known as the triangle inequality.

The function ρ is called a metric, and the pair (X ,ρ) is called a metric space. When
ρ is understood, we just say that X is a metric space.

The first thing to note is that if X is a normed vector space, then ρ(x,y) := ‖x−y‖
satisfies the three properties of a metric. The first two properties are obvious. To
verify the third one, we simply use the triangle inequality for norms to write

ρ(x,z) = ‖x− z‖= ‖(x− y)+(y− z)‖ ≤ ‖x− y‖+‖y− z‖= ρ(x,y)+ρ(y,z).

Since absolute value on IR is obviously a norm, |x− y| defines a metric on IR.

Example 6.13 (Discrete Metric). Given any nonempty set X , take ρ(x,y) := 1
for x 6= y and ρ(x,y) := 0 for x = y. Then it is easy to see that ρ satisfies the three
properties of a metric. This metric is called the discrete metric.

Example 6.14. If (X ,ρ) is a metric space and d is a positive integer, we can make
Xd into a metric space in several ways. For x := [x1, . . . ,xd ]

T and y := [y1, . . . ,yd ]
T,

put

ρ1(x,y) :=
d

∑
i=1

ρ(xi,yi), ρ2(x,y) :=

√
d
∑

i=1
ρ(xi,yi)

2,

and
ρ∞(x,y) := max

1≤i≤d
ρ(xi,yi).

It is left to the problems to show that ρ1, ρ2, and ρ∞ satisfy the properties of a metric.
We also note that

ρ∞(x,y)≤ ρ2(x,y)≤ ρ1(x,y)≤ dρ∞(x,y). (6.5)

Example 6.15. The foregoing example can be generalized. Suppose (X1,ρ(1)), . . . ,(Xd ,ρ(d))
are metric spaces. Then on X1×·· ·×Xd we can define the metrics

ρ∞(x,y) := max
1≤i≤d

ρ(i)(xi,yi), ρ1(x,y) :=
d

∑
i=1

ρ(i)(xi,yi),
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and

ρ2(x,y) :=

√
d
∑

i=1
ρ(i)(xi,yi)

2.

It is easy to check that (6.5) still holds.

6.3. Open Sets and Closed Sets

The set B(x,r) := {y ∈ X : ρ(x,y)< r} is called the ball of radius r centered at
x. Note that y ∈ B(x,r) if and only if ρ(x,y)< r.

Example 6.16 (Dependence of Ball on Definition of X). We emphasize that the
structure of B(x,ε) depends on how the whole space X is defined. Using the absolute
value metric on X = IR, we see that

B(x,ε) = {y ∈ IR : |x− y|< ε}= (x− ε,x+ ε).

In particular, B(0,ε) = (−ε,ε). However, if X = [0,∞), then

B(0,ε) = {y ∈ X : |y|< ε}= {y≥ 0 : |y|< ε}= [0,ε).

A set U ⊂ X is said to be open if for every x ∈U , there is an ε > 0 with B(x,ε)⊂
U . To say that U is not open means that there exists an x ∈U such that for all ε > 0,
B(x,ε) 6⊂U .

Proposition 6.17. The whole space X and the empty set ∅ are both open.

Proof. To see that X is open, observe that for any ε > 0, B(x,ε) is by definition a
subset of X .

To prove that the empty set is open, we give a proof by contradiction. That is, we
assume ∅ is not open and then derive a contradiction.

Suppose that ∅ is not open. Then there exists an x ∈∅ such that for every ε > 0,
B(x,ε) 6⊂∅. The statement x ∈∅ contradicts the fact that for the empty set, x /∈∅
for all x ∈ X .

The next proposition shows that B(x,r) is an open set. Hence, B(x,r) is often
called the open ball of radius r centered at x.

Proposition 6.18. The set B(x,r) is open.
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r

x ′

x

ε

Figure 6.2. Diagram for showing B(x,r) is open.

Proof. If r ≤ 0, then B(x,r) =∅, which is open by Proposition 6.17. So assume
r> 0. Fix any x′ ∈B(x,r). We must show that there is an ε > 0 with B(x′,ε)⊂B(x,r).
Consider the diagram in Figure 6.2, which suggests that the distance from x to x′ plus
ε should be at most r. We claim that with ε := r−ρ(x,x′),d B(x′,ε) ⊂ B(x,r). To
prove the claim, we fix an arbitrary y ∈ B(x′,ε), and we show that y ∈ B(x,r). Fix
any y ∈ B(x′,ε). Then ρ(x′,y)< ε , and we can write

ρ(x,y) ≤ ρ(x,x′)+ρ(x′,y)
< ρ(x,x′)+ ε
= ρ(x,x′)+ r−ρ(x,x′)
= r.

Hence, y ∈ B(x,r).

Definition 6.19 (Closed Set). A set F ⊂ X is closed if its complement, Fc :=
{x ∈ X : x /∈ F}, is open.

It follows that ∅, X , and B(x,r)c = {y ∈ X : ρ(x,y) ≥ r} are all closed sets. In
Problem 6.18 you will show that {y ∈ X : ρ(x,y)≤ r} is a closed set for all r ≥ 0. It
follows that the singleton set {x0}= {y ∈ X : ρ(x0,y)≤ 0} is closed.

Example 6.20 (Dependence of Complement on Definition of X). We emphasize
that just as B(x,ε) depends on how the whole space X is defined, the complement
of a set also depends on how X is defined. If X = IR and E = (0,1], then Ec =
(−∞,0]∪ (1,∞). However, if X = (0,∞), then Ec = (1,∞). In the second case, Ec

is open, but in the first case it is neither open nor closed (using the absolute value
metric in both cases).

d Note that x′ ∈ B(x,r) implies that r−ρ(x,x′)> 0.
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Proposition 6.21. Every union of open sets is an open set.

Proof. Given a collection of open sets Uα , we must show that
⋃

α Uα is also
open. To do this, we must show that for every x ∈ ⋃α Uα , there is a positive ε such
that B(x,ε) ⊂ ⋃α Uα . So, fix any x ∈ ⋃α Uα . Then x must belong to at least one of
the Uα , say x ∈Uα ′ . Since Uα ′ is open, there is some positive ε with B(x,ε) ⊂Uα ′ .
Hence,

B(x,ε) ⊂Uα ′

⊂Uα ′ ∪
( ⋃

α 6=α ′
Uα

)

=
⋃

α
Uα .

Proposition 6.22. If U1 and U2 are open sets, then so is U1∩U2.

Proof. Fix any x ∈U1∩U2. Since U1 and U2 are both open, there exist ε1 > 0 and
ε2 > 0 such that B(x,ε1) ⊂U1 and B(x,ε2) ⊂U2. Take ε := min(ε1,ε2). We claim
that B(x,ε)⊂U1∩U2. Since ε ≤ ε1,

B(x,ε)⊂ B(x,ε1)⊂U1,

and since ε ≤ ε2,
B(x,ε)⊂ B(x,ε2)⊂U2.

Since B(x,ε) is contained in both U1 and U2, we have B(x,ε)⊂U1∩U2.

Remark. Let T be a collection of subsets of an arbitrary set X . We say that T is
a topology if the following three properties hold:

(i) X and ∅ belong to T .
(ii) Every union of sets in T is a set in T .
(iii) Every intersection of two sets in T is a set in T .

On account of the foregoing propositions, it is clear that the collection of open sets
defined in terms of a metric is a topology. For example, in Problem 6.16 you will
show that under the discrete metric, every set is open; i.e., the topology consists of
all subsets of X . This is the largest possible topology, and is known as the discrete
topology. The smallest possible topology, called the trival topology, is T = {∅,X},
which contains only two sets. If X contains more than one point, then this topology
cannot come from a metric. To see why, recall that in a metric space, singleton sets
are closed, and so their complements are open. Given x0 ∈ X , the set {x0}c would
have to be open, but is not one of the sets in the trival topology T = {∅,X}.
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6.4. Closure, Boundary, and Interior

The closuree of a set E is

E :=
⋂

C:E⊂C and
C is closed

C.

There are several observations to make about closures.

(i) The closure E is a closed set. By taking the complement of the definition, we
see that Ec is the union of open sets and therefore open.

(ii) We always have E ⊂ E. Since E ⊂C for every set C in the above intersection,
we have E ⊂ ∩C =: E.

(iii) If F is any closed set containing E, then E ⊂F . Since E is a closed set, we sum-
marize this observation in words by saying that “the closure of E the smallest
closed set containing E.” The result follows by applying the relation A∩F ⊂ F
to

E :=
⋂

C:E⊂C and
C is closed

=




⋂

C 6=F :E⊂C and
C is closed


∩F ⊂ F.

(iv) A set E is closed ⇔ E = E. By our first observation, we see that ⇐ holds.
Conversely, suppose E is closed. Then we may take F = E in the preced-
ing observation to obtain E ⊂ E. Combining this with the second observation
yields E = E.

Although the definition of closure is a bit abstract, it allows us to define the bound-
ary and interior of a set in a way that makes them easy to work with.

The boundary of E is ∂E := E ∩Ec. Notice that since the boundary is the inter-
section of two closed sets, the boundary is a closed set. Also, the boundary of a set is
the same as the boundary of its complement; i.e., ∂E = ∂ (Ec).

The interior of E is Eo := (Ec )c. A point x is said to be an interior point of E
if x ∈ Eo. There are several observations to make about the interior.

(i) The interior Eo is an open set. This is immediate since it is defined as the
complement of a closed set.

(ii) We always have Eo ⊂ E. Since (Eo)c = Ec ⊃ Ec, it follows that Eo ⊂ E.
(iii) If U is an open set contained in E, then U ⊂ Eo. Since E ⊃ Eo is open, we sum-

marize this observation in words by saying that “the interior of E is the largest
open set contained in E.” The proof of the observation is left to Problem 6.21.

e The kind of closure here is sometimes called topological closure to distinguish it from the notions
closure under linear combinations or scalar multiplication used earlier in defining subspaces, affine sets,
and convex sets.
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(iv) A set E is open ⇔ E = Eo. By our first observation, we see that ⇐ holds.
Conversely, suppose E is open. Then Ec is closed, which implies Ec = Ec,
which implies E =

(
Ec
)c

=: Eo.

From our observations about the closure and the interior of a set, it follows that a
set is “sandwiched” between its interior and its closure; i.e.,

Eo ⊂ E ⊂ E.

We next show that the closure of a set is the disjoint union of its interior and its
boundary. Since Eo ⊂ E,

E = Eo∪E\Eo, which is a disjoint union,
= Eo∪

(
E ∩Ec

)

= Eo∪∂E.

Since this holds for every set E, we can replace E by Ec and find that

Ec = (Ec)o∪∂Ec = Ec∪∂E,

where we have used the definition of interior and the fact mentioned above that the
boundary of a set is the same as the boundary of its complement.

6.5. Convergence

We say that a sequence xn ∈ X converges to x ∈ X in the metric ρ if given any
ε > 0, we have for all sufficiently large n that ρ(xn,x) < ε . When the metric ρ is
understood, we denote the convergence of xn to x by xn→ x or by limn→∞ = x.

When you see expressions like xn→ x or limn→∞ = x, you always need to make
sure you know the metric under which the convergence is being considered.

Example 6.23. Let X denote the real numbers. Let ρa denote the absolute-value
metric, and let ρt denote the discrete metric. Given any ε > 0, ρa(1/n,0) = |1/n−
0|= 1/n< ε for n> 1/ε . Hence xn = 1/n converges to zero under the absolute-value
metric. However, under the discrete metric, ρt(1/n,0) = 1< ε fails for ε < 1. Hence,
xn = 1/n does not converge to zero under the discrete metric.

Another important aspect of the definition of convergence is the requirement that
the proposed limit lie in the set X under consideration.

Example 6.24. Let X = (0,1] and put xn := 1/n. Although |xn−0| = 1/n tends
to zero, the element 0 /∈ X . Hence, the sequence xn = 1/n ∈ X = (0,1] does not have
a limit in X under the absolute-value metric.
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Example 6.25 (Continuity of the Inner Product). Let xn be a sequence in an inner-
product space X . If xn→ x ∈ X , show that for any fixed y ∈ X , 〈xn,y〉 → 〈x,y〉.

Solution. Did you notice that this question involves two metric spaces? First,
there is the inner-product space X with its norm induced by the inner product, and
the norm inducing a metric on X . Second, there is the space of scalars, either IR or
|C, equipped with the absolute-value norm/metric.

We must show that the sequence of scalars 〈xn,y〉 converges to the scalar 〈x,y〉.
Given ε > 0, we must show that for sufficiently large n,

∣∣〈xn,y〉−〈x,y〉
∣∣< ε. (6.6)

Observe that by the Cauchy–Schwarz inequality,
∣∣〈xn,y〉−〈x,y〉

∣∣=
∣∣〈xn− x,y〉

∣∣≤ ‖xn− x‖‖y‖.

Since the vectors xn converge to the vector x, we know that ‖xn− x‖ < ε/‖y‖ for
large n. Hence, (6.6) holds for large n.

The importance of the result of Example 6.25 can be seen more clearly if we use
the notation x = limn→∞ xn. Then we can write

lim
n→∞
〈xn,y〉=

〈
lim
n→∞

xn,y
〉
. (6.7)

In the definition of convergence, note that an equivalent way to write ρ(xn,x)< ε
is to write xn ∈ B(x,ε). We use this to prove the following important result.

Theorem 6.26 (Characterization of Closed Sets). A set E in a metric space is
closed⇔ every sequence of points in E that converges has its limit in E.

Proof. (⇒): Let E be closed. We must show that if xn → x with xn ∈ E, then
x ∈ E. For a proof by contradiction, suppose otherwise that there is some sequence
xn ∈ E that converges to a limit x /∈ E. Then x ∈ Ec where Ec is open. Hence, there
is an ε > 0 with B(x,ε)⊂ Ec. However, since xn→ x, for large n, xn ∈ B(x,ε)⊂ Ec.
For these n, xn ∈ Ec and xn ∈ E, which is a contradiction.

(⇐): Suppose that every converging sequence from E has its limit in E. We
must prove that E is closed. For a proof by contradiction, suppose otherwise that E
is not closed. Then Ec is not open. Hence, there is an x ∈ Ec such that there is no
open ball about x contained in Ec. This implies that for each open ball of the form
B(x,1/n), B(x,1/n) 6⊂ Ec; i.e., there is an xn ∈ B(x,1/n)∩E. In other words, xn ∈ E
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and ρ(xn,x) < 1/n; i.e., xn is a sequence in E that converges to a point x /∈ E. This
contradicts the original assumption that every converging sequence from E has its
limit it E.

Example 6.27. In an inner-product space, show that the orthogonal complement
of any set is closed.

Solution. Let W be any subset. We must show that W⊥ is closed. By Theo-
rem 6.26, we must show that an arbitrary sequence in W⊥ that converges must have
its limit in W⊥. So let xn ∈W⊥, and assume xn→ x ∈ X . We must show that x ∈W⊥;
i.e., we must show that x⊥ w for all w ∈W . Fix any w ∈W and write

〈x,w〉 =
〈

lim
n→∞

xn,w
〉

= lim
n→∞
〈xn,w〉, by (6.7),

= lim
n→∞

0, since xn ∈W⊥,

= 0.

This says that x⊥ w or that x ∈W⊥ as required.

Theorem 6.28 (Approximation). Let E be a subset of a metric space. Given x ∈
E, either x ∈ E, or if x /∈ E, we can approximate x by some y ∈ E. More precisely,
given ε > 0, there is a y ∈ E with ρ(x,y)< ε . Hence, by taking ε = 1/n, there is an
xn ∈ E with ρ(xn,x)< 1/n. In other words, there is a sequence from E that converges
to x.

Proof. Let x ∈ E with x /∈ E. We need to show that for every ε > 0, there is a
y ∈ E with y ∈ B(x,ε). Suppose otherwise that this is not the case. Then for some
ε > 0, B(x,ε)∩E =∅. Equivalently, E ⊂ B(x,ε)c, which is a closed set. Hence,
E ⊂ B(x,ε)c. However, we now have x ∈ E ⊂ B(x,ε)c, which is a contradiction.

Example 6.29. Let X denote the space of finite-energy waveforms on [−π,π],
equipped with the usual integral inner product. Let E denote the subset of all finite
Fourier series of the form

n

∑
k=−n

cke jkt .

The fact that every finite-energy waveform on [−π,π] is the limit in norm of its finite-
sum Fourier series can be expressed by the formula E = X .
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6.5.1. The Sampling Theorem

The sampling theorem says that if x is a finite-energy waveform bandlimited to
W , then

x(t) =
∞

∑
k=−∞

x(k/ fs)sinc( fs[t− k/ fs]),

where fs ≥ 2W . To derive the sampling theorem, we start with the fact that the
assumptions on x imply

x(t) =
∫

∞

−∞

X( f )e j2π f t d f =
∫ W

−W
X( f )e j2π f t d f ,

where X is the Fourier transform of x. Since X is zero outside of [−W,W ], we can
also view X as zero outside of [− fs/2, fs/2] for any fs ≥ 2W . Since x has finite
energy, so does X , and we can view X as belonging to L2[− fs/2, fs/2]. From the
theory of Fourier series, we can write

X( f ) =
∞

∑
k=−∞

cke− j2πk f/ fs , | f | ≤ fs/2,

where the Fourier-series coefficients ck are easily found to be ck = x(k/ fs)/ fs. The
above equation is understood as saying ‖Xn−X‖2 → 0, where Xn is the nth partial
sum,

Xn( f ) :=
n

∑
k=−n

cke− j2πk f/ fs , | f | ≤ fs/2.

Now put Yt( f ) := e− j2π f t , and observe that

x(t) =
∫

∞

−∞

X( f )e j2π f t d f

=
∫ fs/2

− fs/2
X( f )e j2π f t d f

=
∫ fs/2

− fs/2
X( f )Yt( f )d f

= 〈X ,Yt〉, since X ,Yt ∈ L2[− fs/2, fs/2],
= lim

n→∞
〈Xn,Yt〉, by continuity of the inner product,

= lim
n→∞

n

∑
k=−n

ck

∫ fs/2

− fs/2
e− j2πk f/ fs e j2π f t d f

=
∞

∑
k=−∞

x(k/ fs)/ fs · fs sinc( fs[t− k/ fs]).
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6.5.2. Bounded Sets and Bounded Sequences

A set E in a metric space (X ,ρ) is bounded if E is contained in some open ball.
More precisely, E is bounded if for some x ∈ X and some 0 ≤ r < ∞, E ⊂ B(x,r).
Note that once this is true for some point x and some radius r, we can write for any
y and r′ := r + ρ(x,y), E ⊂ B(y,r′). Hence, the center of the ball does not matter
for assessing boundedness. When X is a normed vector space, we usually restrict
attention to balls centered at the origin. Hence, a set E in a normed vector space is
bounded if for some r, ‖x‖< r for all x ∈ E.

A sequence xn is bounded if it lies entirely in some open ball.

Proposition 6.30. In a metric space, a convergent sequence is bounded.

Proof. Suppose xn → x. For ε = 1, there is some N such that for all n ≥ N,
ρ(xn,x)< 1. Now put

r := max{1,ρ(x1,x), . . . ,ρ(xN−1,x)}.
Then ρ(xn,x) ≤ r for n < N and for n ≥ N. If we insist on strict inequality, we can
replace r by r+1.

Example 6.31. Prove that if two sequences of real numbers converge, then their
product converges to the product of the limits.

Solution. Suppose xn→ x and yn→ y. We must show that xnyn→ xy. We give
two proofs.

The first proof requires the following preliminary analysis. Write

|xnyn− xy| = |xnyn− xyn + xyn− xy|
≤ |xnyn− xyn|+ |xyn− xy|
= |xn− x| |yn|+ |x| |yn− y|
≤ r|xn− x|+ |x| |yn− y|,

where the last step uses the fact that since yn converges, yn is bounded by some r.
Proof. Since yn converges, we may assume |yn| ≤ r for some finite r and all n.

Let ε > 0 be given. Since xn→ x, for large n we have |xn−x|< ε/(2r). Since yn→ y,
for large n we have |yn− y|< ε/(2|x|). For large n,

|xnyn− xy| = |xnyn− xyn + xyn− xy|
≤ |xn− x| |yn|+ |x| |yn− y|
≤ r|xn− x|+ |x| |yn− y|
< ε.
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The second proof requires a different preliminary analysis. It easy to see that
|(xn− x)(yn− y)|= |xn− x| |yn− y| → 0. Next, observe that

(xn− x)(yn− y) = xnyn− xyn− xny+ xy.

Rearrange this as

xnyn = (xn− x)(yn− y)+ xyn + xny− xy.

It is easy to show that xyn→ xy and xny→ xy. Hence,

lim
n→∞

xnyn = 0+ xy+ xy− xy = xy.

We leave it to the reader to write a complete proof.

6.6. Cauchy Sequences and Completeness

If xn → x, then given any ε > 0, there is an N such that for all n ≥ N, we have
ρ(xn,x)< ε/2. Hence, if n and m are both greater than or equal to N, then

ρ(xn,xm)≤ ρ(xn,x)+ρ(x,xm)< ε/2+ ε/2 = ε.

A sequence with the property that given any ε > 0, there exists an N such that for all
n,m≥ N, we have ρ(xn,xm)< ε is said to be Cauchy. From the foregoing observa-
tion, every convergent sequence is Cauchy.

If a metric space has the property that every Cauchy sequence converges to a point
in the space, then the metric space is said to be complete. The following lemma can
be combined with the Bolzano–Weierstrass Theorem to show that the real numbers
are complete.

Lemma 6.32. If a Cauchy sequence in a metric space has a subsequence that
converges to a point x, then the sequence itself converges to x.

Proof. Problem 6.32.

Theorem 6.33. The real numbers are complete under the absolute-value metric.

Proof. Problem 6.33.
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Theorem 6.34. The spaces IRd and |Cd are complete under any of the three norms
‖ · ‖1, ‖ · ‖2, or ‖ · ‖∞ introduced in Example 6.7.

Proof. First consider IRd . Let xn = [xn,1, . . . ,xn,d ]
T be a Cauchy sequence in

IRd . In other words, given ε > 0, there is an N such that for n,m ≥ N, we have
‖xn− xm‖ < ε , where ‖ · ‖ denotes any one of the three norms that were introduced
in Example 6.7. From (6.4), we see that the infinity norm is the smallest of the three,
and so for any 1≤ i≤ d,

ε > ‖xn− xm‖ ≥ ‖xn− xm‖∞ ≥ |xn,i− xm,i|.
It now follows that for each i, the ith sequence {xn,i}∞

n=1 is Cauchy in IR and therefore
converges to a limit x∗,i ∈ IR. Put x∗ := [x∗,1, . . . ,x∗,d ]T. Since the 1-norm is the largest
in (6.4),

‖xn− x∗‖ ≤ ‖xn− x∗‖1 =
d

∑
i=1
|xn,i− x∗,i|.

Since each absolute value on the right goes to zero, ‖xn− x∗‖→ 0.
Now consider |Cd . By identifying |C under the usual absolute value for com-

plex numbers with IR2 under the 2-norm, the preceding paragraph shows that |C is
complete. Armed with this result, the argument of the preceding paragraph applies
essentially verbatim to show that |Cd is complete.

If a normed vector space is complete, it is called a Banach space. If an inner-
product space is complete, it is called a Hilbert space. The Lp spaces discussed in
Section 6.2.1 are complete spaces. This fact, sometimes known as the Riesz–Fischer
Theorem, is proved, for example in [33].

Theorem 6.35. If w1,w2, . . . are orthonormal vectors in a Hilbert space X, then
for all x ∈ X,

x̂ :=
∞

∑
k=1
〈x,wk〉wk exists, and ‖x̂‖2 =

∞

∑
k=1

∣∣〈x,wk〉
∣∣2 ≤ ‖x‖2 < ∞.

Furthermore, x̂ is the projection of x onto span{w1,w2, . . .}. Also, given scalars
c1,c2, . . . , the infinite sum

∞

∑
k=1

ckwk exists ⇔
∞

∑
k=1
|ck|2 < ∞.
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Proof. Let w1,w2, . . . be an infinite sequence of orthonormal vectors in a Hilbert
space X . Put Wn := span{w1, . . . ,wn}. We know from the proof of the Finite-
Dimensional Projection Theorem that the projection of x ∈ X onto Wn is given by

x̂n :=
n

∑
k=1
〈x,wk〉wk.

We also point out that since

‖x̂n‖2 =
n

∑
k=1

∣∣〈x,wk〉
∣∣2,

and since ‖x̂n‖ ≤ ‖x‖ (recall (3.8)), ‖x̂n‖2 is nondecreasing and bounded above. By
Problem 6.1, ‖x̂n‖2 converges, which implies ‖x̂n‖2 is a Cauchy sequence in IR.

Let W := span{w1,w2, . . .}. In other words, W is the collection of all linear com-
binations involving finitely many of the wk. We now show that x̂n converges to some
x̂ ∈W and that x̂ is the projection of x onto W . Since we are working in a Hilbert
space, it suffices to show that x̂n is Cauchy; it will then follow that x̂n converges.
Since x̂n ∈Wn ⊂W , which is closed, the limit, denoted by x̂, must lie in W . The
Orthogonality Principle can be used to show that x̂ is the projection.

For m> n,

‖x̂m− x̂n‖2 =

∥∥∥∥
m

∑
k=n+1

〈x,wk〉wk

∥∥∥∥
2

=
m

∑
k=n+1

∣∣〈x,wk〉
∣∣2 = ‖x̂m‖2−‖x̂n‖2.

Hence, x̂n is a Cauchy sequence of vectors if and only if ‖x̂n‖2 is a Cauchy sequence
of real numbers, which, as noted above, it is. Therefore x̂n is a Cauchy sequence of
vectors, and since X is a Hilbert space, x̂n converges as required. We denote the limit
by x̂. It remains to show that x̂ satisfies the Orthogonality Principle (Problem 6.38).

Since
∣∣‖x̂n‖−‖x̂‖

∣∣ ≤ ‖x̂n− x̂‖ → 0, and since ‖x̂n‖ ≤ ‖x‖, we have ‖x̂‖ ≤ ‖x‖.
Furthermore,

∞> ‖x‖2 ≥ ‖x̂‖2 = lim
n→∞
‖x̂n‖2 = lim

n→∞

n

∑
k=1

∣∣〈x,wk〉
∣∣2 =

∞

∑
k=1

∣∣〈x,wk〉
∣∣2.

The results about the ck follow by repeating the appropriate parts of the foregoing
analysis with the necessary changes.
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A collection of orthonormal vectors, w1,w2, . . . in a Hilbert space X is said to be
a complete orthonormal set if the closure of their span is equal to the whole space;
i.e., if span{w1,w2, . . .}= X . In this case, every x ∈ X is equal to its projection onto
span{w1,w2, . . .}, and therefore

x =
∞

∑
k=1
〈x,wk〉wk and ‖x‖2 =

∞

∑
k=1

∣∣〈x,wk〉
∣∣2.

The formula on the right is usually called Parseval’s equation. The best-known
example of a complete orthonormal set is the collection of complex exponentials
{e jkt ,k = 0,±1,±2, . . .} in L2[−π,π].

Remark. It is possible to construct an inner-product space containing an uncount-
able subset of orthonormal vectors. Consider the set X of waveforms x(t) such that

lim
T→∞

1
T

∫ T

−T
|x(t)|2 dt

exists and is finite. For x,y ∈ X , define the inner productf

〈x,y〉 := lim
T→∞

1
T

∫ T

−T
x(t)y(t)dt.

For real ω , consider the waveforms ϕω(t) := e jωt/
√

2. Then {ϕω : ω ∈ IR} is an
uncountable orthonormal subset of X .

6.6.1. The Projection Theorem for Hilbert Space

Theorem 6.36 (Projection Theorem for Hilbert Space). Let C be a nonempty,
closed, convex subset of a Hilbert space X. Then for every x ∈ X, the unique pro-
jection of x onto C exists.

Proof. If we can establish the existence of at least one projection, uniqueness
follows from Theorem 3.12. Given x ∈ X , we must show that there exists an x̂ ∈C
with

‖x− x̂‖ ≤ ‖x− y‖, for all y ∈C. (6.8)
f Strictly speaking, we have to agree not to disinguish between two functions x and y for which

lim
T→∞

1
T

∫ T

−T
|x(t)− y(t)|2 dt = 0.
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Let h := infy∈C ‖x− y‖. From the definition of infimum, there is a sequence yn ∈C
with ‖x− yn‖ → h. We will show that yn is a Cauchy sequence. Since X is a Hilbert
space, yn converges to some limit in X . Since C is closed, the limit, which we call x̂,
must be in C by Theorem 6.26. We conclude the proof by showing that (6.8) holds.

To show yn is Cauchy, we proceed as follows. By the parallelogram law (Prob-
lem 3.3),

2(‖x− yn‖2 +‖x− ym‖2) = ‖2x− (yn + ym)‖2 +‖ym− yn‖2

= 4
∥∥∥∥x− yn + ym

2

∥∥∥∥
2

+‖ym− yn‖2.

Note that the vector (yn + ym)/2 ∈C since C is convex. It now follows that

2(‖x− yn‖2 +‖x− ym‖2)≥ 4h2 +‖ym− yn‖2.

Since ‖x−yn‖→ h, given ε > 0, there exists an N such that for all n≥ N, ‖x−yn‖<
h+ ε . Thus, for m,n≥ N,

‖ym− yn‖2 < 2((h+ ε)2 +(h+ ε)2)−4h2 = 4ε(2h+ ε).

This shows that yn is Cauchy. To establish (6.8), first write

‖x− x̂‖ ≤ ‖x− yn‖+‖yn− x̂‖.

Since ‖x− yn‖ → h and ‖yn− x̂‖ → 0, taking limits on both sides of the inequality
yields ‖x− x̂‖ ≤ h. Since by definition of h, h≤ ‖x−y‖ for all y ∈C, (6.8) holds.

Remark. If W is a closed subspace of a Hilbert space X , then by the Orthog-
onality Principle, X = W ⊕W⊥. A similar remark was made following the Finite-
Dimensional Projection Theorem.

6.6.2. Fixed Points and Contraction Mappings

Consider a function f :X → X , where X is equipped with a metric ρ . We say that
x ∈ X is a fixed point of f if f (x) = x. The mapping f is a contraction if there is a
constant 0≤ c< 1 such that for all x,y ∈ X ,

ρ
(

f (x), f (y)
)
≤ cρ(x,y). (6.9)

Theorem 6.37 (Contraction Mapping Theorem). A contraction f on a complete
metric space X has a unique fixed point x. Furthermore, the fixed point is the limit of
the sequence

xn+1 := f (xn), n = 1,2,3, . . . ,
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where x1 is any point in X. Also, if c is the contraction constant,

ρ(x,xn)≤
ρ(x2,x1)

1− c
cn−1. (6.10)

Example 6.38. Suppose we want to solve an equation of the form g(x)= y, where
g:X → X and X is a vector space. Notice that g(x) = y if and only if for any λ 6= 0,

λ [g(x)− y]+ x = x.

Setting f (x) := λ [g(x)− y]+ x, we have that g(x) = y is equivalent to f (x) = x. In
other words, we have converted the problem of solving g(x) = y into a fixed-point
problem for f . If we can choose λ so that f is a contraction, and if X is complete,
then the contraction mapping theorem gives us an algorithm for finding the solution
x. The theorem even gives us a bound to use as a stopping criterion for the algorithm.

When X = IR, and f is differentiable, we can use the mean-value theorem to
find a constant c in (6.9) that is less than one. Recall that for any x and y,

f (x)− f (y) = f ′(t)(x− y),

where t lies between x and y. Then

| f (x)− f (y)|= | f ′(t)| · |x− y|.

Since f ′(t) depends on λ , we can adjust λ so that for some c < 1, | f ′(t)| ≤ c for all
possible values of t.

Example 6.39 (Differential Equations). Consider the differential equation

x′(t) = h(t,x(t)), x(t0) = ξ0.

Assuming there exists a waveform x that satisfies the above conditions, we can inte-
grate both sides from t0 to t and get

∫ t

t0
x′(τ)dτ =

∫ t

t0
h(τ,x(τ))dτ.

Since the left-hand side is x(t)− x(t0) = x(t)−ξ0, we can write

x(t) = ξ0 +
∫ t

t0
h(τ,x(τ))dτ. (6.11)

January 11, 2020



152 6 Sequences, Limits, Completeness, and Compactness

Notice that if we differentiate the above expression with respect to t, we recover
x′(t) = h(t,x(t)).g Hence, x solves the differential equation with initial condition
x(t0) = ξ0 if and only if x solves (6.11). To prove the existence and uniqueness of a
solution of (6.11), consider the function f defined on waveforms x by

( f (x))(t) := ξ0 +
∫ t

t0
h(τ,x(τ))dτ.

In other words, given a waveform x, f (x) is the waveform whose value at time t is
given by the above formula. Assuming h(t,ξ ) is continuous, whenever x is a contin-
uous waveform, f (x) will also be a continuous waveform.h Since continuous wave-
forms on a closed interval form a Banach space, if we can show f is a contraction,
then f will have a unique fixed point. But f (x) = x implies ( f (x))(t) = x(t), which
is exactly (6.11).

Proof of the Contraction Mapping Theorem. First note that fixed points of con-
traction mappings are always unique. If x and y are both fixed points, then

ρ(x,y) = ρ
(

f (x), f (y)
)
≤ cρ(x,y).

If x 6= y, then ρ(x,y)> 0 and we can divide through by ρ(x,y) and find 1≤ c, which
is a contradiction. We conclude that x = y.

We now turn to the algorithm xn+1 = f (xn). We show that xn is a Cauchy se-
quence. Since X is complete, there must be a limit x with ρ(xn,x)→ 0. To begin,
write

ρ(x3,x2) = ρ
(

f (x2), f (x1)
)
≤ cρ(x2,x1).

Next,
ρ(x4,x3) = ρ

(
f (x3), f (x2)

)
≤ c2 ρ(x2,x1).

In general,
ρ(xn+1,xn)≤ cn−1 ρ(x2,x1).

For m> n, use the triangle inequality to write

ρ(xm,xn)≤
m−1

∑
k=n

ρ(xk+1,xk)≤
m−1

∑
k=n

ck−1 ρ(x2,x1).

Since
m−1

∑
k=n

ck−1 =
m−1

∑
k=1

ck−1−
n−1

∑
k=1

ck−1,

g Assuming h is continuous and that x is continuous, the fundamental theorem of calculus shows that
differentiating (6.11) results in x′(t) = h(t,x(t)).

h In fact, f (x) will be continuously differentiable since then ( f (x))′(t) = h(t,x(t)) is continuous.
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we can use the finite geometric series formula to write

m−1

∑
k=n

ck−1 =
1− cm−1

1− c
− 1− cn−1

1− c
=

cn−1− cm−1

1− c
≤ cn−1

1− c
.

Thus,

ρ(xm,xn)≤ ρ(x2,x1)
cn−1

1− c
, (6.12)

and we see that xn is a Cauchy sequence. Since X is complete, there is an x ∈ X with
xn→ x.

We next show that this limit x is a fixed point of f . By the triangle inequality,

ρ
(
x, f (x)

)
≤ ρ(x,xn+1)+ρ

(
xn+1, f (x)

)

= ρ(x,xn+1)+ρ
(

f (xn), f (x)
)

≤ ρ(x,xn+1)+ cρ(xn,x)→ 0.

Since ρ
(
x, f (x)

)
= 0, f (x) = x.

To conclude the proof, we establish the bound (6.10). Let ε > 0 be arbitrary. For
m> n, use (6.12) to write

ρ(x,xn) ≤ ρ(x,xm)+ρ(xm,xn)

≤ ρ(x,xm)+
cn−1

1− c
ρ(x2,x1).

If we now also assume m is large enough that ρ(x,xm)< ε , we have

ρ(x,xn)≤ ε +
cn−1

1− c
ρ(x2,x1).

Since ε is arbitrary, (6.10) follows.

6.7. Sequential Compactness

The notion of sequential compactness of subsets of real numbers carries over
verbally unchanged to metric spaces. The only difference is that convergence is in
terms of the metric. Here is the precise definition. If ρ is a metric on X , then a subset
D is said to be sequentially compact if every sequence xn ∈D has a subsequence xnk
that converges to a point x ∈ D; i.e., limk→∞ ρ(xnk ,x) = 0.
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Proposition 6.40. In a metric space, sequentially compact sets are closed and
bounded.

Proof. Let ρ be a metric on a space X , and let D ⊂ X be sequentially compact.
To show D is closed, we use Theorem 6.26 on the characterization of closed sets. Let
xn ∈ D converge to a point x ∈ X . We must show that x ∈ D. Since D is sequentially
compact, there is a subsequence xnk converging to a point y ∈ D. However, since
xn→ x, any subsequence xnk must also converge to x (Problem 6.34). Since limits are
unique, x = y ∈ D (Problem 6.35).

To prove that D is bounded, we assume otherwise and obtain a contradiction.i

Suppose D is not bounded. Fix any point x ∈ D. Then for every n = 1,2, . . . , the
set D is not contained in B(x,n). In other words, there is some point xn ∈ D that is
outside B(x,n); i.e., ρ(xn,x) ≥ n. However, since D is sequentially compact, there
is a converging subsequence xnk and a point y ∈ D with ρ(xnk ,y)→ 0 as k → ∞.
Furthermore, by the definition of subsequence, nk→ ∞ as k→ ∞. Hence,

nk ≤ ρ(xnk ,x)≤ ρ(xnk ,y)+ρ(y,x).

The right-hand side is bounded, but the left-hand side tends to infinity.

In IRd and |Cd we have the following converse result.

Theorem 6.41. Closed and bounded subsets of IRd or |Cd are sequentially com-
pact under any of the three norms ‖ · ‖1, ‖ · ‖2, or ‖ · ‖∞ introduced in Example 6.7.

Proof. First consider IRd . To keep the notation from getting out of hand, we
treat the case d = 2. Let [xn,yn]

T be a sequence in a closed and bounded set D.
Since |xn| ≤ ‖[xn,yn]

T‖∞ is bounded, the Bolzano–Weierstrass Theorem tells us that
there is a subsequence xnk converging to a real number x. Similarly, since |ynk | ≤
‖[xnk ,ynk ]

T‖∞ is bounded, there is a further subsequence ynkl
converging to a real

number y. At this point, it is important to observe that since xnk → x, we also have
xnkl
→ x. No matter which of the three norms we use, writing

‖[xnkl
,ynkl

]T− [x,y]T‖ ≤ |xnkl
− x|+ |ynkl

− y|

shows that as l→ ∞, the sub-subsequence converges to [x,y]T, which must lie in D
on account of Theorem 6.26.

i The reader may find it helpful to review the discussion of bounded sets in Section 6.5.2.
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Now consider |Cd . By identifying |C under the usual absolute value for complex
numbers with IR2 under the 2-norm, the preceding paragraph shows that closed and
bounded subsets of |C are sequentially compact. This implies that a bounded se-
quence of complex numbers, which lies inside some closed and bounded disk, has a
converging subsequence; i.e., we have the “Bolzano–Weierstrass Theorem for com-
plex numbers.” Armed with this result, the argument of the preceding paragraph
applies essentially verbatim to show that |Cd is complete.

The foregoing proof makes essential use of the fact that IRd is finite dimensional.
To make the first term on the right in the above inequality less than ε/2, we need
l ≥ L1. To make the second term less than ε/2, we need l ≥ L2. Then when l ≥
max(L1,L2), both terms will be less than ε/2, and their sum will be less than ε . This
extends to making d terms all less than ε/d. However, if there were infinitely many
terms, with the kth one less than ε/2k, we would need l ≥ sup(L1,L2, . . .), which may
be infinite.

Example 6.42. Consider the space of bounded elements in IR∞. A typical x∈ IR∞

has the form x = (x1,x2, . . .) with ‖x‖ := supn |xn|< ∞. We show that the closed and
bounded ball {x : ‖x‖ ≤ 1} is not sequentially compact. Put x1 := (1,0,0,0, . . .),
x2 := (0,1,0,0, . . .), x3 := (0,0,1,0, . . .), and so on. For m 6= n, xn− xm has 1 in
position n,−1 in position m, and 0s elsewhere. Hence, ‖xn−xm‖= 1. It follows that
no subsequence can be Cauchy,j and hence, no subsequence can converge.

6.8. Continuous Functions

Consider a function f :X → Y , where X is equipped with metric ρ and Y is
equipped with metric m. We say that f is continuous at a point x0 ∈ X if

∀ε > 0,∃δ > 0,∀x ∈ X ,

ρ(x,x0)< δ ⇒ m( f (x), f (x0))< ε.
(6.13)

Letting Bρ and Bm denote open balls in X and Y , respectively, we can rewrite the
above implication as

x ∈ Bρ(x0,δ )⇒ f (x) ∈ Bm( f (x0),ε).

In other words, f (x) is close to f (x0) whenever x is close enough to x0. “Close
enough” is determined by δ , which depends on the point x0.

j A little more detail is required. Given ε = 1/2, suppose there is a K such that for k, l ≥ K, ‖xnk −
xnl ‖ < 1/2. In particular, ‖xnK − xnl ‖ < 1/2. Since nl → ∞ as l → ∞, we know that for large enough
l ≥ K, nl > nK . For such l, we have 1 = ‖xnK −xnl ‖< 1/2.
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If a function is continuous at every point in a subset of the whole space, then we
say that the function is continuous on the subset.

As you will show in Problem 6.44, the product of two continuous functions is
continuous. Since the function f (x) = x for x ∈ IR is continuous, it follows that x2,
x3, etc. are continuous. More generally, since the sum of two continuous functions is
continuous, polynomials are continuous functions.

Theorem 6.43 (Convergence Preservation). A function between metric spaces is
continuous if and only if the function is convergence preserving.

Proof. Let f :X → Y , where X is equipped with metric ρ and Y is equipped with
metric m. Before proving anything, we must be clear about what we mean when we
say f is convergence preserving at a point x0. We mean that for all sequences xn that
converge to x0 in the metric ρ , the image sequence f (xn) converges to f (x0) in the
metric m.

There are two things to prove. First, if f is continuous at a point x0 ∈ X , we must
show that if xn is any sequence converging to x0, then f (xn)→ f (x0). We leave this
to the reader in Problem 6.45.

The second thing we must prove is that if f is convergence preserving at x0, then
f is continuous at x0. Suppose otherwise that f is not continuous at x0. Then there
is some ε0 > 0 such that for every δ = 1/n, there is an xn with ρ(xn,x0) < δ =
1/n, but m( f (xn), f (x0)) ≥ ε0. Since ρ(xn,x0) < 1/n, xn converges to x0. However,
for this sequence, m( f (xn), f (x0)) ≥ ε0 shows that f (xn) cannot converge to f (x0).
This contradicts the assumption that f preserves convergence of all sequences that
converge to x0.

Theorem 6.44. A real-valued continuous function on a sequentially compact
subset of a metric space achieves its maximum and minimum values on that subset.

Proof. Let D denote the sequentially compact subset, and let f :D→ IR be con-
tinuous. It is enough to prove that the maximum is achieved. We defer to later the
fact that f is bounded above. With this assumption, we have f := supx∈D f (x) < ∞.
By definition of supremum, there is a sequence xn ∈ D with f (xn)→ f . Since D
is sequentially compact, there is a subsequence xnk with xnk → x0 ∈ D. Since f is
continuous on D, f is convergence preserving at x0. Therefore, f (xnk)→ f (x0) as
k→ ∞. However, since f (xn)→ f , we have f (xnk)→ f as well. Since limits are
unique (Problem 6.35), we have f (x0) = f .

It remains to show that f is bounded above on D. Suppose otherwise that for
n = 1,2, . . ., there is an xn ∈ D with f (xn) > n. Since D is sequentially compact,
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there is a converging subsequence xnk → x0 ∈ D as k→ ∞. Since f is continuous,
f (xnk)→ f (x0). Since convergent sequences are bounded (Proposition 6.30), this
contradicts f (xnk)> nk→ ∞.

A nice application of Theorem 6.44 is the following lemma, which we will then
use to prove that finite-dimensional subspaces of a normed vector space are complete
and therefore closed.

Lemma 6.45. Let w1, . . . ,wd be linearly independent vectors in a normed vector
space, and for scalars c1, . . . ,cd , put

w :=
d

∑
i=1

ciwi.

Let c := [c1, . . . ,cd ]
T. Then there exist positive finite constants K1 and K2 such that

K1‖c‖∞ ≤ ‖w‖ ≤ K2‖c‖∞,

where ‖ · ‖∞ denotes the infinity norm on IRd or |Cd as appropriate.

Proof. First write

‖w‖= ‖c1w1 + · · ·+ cdwd‖ ≤
d

∑
i=1
|ci|‖wi‖ ≤ ‖c‖∞

( d

∑
i=1
‖wi‖

︸ ︷︷ ︸
=:K2

)
.

To obtain K1 is more difficult. Define the real-valued function

f (c) :=
∥∥∥∥

d

∑
i=1

ciwi

∥∥∥∥.

It is easy to show that f is a continuous. Consider minimizing f over {c : ‖c‖∞ = 1}.
This closed and bounded set is sequentially compact by Theorem 6.41. Hence, the
minimum of f on this set is achieved by some c∗ with ‖c∗‖∞ = 1. Put

K1 := min
c:‖c‖∞=1

f (c) = f (c∗).

Note that K1 cannot be zero. If it were, then we would have 0= f (c∗) = ‖c∗1w1+ · · ·+
c∗dwd‖ = 0; then linear independence would force c∗ = 0, which would contradict
‖c∗‖= 1. To complete the proof, consider any w = c1w1 + · · ·+cdwd . Then w = 0 if
and only if c = 0. For w 6= 0,

‖w‖= ‖c‖∞

∥∥∥∥
d

∑
i=1

ci

‖c‖∞

wi

∥∥∥∥= ‖c‖∞ f
( c
‖c‖∞

)
≥ ‖c‖∞ f (c∗) = K1‖c‖∞.
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Theorem 6.46. In a normed vector space, every finite-dimensional subspace is
complete and therefore closed.

Proof. Let W be a finite-dimensional subspace of a normed vector space X . Then
W has a basis, say w1, . . . ,wd . If w(n) is any sequence in W , then for each n,

w(n) = c(n)1 w1 + · · ·+ c(n)d wd

for a unique d-tuple of scalars, c(n) := [c(n)1 , . . . ,c(n)d ]T. By Lemma 6.45, for any n
and m,

K1‖c(n)− c(m)‖∞ ≤ ‖w(n)−w(m)‖ ≤ K2‖c(n)− c(m)‖∞.

Suppose w(n) is Cauchy. Then by the left-hand inequality, c(n) is Cauchy in IRd

or |Cd as appropriate. Hence, there is a c with ‖c(n)−c‖∞→ 0. Put w := c1w1 + · · ·+
cdwd , and use Lemma 6.45 to write

K1‖c(n)− c‖∞ ≤ ‖w(n)−w‖ ≤ K2‖c(n)− c‖∞.

This shows that w(n)→ w ∈W . Hence W is complete.
It is similarly easy to show that W is closed. If w(n) converges to some x ∈ X ,

then w(n) is Cauchy, and by the foregoing argument w(n)→ w ∈W . By uniqueness
of limits x = w ∈W . Hence, W is closed.

6.8.1. Uniform Continuity

Sometimes we have a stronger kind of continuity called uniform continuity. We
say that f is uniformly continuous if f (x) and f (x0) are close whenever x and x0 are
close enough, and “close enough” does not depend on either of the two points. More
precisely, we say f is uniformly continuous if

∀ε > 0,∃δ > 0,∀x,x0 ∈ X ,

ρ(x,x0)< δ ⇒ m
(

f (x), f (x0)
)
< ε.

Notice that both x and x0 appear after the existence of δ is mentioned. This is in
contrast with (6.13), where x0 is fixed before the existence of δ is mentioned.

Example 6.47. The function f defined in the proof of Lemma 6.45 is actually
uniformly continuous, as you will show in Problem 6.54.
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Notes

Note 6.1. We denote by IR the set consisting of IR together with the symbols ∞

and −∞. We call IR the extended real numbers. The symbols ±∞ interact with real
numbers as follows. If x is a real number, then −∞ < x < ∞ and x±∞ = ±∞. If x
is a positive real number, then x · (±∞) = ±∞. If x is a negative real number, then
x · (±∞) =∓∞. We also use the convention 0 · (±∞) = 0.

Problems

1. A sequence of real numbers xn is said to be monotonic increasing if xn ≤ xn+1
for all n. The sequence is said to be monotonic decreasing if xn ≥ xn+1 for all
n. If xn is monotonic increasing and bounded above, prove that the sequence has
a limit. Hint: Put x := supn xn, and prove that xn→ x.

2. Geometric Series. Put SN := 1+ z+ z2 + · · ·+ zN−1.

(a) If z 6= 1, show that SN = (1−zN)/(1−z). Hint: Write SN+1 in two different
ways. First, SN+1 = SN + zN . Second, SN+1 = 1+ zSN .

(b) For |z|< 1, show that limN→∞ SN = 1/(1− z).

3. Consider the sequence xn := ∑
n
k=0 1/k!.

(a) Show that

xn ≤ 1+
n−1

∑
m=0

(1
2

)m
.

(b) Show that xn ≤ 3.
(c) Explain why

e := lim
n→∞

n

∑
k=0

1
k!

exists.

4. Let C be a convex subset of a vector space X , and let { fα} be a family of convex
functions defined on C. Show that

f (x) := sup
α

fα(x), x ∈C,

is convex.
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5. Given any function L(λ ,x), show thatk

sup
λ

inf
x

L(λ ,x)≤ inf
x

sup
λ

L(λ ,x).

6. Suppose that in the previous problem, there exist λ0 and x0 such that (λ0,x0) is
a saddle point; i.e.,

L(λ ,x0)≤ L(λ0,x0)≤ L(λ0,x), for all λ ,x.

In this case, establish the reverse inequality,

sup
λ

inf
x

L(λ ,x)≥ inf
x

sup
λ

L(λ ,x).

Remark. If a saddle point (λ0,x0) exists, then

sup
λ

inf
x

L(λ ,x) = inf
x

sup
λ

L(λ ,x) = L(λ0,x0).

For other conditions that allow the interchange of supremum and infimum, see
[22].

7. Suppose that
sup

λ
inf

x
L(λ ,x) = inf

x
sup

λ
L(λ ,x).

If λ0 achieves the supremum on the left and x0 achieves the infimum on the right,
show that (λ0,x0) is a saddle point.

8. Suppose A and B are subsets of real numbers. Be sure to consider special cases
of empty sets and sets that are not bounded below.

(a) If A⊂ B, show that infB≤ infA.
(b) Show that infA∪B = min{infA, infB}. Do not assume A⊂ B.

9. Let X be a normed vector space. For fixed x0 ∈ X , define the function ϕ(x) :=
‖x− x0‖. Determine whether or not ϕ is convex.

10. Show that ‖ · ‖1, ‖ · ‖2, and ‖ · ‖∞ defined in Section 6.2 satisfy the properties of
a norm.

k The expression is more precisely understood as

sup
λ

[
inf

x
L(λ ,x)

]
≤ inf

x

[
sup

λ
L(λ ,x)

]
.
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11. From (6.4), we have (1/d)‖x‖1 ≤ ‖x‖2 ≤ d‖x‖∞. Derive the improved bounds
(1/
√

d )‖x‖1 ≤ ‖x‖2 ≤
√

d ‖x‖∞.

12. For 1≤ p< ∞, if x ∈ Lp, put

‖x‖p :=
(∫
|x(t)|p dt

)1/p

.

Suppose x∈Lp and y∈Lq for 1< p,q<∞ satisfying 1
p +

1
q = 1. Derive Hölder’s

inequality, ∫
|x(t)y(t)|dt ≤ ‖x‖p ‖y‖q.

Hints: Rewrite the inequality as
∫ |x(t)y(t)|
‖x‖p ‖y‖q

dt ≤ 1.

Since exp(·) is a convex function on IR,

exp
[

1
p α + 1

q β
]
≤ 1

p eα + 1
q eβ .

Set α(t) := ln(|x(t)|/‖x‖p)
p and β (t) := ln(|y(t)|/‖y‖q)

q and integrate.

13. Using the notation of the preceding problem, derive Minkowski’s inequality,

‖x+ y‖p ≤ ‖x‖p +‖y‖p,

where 1≤ p< ∞. Hint: Observe that

‖x+ y‖p
p =

∫
|x(t)+ y(t)| |x(t)+ y(t)|p−1 dt

≤
∫
|x(t)| |x(t)+ y(t)|p−1 dt +

∫
|y(t)| |x(t)+ y(t)|p−1 dt,

and apply Hölder’s inequality.

14. MATLAB. Chernoff Bound. Let X be a Laplace random variable with density
f (x) = e−|x|/2. Use MATLAB to plot P(X > x) and the Chernoff bound on a
semilog scale for x ∈ [−5,20]. Note: When the Chernoff bound is greater than
one, you should replace the bound by one since probabilities are always less than
or equal to one.

15. Let ρ be a metric, and put d(x,y) := ρ(x,y)/[1+ρ(x,y)]. Show that d is also a
metric. Hint: Show that f (t) := t/(1+ t) is an increasing function of t on [0,∞).
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16. Show that with the discrete metric, every subset of X is an open subset.

17. Show that ρ∞, ρ1, and ρ2 defined in Example 6.14 satisfy the properties of a
metric.

18. Show that for x ∈ X and r ≥ 0, F := {y ∈ X : ρ(x,y)≤ r} is a closed set.

19. Let ρ be a metric on a space X . On Xd consider the three metrics ρ1, ρ2, and ρ∞

defined in Example 6.14. For x ∈ Xd , use (6.5) to show that

Bρ∞
(x,ε/d)⊂ Bρ1(x,ε)⊂ Bρ2(x,ε)⊂ Bρ∞

(x,ε).

Hence, a set in Xd is open under any one of the three metrics if and only if the
set is open under the other two metrics.

20. Using the setup of Example 6.15, show that if Ui is an open subset of Xi, then
U1×·· ·×Ud is an open subset of X1×·· ·×Xd using the metric ρ2.

21. Let U be a subset of E, and suppose that U is open. Show that U ⊂ Eo.

22. If E is a subset of a metric space, show that x ∈ Eo if and only if there exists an
ε > 0 with B(x,ε)⊂ E.

23. Under the discrete metric, show that the boundary of every set is empty.

24. Give an example of a metric space in which for some 0 < r < ∞, the closure of
the open ball, B(x,r), is not equal to the closed ball {y ∈ X : ρ(x,y)≤ r}.

25. Let X denote the rational numbers, and for x,y ∈ X , let ρ(x,y) := |x− y| be the
usual absolute-value metric. Show that if r is a positive, irrational number, then
the open ball B(0,r) is a closed set and the closed ball {x ∈ X : |x| ≤ r} is an
open set.

26. Suppose that the real numbers, IR, is equipped with a metric such that every
subset is both open and closed. If xn → x, determine whether or not xn = x for
all sufficiently large n. Caution: Do not assume that the metric is the discrete
metric!

27. Let U be a subset of a real inner-product space X . The polar of U is

U− := {x ∈ X : 〈x,u〉 ≤ 0 for all u ∈U}.

Determine whether or not U− is a closed set.

28. In a normed vector space, determine whether or not the closure of a convex set
is convex.
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29. In a normed vector space, determine whether or not the closure of the open ball
is equal to the closed ball. In symbols, does B =C, where B := {x∈ X : ‖x‖< 1}
and C := {x ∈ X : ‖x‖ ≤ 1}?

30. Let X be a metric space with metric ρ . Suppose that A and B are two nonempty,
disjoint, closed subsets of X . Put

d := inf
x∈A,y∈B

ρ(x,y).

Determine whether or not d > 0.

31. Show that a Cauchy is sequence is bounded.

32. Prove Lemma 6.32.

33. Use Lemma 6.32 and the Bolzano–Weierstrass Theorem 6.5 to prove that the
real numbers are complete (Theorem 6.33).

34. In a metric space, show that if limn→∞ xn = x and xnk is any subsequence, then
limk→∞ xnk = x

35. Show that limits are unique in a metric space. Hint: Let xn → x and xn → y.
Show that ρ(x,y) = 0.

36. Let X := (0,1] be equipped with the discrete metric. Determine whether or not
X is complete.

37. Continuity of the Inner Product. In an inner-product space, show that if xn→ x and
yn→ y, then 〈xn,yn〉 → 〈x,y〉.

38. Prove that x̂ in Theorem 6.35 satisfies the Orthogonality Principle for W . Hints:
First use (6.7) to show that 〈x− x̂,wm〉= 0 for each m. Second, use this to show
that 〈x− x̂,w〉 = 0 for w ∈W := span{w1,w2, . . .}. Third, for y ∈W , use the
Approximation Theorem 6.28 to prove that 〈x− x̂,y〉= 0.

39. MATLAB. Consider the task of developing an algorithm to compute
√

y for 0 ≤
y ≤ 9. Observe that x =

√
y if and only if x ∈ [0,3] solves x2 = y. The desired

contraction is f (x) = λ [x2− y]+ x.

(a) Determine all values of λ that make f a contraction.
(b) What value of λ do you expect to work best; i.e., make the algorithm con-

verge faster? Why?
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(c) Write a MATLAB script to implement your algorithm. Use your algorithm
to compute the sequence xn to approximate

√
2. Your sequence will depend

on λ , if you want your algorithm to converge faster, use a good value of λ .
Your sequence will also depend on x1. Use x1 = 1.5. Print out the first few
values of xn to see that it is converging to the correct value.

40. Generalized ContractionMapping Theorem. Suppose that ρ( f (x), f (y))≤ cρ(x,y)
for some 1≤ c< ∞ so that f may not be a contraction. Let f m denote f iterated
m times; e.g., f 3(x) = f ( f ( f (x))). Show that if f m is a contraction for some
positive integer m, then f itself has a unique fixed point. Hints: Define xn+1 =
f (xn) as in the proof of the contraction mapping theorem. Observe that if xn→ x,
then the proof that x is a fixed point of f goes through as before. Furthermore,
any fixed point of f must be a fixed point of f m and so must be unique since
f m is a contraction. The challenge is to prove xn converges. To this end, note
that every positive integer n can be written uniquely as n = km+ r, where k is a
nonnegative integer, and r ∈ {0, . . . ,m−1}. Hence,

xn+1 = f n(x1) = f km+r(x1) = (( f m)k)( f r(x1)).

41. Let E and F be sequentially compact subsets of a metric space X . Put G :=E∩F .
Determine whether or not G is sequentially compact.

42. Let f be a real-valued function defined on a metric space. If f is continuous at a
point, show that f is bounded in a neighborhood of that point. More specifically,
if f is continuous at x0, show that there is a positive constant B< ∞ and a δ > 0
such that for all x with ρ(x,x0)< δ , we have | f (x)| ≤ B.

43. If f is a strictly increasing function mapping a nonempty interval I onto an in-
terval J, show that f is continuous.

44. Let f and g be real-valued mappings defined on a metric space. If f and g are
both continuous at a point x0, show that their product f (x)g(x) is continuous at
x0.

45. Prove the first part of Theorem 6.43.

46. Let xn := ∏
n
k=1 31/k2

. Find limn→∞ xn by using the fact that ∑
∞
k=1 1/k2 = π2/6.

Hint: Let yn := lnxn, and use the fact that exp(·) is a continuous function.

47. Let X and Y be metric spaces, and let D ⊂ X be sequentially compact. Let
f :D→ Y be continuous, and put f (D) := { f (x) : x ∈ D}. Show that f (D) is
sequentially compact.
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48. Let X be a space that is complete under the metric ρ , and let E ⊂ X be closed.
Let Y be another space with metric m, and let f :E → Y be continuous. Show
that if

m
(

f (x), f (z)
)
≥ ρ(x,z), for all x,z ∈ E,

then f (E) := { f (e) : e ∈ E} is closed.

49. Let f : IR→ IR be continuous. Put B := {(x,y) ∈ IR2 : y ≥ f (x)}. Determine
whether or not B a closed subset of IR2. Justify your answer.

50. Consider the situation in Problem 5.8. Make the additional assumptions that X
is a normed vector space and that C is closed. Determine whether or not E is
closed.

51. Let f :X → Y be onto. Assume that X is equipped with metric ρ and that Y is
equipped with metric m. Show that if

m
(

f (x1), f (x2)
)
≥ ρ(x1,x2), for all x1,x2 ∈ X ,

then f is invertible and that f−1 is continuous.

52. Epigraph. If C is a subset of X and f :C→ [−∞,∞] is an extended-real-valued
function, the epigraph of f is

epi f := {(x, t) : x ∈C, t ∈ IR and f (x)≤ t}.

Notice that if (x, t) ∈ epi f , then since t ∈ IR, we have f (x)≤ t < ∞; however, it
is possible that f (x) = −∞. If we know that f :C→ (−∞,∞], then (x, t) ∈ epi f
implies −∞ < f (x) < ∞. If f takes only the value ∞, then epi f = ∅. The
epigraph is regarded as a subset of the Cartesian product,

X× IR := {(x, t) : x ∈ X and t ∈ IR}.

If X is a metric space with metric ρ , then we equip X× IR with the metric

m
(
(x, t),(y,s)

)
:=
√

ρ(x,y)2 + |t− s|2.

(a) Show that if C is closed and f is finite and continuous on C, then epi f is a
closed subset of X× IR.

(b) Show that if X is complete, then X× IR is complete.
(c) Suppose that C is a convex subset of a vector space X . If f :C→ (−∞,∞],

show that f is a convex function (satisfies (5.6) for all x,y ∈C) if and only
if epi f is a convex subset of X× IR.
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53. Let a space X be equipped with a metric ρ . For any subset A⊂ X , and any x∈ X ,
define d(x,A) := infy∈A ρ(x,y).

(a) Show that d(x,A) = 0⇔ x ∈ A.
(b) For any set A, define An := {x∈X : d(x,A)< 1/n}. Show that

⋂
∞
n=1 An =A.

(c) Show that for any set A, d(x,A) is a continuous function of x.
(d) The indicator function of a set A is 1A(x) := 1 for x ∈ A and 1A(x) := 0

otherwise. For a closed set F , show that

lim
n→∞

1Fn(x) = 1F(x).

(e) In general, indicator functions are not continuous. However, for closed
subsets of a metric space, we can construct a continuous approximation as
follows. The construction begins with the continuous function

ϕ(t) :=





1, t < 0,
1− t, 0≤ t ≤ 1,

0, t > 1.

Next, given a closed set F , consider the continuous functions defined by
gn(x) := ϕ(nd(x,F)). Show that

1F(x)≤ gn(x)≤ 1Fn(x).

Also show that limn→∞ gn(x) = 1F(x).

54. Prove that the function f introduced in the proof of Lemma 6.45 is uniformly
continuous.

55. Consider the function f :(0,∞)→ IR defined by f (x) := lnx. Determine whether
or not f is uniformly continuous.

56. Consider the sets X := (0,∞) and Y := IR.

(a) If f :X → Y is one-to-one, show that the formula

ρ f (x1,x2) := | f (x1)− f (x2)|, x1,x2 ∈ X ,

defines a metric on X .

(b) If f (x) := lnx, determine whether or not the sequence xn := 1/n is Cauchy
under the metric ρ f defined in part (a).

(c) If f (x) := lnx, determine whether or not X is complete under the metric ρ f
defined in part (a).
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(d) If f (x) := e−x, determine whether or not X is complete under the metric ρ f
defined in part (a).

57. Consider the set X := (−π,π] equipped with the metric

ρ(x,y) :=
∣∣e jx− e jy∣∣, x,y ∈ (−π,π].

Determine whether or not X is complete.

58. Let D be a nonempty, closed and bounded subset of a normed vector space X .
Show that if D is contained in a finite-dimensional subspace of X , then D is
sequentially compact.

59. Let D be a nonempty, closed subset of a normed vector space X . Assume that
D is contained in a finite-dimensional subspace of X . Show that if x ∈ X , then
there is an x̂ ∈ D with ‖x− x̂‖ ≤ ‖x− y‖ for all y ∈ D. Hint: As in the proof
of the Projection Theorem for Hilbert Space, put h := infy∈D ‖x− y‖, and let
yn ∈D satisfy ‖x−yn‖→ h. Show that yn is bounded and apply the result of the
previous problem appropriately.

60. Consider the function

f (x) := [1+(x/3)2](2+ cosx), x ∈ IR.

Put µ := infx∈IR f (x). Determine whether or not there exists a real number x0
such that f (x0) = µ .

61. Let f be positive, strictly decreasing, and continuous on [0,∞), with f (x)→ 0
as x→ ∞. Put M := f (0) so that f maps [0,∞) onto (0,M]. Then f−1 exists
and maps (0,M] to [0,∞). (a) Show that f−1 is strictly decreasing. (b) Fix any
y ∈ (0,M] and show that f−1 is continuous at y. Hints: Theorem 6.43, Propo-
sition 6.30, and sequential compactness (The Bolzano–Weierstrass Theorem).
You may also use the following result.

Lemma. To show xn → x, it suffices to show that for every subse-
quence xnk , there is a sub-subsequence xnk`

that converges to x.

62. When (X ,ρ) is a metric space and f :X → [−∞,∞] is an extended-real-valued
function, the notions of lower semicontinuity and upper semicontinuity are
often useful. We say that f is lower semicontinuous at x0 if whenever t is a
real number with f (x0) > t, then for all x close to x0, we have f (x) > t as well.
We say that f is upper semicontinuous at x0 if the inequalities f (x0) > t and
f (x)> t are changed to f (x0)< t and f (x)< t.

(a) If f (x0) =−∞, is f lower semicontinuous at x0?
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(b) On X := [0,∞), consider the function f (x) :=− lnx for x > 0 and f (0) :=
∞. Determine whether or not f is lower semicontinuous at x = 0.

(c) Show that f is lower semicontinuous at all x ∈ X if and only if for each real
t, the level set {x ∈ X : f (x)≤ t} is closed.

(d) Show that f is lower semicontinuous at x0 ⇔ if whenever xn → x0 and
f (xn)→ L, we must have f (x0) ≤ L. Note that L is allowed to be an ex-
tended real number. Hint: To prove⇐, you may use the fact that if f (xn)
is a sequence, then there is a subsequence f (xnk)→ L := lim

n→∞

f (xn), even

if lim
n→∞

f (xn) =−∞.

(e) Let D be a sequentially compact subset of X on which f is lower semicon-
tinuous. Show that f achieves its minimum value on D.

(f) The epigraph of f was defined in Problem 6.52. Show that f is lower
semicontinuous on X if and only if epi f is closed in X× IR.
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CHAPTER 7

Diagonalization and Singular-Value
Decomposition of Linear Operators

7.1. Bounded Linear Functionals

The simplest linear operators are scalar valued and are called linear functionals.
A linear functional defined on a normed vector space X is said to be bounded if there
is a finite constant B such that

| f (x)| ≤ B‖x‖, for all x ∈ X .

Observe that for any x,x0 ∈ X ,

| f (x)− f (x0)|= | f (x− x0)| ≤ B‖x− x0‖.

We thus see that a bounded linear functional is uniformly continuous.

Remark. It is important to realize that the term “bounded linear functional” does
not mean that | f (x)| is bounded by a finite constant. Instead, what is bounded by a
finite constant is the ratio | f (x)|/‖x‖ for nonzero x.

Proposition 7.1. If a linear functional on a normed vector space is continuous
at a point, then the linear functional is bounded (and thus uniformly continuous).

Proof. Suppose a linear functional f is continuous at a point x0. Fix any ε > 0.
Let ‖x− x0‖< δ imply | f (x)− f (x0)|< ε . Fix any 0< η < δ . We claim that for all
z ∈ X , | f (z)| ≤ (ε/η)‖z‖. For z = 0, the inequality obviously holds. For z 6= 0, put
w := ηz/‖z‖ so that

‖(w+ x0)− x0‖= ‖w‖= η < δ and then | f (w+ x0)− f (x0)|= | f (w)|< ε.

But, since

ε > | f (w)|=
∣∣∣∣

η
‖z‖ f (z)

∣∣∣∣,

we have
| f (z)|< ε

η
‖z‖.
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170 7 Diagonalization and the SVD

Example 7.2. Let C[0,1] denote the set of all real-valued, continuous waveforms
on [0,1]. If we equip C[0,1] with the uniform norm

‖x‖ := max
0≤t≤1

|x(t)|,

show that the point-evaluation linear functional defined by f (x) := x(0) is contin-
uous.

Solution. First note that by Theorem 6.44, the maximum in the definition of ‖x‖
is achieved by some t ∈ [0,1]. Hence, ‖x‖ is well defined. Second, by Problem 7.1,
the formula for ‖ · ‖ satisfies the properties of a norm on C[0,1]. It is easy to show
that f is uniformly continuous. For x,y ∈C[0,1], write

| f (x)− f (y)|= |x(0)− y(0)| ≤ max
0≤t≤1

|x(t)− y(t)|= ‖x− y‖.

We emphasize that whether or not a mapping f :X → Y between metric spaces
is continuous depends on the metric used on the space X and the metric used on the
space Y .

Example 7.3. In the preceding example, if we replace the uniform norm by

‖x‖ :=
∫ 1

0
|x(t)|dt,

then the point-evaluation linear functional is not continuous. See Problem 7.2.

7.1.1. Linear Functionals Represented by Inner Products

Given any vector y in an inner-product space X , if we put f (x) := 〈x,y〉, then it
is easy to check that f is a bounded linear functional. The linearity follows from the
properties of the inner product. To establish boundedness, use the Cauchy–Schwarz
inequality to write | f (x)| =

∣∣〈x,y〉
∣∣ ≤ ‖x‖‖y‖. Furthermore, the representing vector

y is unique. To see this, suppose f (x) = 〈x,z〉 as well. Then 0 = f (x)− f (x) =
〈x,y〉− 〈x,z〉 = 〈x,y− z〉. Since this holds for all x ∈ X , taking x = y− z shows that
‖y− z‖2 = 0, which implies y = z.

Example 7.4. It is easy to show that if X is a finite-dimensional inner-product
space, then every linear functional is given by an inner product (and is therefore
bounded and continuous). To see this, let w1, . . . ,wn be an orthonormal basis for X .
Since x = ∑

n
k=1〈x,wk〉wk,

f (x) = f
( n

∑
k=1
〈x,wk〉wk

)
=

n

∑
k=1
〈x,wk〉 f (wk) =

〈
x,

n

∑
k=1

f (wk)wk

〉
.
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7.1 Bounded Linear Functionals 171

Hence, the representing vector is ∑
n
k=1 f (wk)wk.

In the infinite-dimensional setting we have seen that not all linear functionals are
continuous. However, in a Hilbert space, every bounded linear functional can be
represented by an inner product. This result is known as the Riesz Representation
Theorem for Hilbert Space.

Theorem 7.5 (Riesz Representation for Hilbert Space). Every bounded linear
functional on a Hilbert space can be represented uniquely by an inner product.

Proof. Let X be a Hilbert space, and let f be a bounded linear functional on X .
We show there is a unique vector y ∈ X such that f (x) = 〈x,y〉 for all x ∈ X . Since
f is bounded, it is continuous, and it is easy to show that ker f is a closed subspace
(Problem 7.4). By the Projection Theorem for Hilbert Space,

X = (ker f )⊕ (ker f )⊥.

If f (x) = 0 for all x ∈ X , take y = 0. Otherwise, on account of the above decomposi-
tion of X , there is a z ∈ (ker f )⊥ with f (z) 6= 0. We claim that

y =
f (z)
‖z‖2 z

is the desired vector. To prove this, given any x ∈ X , put

w := x− f (x)
f (z)

z.

Then f (w) = 0, and so w ∈ ker f . Since z ∈ (ker f )⊥, 〈w,z〉= 0. Replacing w by its
definition yields

〈
x− f (x)

f (z)
z,z
〉
= 0, which implies 〈x,z〉= f (x)

f (z)
‖z‖2.

Solving for f (x) yields

f (x) =
〈

x,
f (z)
‖z‖2 z

〉

as claimed. Uniqueness of such a representation was established earlier in the section.
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If f is a bounded linear functional defined on a normed vector space, we define
the norm of f bya

‖ f‖ := sup
x 6=0

| f (x)|
‖x‖ . (7.1)

The assumption that f is bounded implies that the above supremum is finite. Also,
the definition of ‖ f‖ implies that for nonzero x,

‖ f‖ ≥ | f (x)|‖x‖ ,

which implies | f (x)| ≤ ‖ f‖‖x‖, which also holds when x = 0. (Why?)

One way to find the norm in (7.1) is the following two-step procedure. First find
a finite constant B such that | f (x)| ≤ B‖x‖ for all x; this shows that the supremum
is finite and upper bounded by B; thus, ‖ f‖ ≤ B. Second, find a nonzero vector x0
such that | f (x0)| ≥ B‖x0‖. This shows that the supremum is lower bounded by B. We
conclude that the supremum is equal to B; i.e., ‖ f‖= B. You may use this technique
in Problem 7.6 to show that in an inner-product space, if f (x) := 〈x,y〉 for some fixed
y, then ‖ f‖ = ‖y‖; i.e., for such linear functionals, the norm of the functional f is
equal to the vector-space norm of the vector y used to define f .

It is easy to check that the definition of ‖ f‖ is equivalent to the formula ‖ f‖ =
sup‖x‖=1 | f (x)|.

7.2. Bounded Linear Operators

A linear operator A:X → Y between normed vector spaces is bounded if there is
a finite constant B such that

‖Ax‖Y ≤ B‖x‖X , for all x ∈ X .

We included the subscripts on the norms to emphasize the different spaces involved.
In the sequel, we usually drop the subscripts.

It is easy to show that a linear operator is continuous at a point if and only if the
operator is bounded, in which case it is uniformly continuous.

a The reader should check that the collection of bounded linear functionals on X is a vector space
(called the dual of X and denoted by X∗) and that (7.1) satisfies the properties of a norm on this vector
space.
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If A is a bounded linear operator, we define the norm of A byb

‖A‖ := sup
x 6=0

‖Ax‖Y
‖x‖X

. (7.2)

Hence, ‖Ax‖Y ≤ ‖A‖‖x‖X . It is easy to check that the definition of ‖A‖ is equivalent
to the formula ‖A‖= sup‖x‖=1 ‖Ax‖.

The suggestions following (7.1) for determining the norm of a bounded linear
functional apply more generally to the determination of the norm of a bounded linear
operator.

Example 7.6. If
∫ d

c
(∫ b

a |k(t,τ)|2 dτ
)

dt < ∞, then we can show that

(Ax)(t) :=
∫ b

a
k(t,τ)x(τ)dτ, c≤ t ≤ d,

defines a bounded operator from L2[a,b] into L2[c,d]. First write

|(Ax)(t)| ≤
∫ b

a
|k(t,τ)| |x(τ)|dτ.

Now apply Hölder’s inequality (Problem 6.12) to get

|(Ax)(t)| ≤
(∫ b

a
|k(t,τ)|2 dτ

)1/2(∫ b

a
|x(τ)|2 dτ

)1/2

.

It follows that
∫ d

c
|(Ax)(t)|2 dt ≤

∫ d

c

(∫ b

a
|k(t,τ)|2 dτ

)(∫ b

a
|x(τ)|2 dτ

)
dt

=
∫ d

c

(∫ b

a
|k(t,τ)|2 dτ

)
‖x‖2 dt

=
∫ d

c

(∫ b

a
|k(t,τ)|2 dτ

)
dt ‖x‖2.

Hence, x∈ L2[a,b]⇒ Ax∈ L2[c,d]. Since the right-hand side is finite, A is a bounded
operator. Furthermore, ‖A‖ ≤

(∫ d
c
(∫ b

a |k(t,τ)|2 dτ
)
dt
)1/2.

b The reader should verify that the set of bounded linear operators from X to Y is a vector space and
that (7.2) satisfies the properties of a norm on this vector space.
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We have seen many examples of linear operators whose adjoint is easy to find.
However, if we want to talk about operators in general without a specific one in mind,
it would be nice to know that the adjoint exists.

Theorem 7.7. A bounded linear operator from a Hilbert space into an inner-
product space always has an adjoint.

Proof. Let A:X → Y be a bounded linear operator from a Hilbert space X to an
inner-product space Y . Given y ∈ Y , we must find a vector A∗y that satisfies

〈Ax,y〉Y = 〈x,A∗y〉X , for all x ∈ X .

Put f (x) := 〈Ax,y〉Y , and observe that since

| f (x)|= |〈Ax,y〉Y | ≤ ‖Ax‖Y ‖y‖Y ≤ ‖A‖‖x‖X ‖y‖Y =
(
‖A‖‖y‖Y

)
‖x‖X ,

f is a bounded linear functional on X . By the Riesz Representation Theorem for
Hilbert Space, there is a unique representing vector in X . This vector depends on
both the operator A and the point y ∈ Y that we started with. Therefore, we denote
the representing vector by A∗y. Thus, f (x) = 〈x,A∗y〉X for all x ∈ X .

Proposition 7.8. Let A be a linear operator between inner product spaces, and
assume the adjoint A∗ exists. Then either A and A∗ are both bounded or they are
both unbounded. If they are bounded, they have the same norm; i.e., ‖A∗‖ = ‖A‖.
Furthermore, in the bounded case, ‖A∗A‖= ‖A‖2.

Proof. Suppose A is bounded. Then

‖A∗y‖2 = 〈A∗y,A∗y〉= |〈AA∗y,y〉| ≤ ‖AA∗y‖‖y‖ ≤ ‖A‖‖A∗y‖‖y‖.

Dividing both sides by ‖A∗y‖ shows that A∗ is bounded and satisfies ‖A∗‖ ≤ ‖A‖.
Similarly, if A∗ is bounded, then

‖Ax‖2 = 〈Ax,Ax〉= |〈A∗Ax,x〉| ≤ ‖A∗Ax‖‖x‖ ≤ ‖A∗‖‖Ax‖‖x‖, (7.3)

and so ‖A‖ ≤ ‖A∗‖.
Having shown that ‖A∗‖= ‖A‖, it follows that ‖A∗Ax‖ ≤ ‖A∗‖‖Ax‖ ≤ ‖A‖2 ‖x‖.

Hence, ‖A∗A‖ ≤ ‖A‖2. Conversely,

‖Ax‖2 = 〈Ax,Ax〉= |〈A∗Ax,x〉| ≤ ‖A∗Ax‖‖x‖ ≤ ‖A∗A‖‖x‖2 (7.4)

shows that ‖A‖2 ≤ ‖A∗A‖.
Remark. The reader should be sure to understand the differences in the right-most

inequalities in (7.3) and (7.4) and the assumptions under which each one holds.

We next have the following extension of Theorem 4.13(e)(f).
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Theorem 7.9. Let X and Y be inner-product spaces. If A:X → Y is a linear
operator whose adjoint A∗:Y → X exists, then

(a) (kerA)⊥ = rangeA∗, if X is a Hilbert space.
(b) (kerA∗)⊥ = rangeA, if Y is a Hilbert space.

Proof. To prove part (a), use Theorem 4.13(c) to write kerA = (rangeA∗)⊥.
Hence,

(kerA)⊥ = [(rangeA∗)⊥]⊥ = rangeA∗,

where the last step follows by applying Problem 7.14 to the Hilbert space X and its
subspace rangeA∗.

To prove part (b), use Theorem 4.13(a) to write kerA∗ = (rangeA)⊥. Hence,

(kerA∗)⊥ = [(rangeA)⊥]⊥ = rangeA,

where the last step follows by applying Problem 7.14 to the Hilbert space Y and its
subspace rangeA.

7.2.1. Convolution Operators

We say that

(Ax)(t) = (h∗ x)(t) :=
∫

h(t− τ)x(τ)dτ

is a convolution operator or a linear, time-invariant system. But we have to be
more precise. First, we must specify the range of τ over which x(τ) is defined. Of
course, if x(τ) is defined only over a finite interval, we can define x(τ) to be zero
outside that interval. The second thing we must specify is the range of t that we
are interested in. In addition to specifying the ranges of τ and t, we must specify
properties of x such as x ∈ L1 or x ∈ L2. And we must specify properties of h∗x such
as h ∗ x ∈ L2. It is these different considerations that motivate the following results,
which at first glance all seem to say nearly the same things.

Let us begin by reviewing a few facts about Fourier transforms.

(i) Suppose x ∈ L1(IR). Then X( f ) :=
∫

∞

−∞
x(t)e− j2π f t dt is well defined. Fur-

thermore, if X ∈ L1(IR), then x(t) =
∫

∞

−∞
X( f )e j2π f t d f . It is possible that

X /∈ L1(IR); a simple example is provided by x(t) = 1 on [−T,T ] and x(t) = 0
elsewhere. Then x ∈ L1(IR), but X is a sinc function, which is not in L1(IR) by
Example 7.13 below.
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(ii) If x∈ L2(IR), then Xn( f ) :=
∫ n
−n x(t)e− j2π f t dt belongs to L2(IR) and is Cauchy.

Since L2(IR) is complete, there is a limit X ∈ L2(IR). This limit X is the Fourier
transform of x. Furthermore, using this X , if we put xn(t) :=

∫ n
−n X( f )e j2π f t d f ,

then xn ∈ L2(IR), and ‖xn−x‖→ 0. If we had started with x ∈ L2(IR)∩L1(IR),
then the Fourier transform X obtained by the foregoing procedure is equal to
the well-defined integral

∫
∞

−∞
x(t)e− j2π f t dt.

(iii) If x,y ∈ L2(IR) have Fourier transforms X ,Y ∈ L2(IR), then Parseval’s equa-
tion tells us thatc

∫
∞

−∞

x(t)y(t)dt =
∫

∞

−∞

X( f )Y ( f )d f .

Writing these integrals as inner products, we have

〈x,y〉= 〈X ,Y 〉.

Hence, the Fourier transform is an isometry from L2(IR) to L2(IR); further-
more, since the Fourier transform is invertible, it is onto and therefore unitary
(see Problem 7.16).

Theorem 7.10. Suppose that a linear, time-invariant system has an impulse re-
sponse h with finite energy and whose transform H is bounded. Then the system is a
bounded linear operator from L2(IR) into L2(IR).

Proof. Let h and x belong to L2(IR) and have corresponding transforms H and X .
Then

(h∗ x)(t) :=
∫

∞

−∞

h(t− τ)x(τ)dτ =
∫

∞

−∞

x(τ)h(t− τ)dτ

=
〈
x,h(t−·)

〉
=
〈

X ,H(·)e j2π·t
〉
=
∫

∞

−∞

H( f )X( f )e j2π f t d f .

Since H and X are in L2(IR), their product is in L1(IR) by Hölder’s inequality. Since
we have also assumed H is bounded, HX ∈ L2(IR). Thus, HX ∈ L1(IR)∩ L2(IR).
Since the above equation shows that h ∗ x is the inverse Fourier transform of HX ∈
L2(IR), we have h ∗ x ∈ L2(IR). To show that the operator is bounded, suppose
|H( f )| ≤ B. Then

‖h∗ x‖2 = 〈h∗ x,h∗ x〉= 〈HX ,HX〉 ≤ B2‖X‖2 = B2‖x‖2,

where the second and last equalities are Parseval’s.

c Since both integrands are in L1(IR) by Hölder’s inequality, both integrals are well defined.
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Example 7.11. Consider an ideal lowpass filter. Its transfer function has finite
energy and is bounded. Thus, Theorem 7.10 applies; i.e., an ideal lowpass filter maps
L2(IR) into L2(IR).

Example 7.12 (Stable Systems). Recall that a linear, time-invariant system is sta-
ble if its impulse response h satisfies

∫
∞

−∞
|h(t)|dt < ∞. In other words, the system is

stable if its impulse response h ∈ L1(IR). It is easy to see that the transfer function of
a stable system is bounded. Just write

|H( f )|=
∣∣∣∣
∫

∞

−∞

h(t)e− j2π f t dt
∣∣∣∣≤

∫
∞

−∞

∣∣h(t)e− j2π f t ∣∣dt =
∫

∞

−∞

|h(t)|dt < ∞.

We also note that a stable system maps Lp(IR) into Lp(IR) and ‖h∗ x‖p ≤ ‖h‖1‖x‖p
by Young’s inequality [14].

Example 7.13. An ideal lowpass filter is not a stable system. If h were in L1(IR),
then as shown in the Notes,1 H would be continuous. But the lowpass-filter transfer
function is not continuous at its cutoff frequency. Alternatively, since h is a sinc
function, write

∫
∞

0
|sinc(t)|dt =

∞

∑
k=0

∫ k+1

k

∣∣∣∣
sin(πt)

πt

∣∣∣∣dt ≥
∞

∑
k=0

1
π(k+1)

∫ k+1

k
|sin(πt)|dt

=
2

π2

∞

∑
k=0

1
k+1

= ∞,

where the last step follows by noting that ∑
2n

k=1(1/k)≥ 1+n/2.

Corollary 7.14. As in Theorem 7.10, consider a linear, time-invariant system
with finite-energy impulse response h whose transform H is bounded. Then the system
can be viewed as a mapping from L2[a,b] into L2(IR). The system can also be viewed
as mapping L2[a,b] into L2[c,d].

Proof. To prove the first statement, treat L2[a,b] as a subspace of L2(IR) by
defining x(t) := 0 for t /∈ [a,b]. For the second statement, put y(t) := (h ∗ x)(t) for
c≤ t ≤ d. Then observe that

∫ d

c
|y(t)|2 dt =

∫ d

c
|(h∗ x)(t)|2 dt ≤

∫
∞

−∞

|(h∗ x)(t)|2 dt < ∞.
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The conditions of Corollary 7.14 guarantee that h ∗ x ∈ L2(IR), even if we only
need h∗ x ∈ L2[c,d]. Consider the transfer function H( f ) := 1/

√
1− f 2 for | f | < 1

and H( f ) := 0 for | f | ≥ 0. Then H ∈ L1(IR), but H /∈ L2(IR). If we put h(t) :=∫
∞

−∞
H( f )e j2π f t d f , then h /∈ L1(IR).d Even though the preceding results do not apply,

the following theorem shows that convolution with h is a bounded linear operator
from L2[a,b] into L2[c,d].

Theorem 7.15. A linear, time-invariant system whose transfer function H satis-
fies

∫
∞

−∞
|H( f )|d f < ∞ is a bounded linear operator from L2[a,b] into L2[c,d].

Proof. The argument used in Example 7.12 shows that h(t) :=
∫

∞

−∞
H( f )e j2π f t d f

is bounded. Hence, k(t,τ) := h(t−τ) for t ∈ [c,d] and τ ∈ [a,b] satisfies the condition
of Example 7.6.

7.2.2. Some Nonsingular Convolution Operators

Theorem 7.16. As in Theorem 7.10, consider a linear, time-invariant system
with finite-energy impulse response h whose transform H is bounded. If in addi-
tion H( f ) 6= 0 for all f , then the system is a nonsingular mapping from L2(IR) into
L2(IR).

Proof. If h∗ x is the zero waveform, then its transform HX is the zero frequency
function. Since H( f ) 6= 0 for all f , X must be the zero frequency function, which
implies x is the zero waveform.

The preceding theorem does not apply to an ideal lowpass filter. However, the
next result implies that an ideal lowpass filter applied to time-limited waveforms is a
nonsingular mapping from L2[a,b] into L2(IR).

Theorem 7.17. As in Theorem 7.10, consider a linear, time-invariant system with
finite-energy impulse response h whose transform H is bounded. In addition, assume
H is nonnegative and that there is some open interval ( f1, f2) on which H is strictly
positive and continuous. Then the system is a nonsingular mapping from L2[a,b] into
L2(IR).

Proof. Assume Ax = 0. Using this and the nonnegativity of H,

0= 〈Ax,x〉= 〈h∗x,x〉= 〈HX ,X〉=
∫

∞

−∞

H( f )|X( f )|2 d f ≥
∫ f2

f1
H( f )|X( f )|2 d f ≥ 0.

d Suppose otherwise that h ∈ L1(IR). Then by the argument in Example 7.12, H( f ) would be bounded,
which contradicts the fact that H( f )→ ∞ as | f | → 1.
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Hence,
∫ f2

f1
H( f )|X( f )|2 d f = 0. By hypothesis, H is continuous and positive on

( f1, f2). Furthermore, by Problem 7.19, X is continuous too. The only way that
a nonnegative continuous function can integrate to zero is for the integrand to be
identically zero.2 Since H is strictly positive, we must have X( f ) = 0 on ( f1, f2).
By Problem 7.20, this implies X( f ) = 0 for all f , which implies x(t) is the zero
waveform.

Corollary 7.18. Under the assumptions of Theorem 7.17, the system is a nonsin-
gular mapping from L2[a,b] into L2[a,b].

Proof. Proceed as in the previous proof, except that 〈Ax,x〉 is viewed as an inner
product on L2[a,b], while 〈h∗x,x〉 is viewed as an inner product on L2(IR). Since the
two inner products are the same, the rest of the proof goes through as before.

Here is the analogous result under the conditions of Theorem 7.15.

Theorem 7.19. As in Theorem 7.15, consider a linear, time-invariant system
whose transfer function H satisfies

∫
∞

−∞
|H( f )|d f < ∞. hold. In addition, assume

H is nonnegative and that there is some open interval ( f1, f2) on which H is strictly
positive and continuous.e Then the system is a nonsingular mapping from L2[a,b]
into L2[a,b].

Proof. The proof is nearly the same as that for Theorem 7.17 and Corollary 7.18.
The difference is that since we do not know if h∗x∈ L2(IR), we cannot use Parseval’s
equation to show that 〈Ax,x〉= ∫ ∞

−∞
H( f )|X( f )|2 d f . Instead, for x ∈ L2[a,b], write

〈Ax,x〉 =
∫ b

a
(Ax)(t)x(t)dt

=
∫ b

a

[∫ b

a
h(t− τ)x(τ)dτ

]
x(t)dt

=
∫ b

a

[∫ b

a

[∫
∞

−∞

H( f )e j2π f (t−τ) d f
]

x(τ)dτ
]

x(t)dt

=
∫

∞

−∞

H( f )|X( f )|2 d f ,

where changing the order of integration in the last equality is justified by Tonelli’s
Theorem and Fubini’s Theorem [6], [14], [33], [34] on account of the fact that H ∈
L1(IR) and x ∈ L2[a,b]⊂ L1[a,b].

e The assumption that there is an open interval on which H is strictly positive and continuous can be
replaced by the assumption that

∫
∞

−∞
H( f )d f > 0 [47, Appendix A].
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7.3. Eigenvalues

Let X be a vector space, and let A:X→X be a linear operator. If for some nonzero
vector x and some scalar λ , Ax = λx, we say that λ is an eigenvalue of A, and x is an
eigenvector of A. We say (λ ,x) is an eigenpair of A. The eigenspace corresponding
to an eigenvalue λ is the set

{x ∈ X : Ax = λx},
which is simply ker(λ I−A).

Example 7.20 (Eigenvalues and Operator Norms). If a bounded operator A has
an eigenvalue λ , then |λ | ≤ ‖A‖. If Ax = λx, we can write

|λ |‖x‖= ‖λx‖= ‖Ax‖ ≤ ‖A‖‖x‖.
Since eigenvectors are nonzero, we can divide by ‖x‖ to obtain |λ | ≤ ‖A‖. In partic-
ular, suppose X = |Cn and A is given by an n× n matrix with entries ai j. Using the
1-norm in |Cn turns |λ | ≤ ‖A‖ into

|λ | ≤ max
1≤ j≤n

n

∑
i=1
|ai j|, by Problem 7.10(a),

while using the infinity norm on |Cn yields

|λ | ≤ max
1≤i≤n

n

∑
j=1
|ai j|, by Problem 7.10(b).

Example 7.21. Let X be an arbitrary vector space with two subspaces U and V
such that X =U ⊕V . In other words, every x ∈ X has the form x = u+ v for unique
u ∈U and unique v ∈V . Let Px := u.

There are three important properties of P.

• Given u ∈U , observe that the formula u = u+0 is the unique way of writing u
as the sum of a vector in U and a vector in V . Hence, Pu = u.

• Given v ∈V , writing v = 0+ v shows that Pv = 0.
• Writing x = u+ v, we have Px = u, and then P(Px) = P(u) = u = Px. In other

words, P2 = P; i.e., P is idempotent.

The first property of P shows that every nonzero u ∈U is an eigenvector of P with
eigenvalue λ = 1. The second property shows that every nonzero v ∈V is an eigen-
vector with eigenvalue λ = 0. Are there any other eigenvalues of P? The third
property implies that the answer is “No.” To see this, suppose Px = λx. Now write

λx = Px = P(Px) = P(λx) = λPx = λ (λx) = λ 2x.
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It follows that λ (1−λ )x = 0. Since eigenvectors are nonzero, we must have either
λ = 0 or λ = 1. There are no other possible eigenvalues for P.

We now turn to the question of whether there are any other eigenvectors besides
those in U and those in V . Since Px∈U for all x, if x is an eigenvector with eigenvalue
λ = 1, then Px = x implies x ∈ U . On the other hand, if x is an eigenvector with
eigenvalue λ = 0, then Px = 0. But by definition of P, we must have started with
x = 0+ v, which implies x ∈V .

Example 7.22. Let X = |Cn, and let

a :=




λ1 0
. . .

0 λn


 .

If we define Ax := ax for x ∈ |Cn, then each λi is an eigenvalue of A, and ei :=
[0, . . . ,1, . . . ,0]T, where the 1 is in the ith position, is a corresponding eigenvector.

Example 7.23. Let X be a Hilbert space, and let {ϕk}∞
k=1 be an orthonormal set

of vectors in X . Let {λk}∞
k=1 be any bounded sequence of nonzero scalars. Consider

the operatorf

Ax :=
∞

∑
k=1

λk〈x,ϕk〉ϕk. (7.5)

Notice that Aϕi = λiϕi; i.e., the (λi,ϕi) are eigenpairs of A. In fact, the λk are the
only possible nonzero eigenvalues of A. Suppose Ax = λx for some nonzero λ and
nonzero x. Then

x =
1
λ

∞

∑
k=1

λk〈x,ϕk〉ϕk,

which implies x ∈ span{ϕk}. Hence, x is equal to its projection onto span{ϕk}, and
so

x =
∞

∑
k=1
〈x,ϕk〉ϕk

by Theorem 6.35. Since the coefficients of any expansion in the ϕk must be unique
(why?), it follows that for all k with 〈x,ϕk〉 6= 0, we have λ = λk. There must be at
least one such k because x 6= 0. If there is more than one such k, then λ is a repeated

f Since the λk are bounded, we have by Theorem 6.35 that the sum in (7.5) converges; i.e., A is well
defined.
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eigenvalue. Thus, if λ is a nonzero eigenvalue of an operator A of the form (7.5), the
eigenspace corresponding to λ is

span{ϕk : λk = λ}.

The action of the matrix operator of Example 7.22 can be put in the form in (7.5)
by observing that

ax =




λ1
...
0


x1 + · · ·+




0
...

λn


xn =

n

∑
k=1

λkxkek =
n

∑
k=1

λk〈x,ek〉ek.

For this reason, we say that an operator of the form (7.5) is diagonalizable. In
other words, an operator A is diagonalizable if there is an orthonormal sequence of
eigenpairs such that (7.5) holds.

Example 7.24. Not every operator can be put into the form in (7.5). Consider
solving the eigenvalue problem

[
a b
0 a

][
x
y

]
= λ

[
x
y

]
,

where a 6= 0, b 6= 0 and [x,y]T 6= [0,0]T. To begin the analysis, we write the matrix-
vector equation as the two scalar equations

ax+by = λx

ay = λy.

We claim that the only possible solution requires y = 0. Suppose otherwise that
y 6= 0. Then the second equation implies λ = a. Using this in the first equation yields
ax+ by = ax. This implies by = 0. Since b 6= 0, we must have y = 0, contradicting
our assumption that y 6= 0. Now, if y = 0 in the two equations, we find in the first
one that ax = λx. Since y = 0 forces x 6= 0 to get an eigenvector, we conclude that
λ = a. Also, every eigenvector is of the form [x,0]T = xϕ , where ϕ := [1,0]T is a unit
vector. Now, an operator of the form Ax = λ 〈x,ϕ〉ϕ has a one-dimensional range.
However, the matrix operator of this example is clearly invertible and therefore has a
two-dimensional range.
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Proposition 7.25. A self-adjoint linear operator A on an inner-product space has
the following properties.

(a) The inner product 〈Ax,x〉 is real.
(b) If A has any eigenvalues, they must be real.
(c) If A is positive semidefinite and has any eigenvalues, they must be nonnegative.
(d) If A has two distinct eigenvalues, then their corresponding eigenvectors must

be orthogonal.

Proof. Problem 7.30.

We now return to operators of the form

Ax =
∞

∑
k=1

λk〈x,ϕk〉ϕk

for bounded, nonzero λk and orthonormal ϕk as discussed in Example 7.23. Observe
that

〈Ax,x〉=
〈

∞

∑
k=1

λk〈x,ϕk〉ϕk,x
〉
=

∞

∑
k=1

λk〈x,ϕk〉〈ϕk,x〉=
∞

∑
k=1

λk
∣∣〈x,ϕk〉

∣∣2.

Taking absolute values shows that

∣∣〈Ax,x〉
∣∣≤
(

sup
k≥1
|λk|
)
‖x‖2.

However, if A is self adjoint, then 〈Ax,x〉 is real as are its eigenvalues; hence, the λk
are also real. In this case, we can write

〈Ax,x〉=
∞

∑
k=1

λk
∣∣〈x,ϕk〉

∣∣2 ≤
(

sup
k≥1

λk

) ∞

∑
k=1

∣∣〈x,ϕk〉
∣∣2 ≤

(
sup
k≥1

λk

)
‖x‖2.

Keep in mind that the λk could be positive or negative. For example, if λk = −1/k,
then the supremum is zero.

7.4. Diagonalization (The Spectral Theorem)

The Spectral Theorem says that linear operators on a Hilbert space that are com-
pact (to be defined later) and self adjoint (A∗ = A) can always be diagonalized. As
shown in Problem 7.44(b), finite-rank operators are compact. Hence, all n× n real
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or complex matrix operators are compact. It follows that any real symmetric matrix
or any complex Hermitian matrix is diagonalizable. In a later section, we derive the
singular-value decomposition (SVD) (to be defined later) by diagonalizing A∗A.

There are two key ideas needed for the proof of the Spectral Theorem. The first
uses the following Invariant Subspace Lemma.

Lemma 7.26 (Invariant Subspaces). Let X be an inner-product space, and sup-
pose A:X → X is a linear operator having adjoint A∗. If W is a subspace of X for
which A:W →W, then A∗:W⊥→W⊥.

Proof. Fix any v ∈W⊥. Set y = A∗v. Then y ∈W⊥ if and only if 〈w,y〉 = 0 for
all w ∈W . But 〈w,y〉= 〈w,A∗v〉= 〈Aw,v〉= 0 since Aw ∈W and v ∈W⊥.

When A is self adjoint, the lemma says that if A:W →W , then A:W⊥ →W⊥.
Now suppose Aϕ1 = λ1ϕ1 for some nonzero vector ϕ1. Take W := span{ϕ1}. Then a
typical x∈W has the form x = cϕ1, and Ax = A(cϕ1) = cAϕ1 = cλ1ϕ1 ∈ span{ϕ1}=
W . By the lemma, A: span{ϕ1}⊥→ span{ϕ1}⊥. Now suppose we can find a nonzero
ϕ2 ∈ span{ϕ1}⊥ with Aϕ2 = λ2ϕ2. Then take W := span{ϕ1,ϕ2}. Again A:W →
W , and A:W⊥ →W⊥. Suppose we can find a nonzero ϕ3 ∈W⊥ = span{ϕ1,ϕ2}⊥
with Aϕ3 = λ3ϕ3 . . . . Continuing in this way we obtain an orthogonal sequence of
eigenvectors and corresponding eigenvalues.

The problem with the foregoing analysis is that we have no way of proving that A
has any eigenvectors at all! Hence, the second key to proving the Spectral Theorem
consists of the next two lemmas that establish the existence of eigenpairs. In particu-
lar, we show that either ‖A‖ or−‖A‖ is an eigenvalue if A is self adjoint and compact
on a Hilbert space.

Recall that for a bounded linear operator, ‖A‖= sup‖x‖=1 ‖Ax‖. Thus, there exists
a sequence {xn} with ‖xn‖ = 1 and ‖Axn‖ → ‖A‖. In other words, the xn lie on
the unit sphere in X , and the real numbers ‖Axn‖ converge to the real number ‖A‖.
Now, in general, we cannot conclude that the vectors Axn converge. However, if the
vector space X is finite dimensional, the unit sphere is sequentially compact, and
therefore there is a subsequence {xnk} and a point x0 on the unit sphere such that
xnk → x0. Since A is bounded, it is continuous and therefore convergence preserving.
Hence, Axnk → Ax0, from which it follows via the triangle inequality that ‖Axnk‖ →
‖Ax0‖. Since ‖Axnk‖→ ‖A‖, we see that ‖Ax0‖= ‖A‖. To prove the existence of an
eigenvalue in the Spectral Theorem, we only need that for some subsequence {xnk},
Axnk converge to some y0 ∈ X ; we do not need that xnk itself converge. This leads to
the following definition of a compact linear operator.
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Let X and Y be normed vector spaces. Let A:X → Y be a linear operator. Then A
is a compact operator if:

Whenever {xn} is a sequence in X with ‖xn‖ = 1, then there is a subse-
quence {xnk} and there is a vector y0 ∈ Y with Axnk → y0.

There are several equivalent ways to say this. For example, a linear operator is com-
pact if the image of every unit-norm sequence has a converging subsequence. A
linear operator is compact if the image of every sequence on the unit sphere has a
converging subsequence. For another equivalent statement, see Problem 7.38.

Proposition 7.27.
(a) A compact linear operator is bounded.
(b) A bounded linear operator of finite rank (finite-dimensional range) is compact.

Hence, every matrix operator is compact.

Proof. Problem 7.44.

It can be proved that the integral operator of Example 7.6 is compact [17].

Lemma 7.28 (Characterization of ‖A‖). If A is bounded and self-adjoint, then

‖A‖= sup
‖x‖=1

∣∣〈Ax,x〉
∣∣.

Proof. Let m := sup‖x‖=1
∣∣〈Ax,x〉

∣∣. Using the Cauchy–Schwarz inequality with
‖x‖ = 1 yields

∣∣〈Ax,x〉
∣∣ ≤ ‖A‖. Hence, m ≤ ‖A‖. We must show that m ≥ ‖A‖.

Observe that A∗ = A implies that for all x,y ∈ X ,

〈A(x± y),x± y〉= 〈Ax,x〉±2Re〈Ax,y〉+ 〈Ay,y〉.
Hence,

4Re〈Ax,y〉= 〈A(x+ y),x+ y〉−〈A(x− y),x− y)〉.
Using the definition of m and the parallelogram law,

4
∣∣Re〈Ax,y〉

∣∣≤ m
(
‖x+ y‖2 +‖x− y‖2)= 2m

(
‖x‖2 +‖y‖2).

Taking y = ‖x‖
‖Ax‖Ax, 〈Ax,y〉= ‖Ax‖‖x‖, and ‖y‖= ‖x‖; hence,

4‖Ax‖‖x‖ ≤ 2m
(
‖x‖2 +‖x‖2)= 4m‖x‖2.

Therefore, ‖Ax‖/‖x‖ ≤ m for x 6= 0, and ‖A‖ ≤ m.
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Corollary 7.29. Let A be bounded and self-adjoint. If 〈Ax,x〉 = 0 for all x ∈ X,
then A = 0.

Lemma 7.30 (Existence of Eigenpairs). Let A be a compact, self-adjoint opera-
tor with ‖A‖> 0. Then either ‖A‖ or −‖A‖ is an eigenvalue of A.

Remark. By combining this result with Example 7.20, we see that if A is compact,
self-adjoint, and positive semidefinite, then ‖A‖ is the largest eigenvalue of A, and so

0≤ 〈Ax,x〉 ≤ ‖A‖‖x‖2 = λmax(A)‖x‖2.

Proof of Lemma 7.30. On account of Lemma 7.28, we may assume the existence
of a sequence {xn}with ‖xn‖= 1 and

∣∣〈Axn,xn〉
∣∣→‖A‖. Now, A∗=A⇒〈Ax,x〉 ∈ IR.

Thus
{
〈Axn,xn〉

}
is a bounded sequence of real numbers, and by the Bolzano–Weier-

strass Theorem contains a converging subsequence. To simplify the notation, we
assume, without loss of generality, that the sequence itself converges to some real
number λ . Of course, |λ |= ‖A‖; i.e., λ =±‖A‖. Next, write

0≤ ‖Axn−λxn‖2 = ‖Axn‖2−2λ 〈Axn,xn〉+λ 2

≤ λ 2−2λ 〈Axn,xn〉+λ 2.

It follows that ‖Axn−λxn‖2 → 0. Since A is compact, there is a subsequence such
that Axnk converges to some y ∈ X . So,

‖y−λxnk‖ ≤ ‖y−Axnk‖+‖Axnk −λxnk‖→ 0.

So, limk→∞ xnk = y/λ . Then

y := lim
k→∞

Axnk = A
(

lim
k→∞

xnk

)
= A(y/λ ),

and Ay = λy. It remains to prove that y 6= 0. This follows by noting that since
y/λ = limk→∞ xnk , ‖y‖= limk→∞ ‖λxnk‖= |λ |= ‖A‖> 0.

Theorem 7.31 (Spectral Theorem). Let X be a Hilbert space, and let A:X → X
be a linear, compact, self-adjoint operator with ‖A‖ > 0. Then there is a family
of eigenpairs {(λk,ϕk)}, possibly finite, such that |λ1| = ‖A‖, λk 6= 0, the {ϕk} are
orthonormal, and if the family {(λk,ϕk)} is infinite, |λk| ↘ 0. Furthermore,g

Ax =
∞

∑
k=1

λk〈x,ϕk〉ϕk, for all x ∈ X , (7.6)

span{ϕk}= rangeA = (kerA)⊥, (7.7)

X = kerA⊕ span{ϕk}. (7.8)
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Remark. When considering an operator to which the Spectral Theorem does not
apply, the operator may have no eigenvalues at all. Or, if the operator has eigenvalues,
it may happen that supk |λk|< ‖A‖. See Problem 7.29.

Remark. When A is nonsingular, (7.8) implies that X = span{ϕk}; i.e., the eigen-
vectors ϕk form a complete orthonormal set. Hence, every x ∈ X is equal to its
projection onto span{ϕk} and therefore satisfies

x =
∞

∑
k=1
〈x,ϕk〉ϕk and ‖x‖2 =

∞

∑
k=1

∣∣〈x,ϕk〉
∣∣2.

This would be the case for any positive-definite operator like the ones in Corol-
lary 7.18 and Theorem 7.19.

Proof. We first show that (7.6)⇒ (7.7)⇒ (7.8). We then establish the represen-
tation (7.6).

(7.6)⇒ (7.7): Clearly (7.6) implies rangeA⊂ span{ϕk}, which implies

rangeA⊂ span{ϕk}.
Also, since A(ϕk/λk) = ϕk, span{ϕk} ⊂ rangeA, which implies

span{ϕk} ⊂ rangeA.

Thus, the first equality in (7.7) holds. To prove the second equality, observe that

(kerA)⊥ = rangeA∗, by Theorem 7.9(a),
= rangeA, since A∗ = A.

(7.7)⇒ (7.8): Since A is compact, it is bounded and therefore continuous. Hence,
kerA is a closed subspace of the Hilbert space X , and the Projection Theorem applies.
Combining this with the Orthogonality Principle and (7.7) permits us to write

X = kerA⊕ (kerA)⊥ = kerA⊕ span{ϕk}.
We now prove the existence of the eigenpairs and the representation (7.6). Let

X1 := X . By Lemma 7.30, A has an eigenvalue λ1 with |λ1|= ‖A‖. Let ϕ1 be a corre-
sponding eigenvector with ‖ϕ1‖= 1. Let X2 := (span{ϕ1})⊥. Since A: span{ϕ1} →
span{ϕ1}, Lemma 7.26 implies A:X2→X2. By Lemma 7.30 applied to the restriction
of A to X2, there exists an eigenpair (λ2,ϕ2) with ‖ϕ2‖= 1 and

|λ2|= sup
x∈X2
x 6=0

‖Ax‖
‖x‖ ≤ sup

x∈X1
x 6=0

‖Ax‖
‖x‖ = |λ1|= ‖A‖,

g Once it is shown that the λk are bounded, the sum in (7.6) converges by Theorem 6.35.
If {(λk,ϕk)} is a finite family, the sum in (7.6) is finite, and no closures appear in (7.7) and (7.8).

January 11, 2020



188 7 Diagonalization and the SVD

where the inequality follows because X2 ⊂ X1. Now suppose that the eigenpairs
(λ1,ϕ1), . . . ,(λn−1,ϕn−1) have been found with |λ1| ≥ · · · ≥ |λn−1|> 0. Set

Xn := (span{ϕ1, . . . ,ϕn−1})⊥.

Note that Xn ⊂ Xn−1 and that A:Xn → Xn. If the restriction of A to Xn is the zero
operator, i.e., if

sup
x∈Xn
x 6=0

‖Ax‖
‖x‖ = 0,

then we stop. Otherwise, there exists an eigenpair (λn,ϕn) such that ϕn ∈ Xn =
(span{ϕ1, . . . ,ϕn−1})⊥, and with |λn| equal to the norm of the restriction of A to Xn,
and 0< |λn| ≤ |λn−1|.

If this procedure never terminates, we claim that |λn| ↘ 0. Suppose otherwise.
Then there is some ε0 > 0 such that for every k, there is some nk ≥ k with |λnk |> ε0.
Since A is a compact operator, and since ‖ϕnk‖ = 1, there is a further subsequence
for which {Aϕnki

} is convergent, and therefore Cauchy. Since Aϕnki
= λnki

ϕnki
,

{λnki
ϕnki
} is Cauchy. However, this contradicts the fact that for all i and j with

nki 6= nk j ,
‖λnki

ϕnki
−λnk j

ϕnk j
‖2 = λ 2

nki
+λ 2

nk j
≥ 2ε2

0 > 0.

Thus, |λn| ↘ 0.
We now derive the representation (7.6). Fix any x ∈ X . Set

x̂n :=
n−1

∑
k=1
〈x,ϕk〉ϕk.

It is easy to see that x̃n := x− x̂n is orthogonal to ϕ1, . . . ,ϕn−1; i.e., x̃n ∈ Xn =
(span{ϕ1, . . . ,ϕn−1})⊥. By the Orthogonality Principle, it follows that x̂n is the pro-
jection of x onto span{ϕ1, . . . ,ϕn−1}. Also, since x = x̂n + x̃n, we can write

‖x‖2 = ‖x̂n‖2 +‖x̃n‖2 ≥ ‖x̃n‖2.

Since x̃n ∈ Xn,
‖Ax̃n‖ ≤ |λn|‖x̃n‖ ≤ |λn|‖x‖→ 0.

Now,

Ax̃n = A(x− x̂n) = Ax−Ax̂n = Ax−A
( n−1

∑
k=1
〈x,ϕk〉ϕk

)
= Ax−

n−1

∑
k=1

λk〈x,ϕk〉ϕk.

Since ‖Ax̃n‖→ 0,

Ax =
∞

∑
k=1

λk〈x,ϕk〉ϕk.
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If the procedure for obtaining nonzero λk terminates with the last one being λn−1,
say, then Ax̃n = 0, and

Ax =
n−1

∑
k=1

λk〈x,ϕk〉ϕk.

Example 7.32. Let A: |Cn→ |Cn (or A: IRn→ IRn), where Ax = ax for some n×n
matrix a. Assume aH = a so that A is self-adjoint. Then by the Spectral Theorem,

ax = Ax =
r

∑
k=1

λk〈x,ϕk〉ϕk = [ ϕ1 | · · · | ϕr ]




λ1〈x,ϕ1〉
...

λr〈x,ϕr〉




= [ ϕ1 | · · · | ϕr ]




λ1
. . .

λr






〈x,ϕ1〉

...
〈x,ϕr〉




= [ ϕ1 | · · · | ϕr ]




λ1
. . .

λr







ϕH
1

...

ϕH
r




x.

If r < n, let {ϕr+1, . . . ,ϕn} be an orthonormal basis for kerA. Then {ϕ1, . . . ,ϕn} is
an orthonormal basis for the whole space. By defining λr+1 = · · · = λn = 0, we can
repeat the foregoing calculation with r replaced by n to arrive at

ax =
n

∑
k=1

λk〈x,ϕk〉ϕk = [ ϕ1 | · · · | ϕn ]




λ1
. . .

λr
0

. . .
0







ϕH
1

...

ϕH
n




x.

If we put P := [ϕ1| · · · |ϕn], and if we let Λ denote the above diagonal matrix, then
the preceding equation can be written as ax = PΛPHx. Since x is arbitrary, we con-
clude that a = PΛPH. Since PHP = I, it follows that PHaP = Λ. Note that although
[ϕ1| · · · |ϕr] is nonsingular, it maps r-dimensional space into n-dimensional space and
is therefore not onto. However, P is nonsingular and n×n; hence, by Problem 4.5(c),
PPH = I.
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To obtain the eigenvalues (but not the eigenvectors) of a in MATLAB, use the
statement lambda=eig(a), where lambda is an n-dimensional column vector
containing both λ1, . . . ,λr and the zero eigenvalues in some order, not necessarily
ordered by absolute value. To obtain both the eigenvalues and the eigenvectors of a,
use [P,Lambda] = eig(a), where Lambda is the n× n diagonal matrix with
lambda along the main diagonal. To extract the diagonal elements of Lambda
as a column vector, use the command lambda = diag(Lambda). Note that
the columns of P are ordered to correspond with the ordering of the eigenvalues
in lambda.

Once we have found P and lambda, we can use the fact that a = PΛPH to com-
pute y = ax in MATLAB with the statement y = P⁎(lambda.⁎(P’⁎x)). Recall
that in MATLAB, P’ returns PH, while P.’ returns PT.

Example 7.33 (Square Root of an Operator). Let A satisfy the hypotheses of the
Spectral Theorem. In addition, assume that A is positive semidefinite. Then by Propo-
sition 7.25, all eigenvalues of A are nonnegative, and thus λk↘ 0. The square root of
A is the operator defined by

√
Ax :=

∞

∑
k=1

√
λk〈x,ϕk〉ϕk.

It is easy to verify that
√

A is self adjoint, and

√
A
(√

Ax
)
=

∞

∑
k=1

√
λk

〈√
Ax,ϕk

〉
ϕk

=
∞

∑
k=1

√
λk

〈
∞

∑
`=1

√
λ`〈x,ϕ`〉ϕ`,ϕk

〉
ϕk

=
∞

∑
k=1

√
λk

(
∞

∑
`=1

√
λ`〈x,ϕ`〉〈ϕ`,ϕk〉

)
ϕk

=
∞

∑
k=1

λk〈x,ϕk〉ϕk

= Ax.

When A is the matrix operator of Example 7.32 and Λ and P are as defined there, we
define

√
Λ to be the n×n matrix diag(

√
λ1, . . . ,

√
λr,0, . . . ,0). Then

a = PΛPH = P
√

Λ
√

ΛPH = P
√

ΛPHP
√

ΛPH = (P
√

ΛPH)(P
√

ΛPH).

We therefore define
√

a := P
√

ΛPH. Note that (
√

a)H =
√

a.
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Example 7.34 (Fredholm Equations of the Second Kind). If X is a Hilbert space
and A:X → X is a compact linear operator, then an equation of the form (I+A)x = y
is called a Fredholm equation of the second kind. Note that the operator I +A is
one-to-one if and only if −1 is not an eigenvalue of A; in this case, any solution of
the second-kind equation must be unique. When A is self-adjoint, we can use the
Spectral Theorem to find the solution. Before doing so, we make a few preliminary
observations. By the Spectral Theorem,

Ax =
∞

∑
k=1

λk〈x,ϕk〉ϕk,

where |λk|↘ 0. Assuming λk 6=−1 for all k implies the ratio λk/(1+λk) is bounded,
which implies

∞

∑
k=1

∣∣∣∣
λk〈y,ϕk〉
1+λk

∣∣∣∣
2

< ∞, (7.9)

since ∑
∞
k=1 |〈y,ϕk〉|2 < ∞ by Theorem 6.35.

Suppose there is an x ∈ X with x+Ax = y. Then y− x = Ax, where Ax has the
expansion above, which implies y− x = Ax ∈ span{ϕk}. Hence,

y− x =
∞

∑
k=1
〈y− x,ϕk〉ϕk.

We thus have two expansions of Ax in terms of the ϕk. Therefore, the corresponding
coefficients must be equal; i.e., 〈y− x,ϕk〉= λk〈x,ϕk〉, or

〈x,ϕk〉=
〈y,ϕk〉
1+λk

.

Now write

y− x = Ax =
∞

∑
k=1

λk〈x,ϕk〉ϕk

=
∞

∑
k=1

λk
〈y,ϕk〉
1+λk

ϕk,

or

x = y−
∞

∑
k=1

λk〈y,ϕk〉
1+λk

ϕk. (7.10)

Conversely, given any y ∈ X , the sum in (7.10) converges on account of (7.9), which
means that the right-hand side of (7.10) is well defined. If we now define x by (7.10),
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it is easy to check that 〈x,ϕ`〉 = 〈y,ϕ`〉/(1+λ`). Making this substitution in (7.10)
yields

x = y−
∞

∑
k=1

λk〈x,ϕk〉ϕk

= y−Ax, by the Spectral Theorem,

thus showing that (7.10) solves x+Ax = y.
If dimX = n and there are r < n nonzero eigenvalues of A, let ϕr+1, . . . ,ϕn be an

orthonormal basis for kerA so that ϕ1, . . . ,ϕn is an orthonormal basis for X . Then
y = ∑

n
k=1〈y,ϕk〉ϕk. If we also put λr+1 = · · ·= λn = 0, then (7.10) can be written as

x =
n

∑
k=1

〈y,ϕk〉
1+λk

ϕk = [ ϕ1 | · · · | ϕn ]




1
1+λ1

. . .
1

1+λn







ϕH
1

...

ϕH
n




y.

To compute this expression efficiently in MATLAB, put P := [ϕ1| · · · |ϕn] and λ :=
[λ1, . . . ,λn]

T. Then x = P⁎(P’⁎y./(1+lambda)).

7.4.1. Simultaneous Diagonalization and Normal Operators§

For a compact, self-adjoint operator A on a Hilbert space X , the Spectral Theorem
tells us that the nonzero eigenvalues λk tend to zero. Hence, a nonzero eigenvalue
can be repeated at most a finite number of times. Equivalently, if λ is a nonzero
eigenvalue of such an operator, the corresponding eigenspace {x : Ax = λx} is finite
dimensional. For example, if the first eigenvalue is repeated n times; i.e., λ1 = · · ·=
λn,h the first eigenspace is

Φ1 := span{ϕ1, . . . ,ϕn}.

Since every x ∈ Φ1 satisfies Ax = λ1x, we denote by λ̃1 = λ1 the first distinct eigen-
value. If λn+1 is repeated m times, then the second eigenspace is

Φ2 := span{ϕn+1, . . . ,ϕn+m},
§This material is not needed in the sequel. It is not necessary to read this subsection in order to do the

problems involving commuting or normal operators.
h We may have to reorder the eigenpairs before starting this procedure. For example, if the

derivation of the Spectral Theorem produces eigenvalues −5,5,5,−5,4,−4,4, . . ., we reorder as
5,5,−5,−5,4,4,−4, . . ., etc.
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and the second distinct eigenvalue is λ̃2 = λn+1. If λn+m+1 is repeated p times, then

Φ3 := span{ϕn+m+1, . . . ,ϕn+m+p}

and λ̃3 = λn+m+1 is the third distinct eigenvalue. Continuing in this way shows that
(7.8) can be expanded as

X = kerA⊕Φ1⊕Φ2⊕·· · ,

where each Φk is finite dimensional, and for x ∈Φk, Ax = λ̃kx.

Commuting Operators

Let B:X→X be another self-adjoint operator, and assume that A and B commute;
i.e., AB = BA, or in more detail, for all x, A(Bx) = B(Ax). By Problem 7.50, each Φk
is invariant under B, as is kerA. By applying the Spectral Theorem to the restriction
of B to each Φk, we get an orthonormal basis for Φk, say {ϕ̃ki}, and eigenvalues {µki}
such that Bϕ̃k = µkiϕ̃ki.i Hence, for x ∈Φk,

x = ∑
i
〈x, ϕ̃ki〉ϕ̃ki,

and it follows that

Bx = ∑
i
〈x, ϕ̃ki〉Bϕ̃ki = ∑

i
µki〈x, ϕ̃ki〉ϕ̃ki.

Of course, since Ax = λ̃kx for x ∈Φk, we also have

Ax = ∑
i
〈x, ϕ̃ki〉Aϕ̃ki = ∑

i
λ̃k〈x, ϕ̃ki〉ϕ̃ki.

To this point, we have not assumed B is compact. However, if it is, we can also
apply the Spectral Theorem to the restriction of B to kerA, which may be infinite
dimensional. Then there exist orthonormal vectors ϕ̃0i and nonzero eigenvalues µ0i
such that for x ∈ kerA,

x = x00 +∑
i
〈x, ϕ̃0i〉ϕ̃0i,

where x00 ∈ kerB∩kerA and is orthogonal to the ϕ̃0i, and

Bx = ∑
i

µ0i〈x, ϕ̃0i〉ϕ̃0i.

i We allow some of the µki to be zero in case any elements of Φk belong to kerB.
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For x ∈ X , we can write

x = x00 +
∞

∑
k=0

∑
i
〈x, ϕ̃ki〉ϕ̃ki,

where x00 is orthogonal to all of the ϕ̃ki. Then applying B and A separately to this
equation, we have

Bx =
∞

∑
k=0

∑
i

µki〈x, ϕ̃ki〉ϕ̃ki and Ax =
∞

∑
k=1

λ̃k ∑
i
〈x, ϕ̃ki〉ϕ̃ki.

The outer sum for Ax can be extended to k = 0 if we put λ̃0 := 0. These formulas
show that A and B are simultaneously diagonalizable with a common set of or-
thonormal eigenvectors. It should also be noted that if µki = 0, then λ̃k 6= 0; i.e., each
common eigenvector ϕ̃ki corresponds to a nonzero eigenvalue for at least one of the
two operators A or B.

Normal Operators

Suppose an operator A:X → X has adjoint A∗. Then A is said to be normal if it
commutes with its adjoint; i.e., if A∗A = AA∗. In particular, if A is unitary, i.e., if
A∗A = I and AA∗ = I, then A is normal. For an arbitrary operator A:X → X having
adjoint A∗, the operators

B :=
A+A∗

2
and C :=

A−A∗

2 j

are self adjoint, and by Problem 7.51 they compute if and only if A is normal. Hence,
if A is a compact normal operator on a Hilbert space, then B and C can be simultane-
ously diagonalized as

Bx = ∑
k

βk〈x,ϕk〉ϕk and Cx = ∑
k

γk〈x,ϕk〉ϕk,

where the ϕk are orthonormal, and for each k, βk and γk are real and not both zero.
Since B+ jC = A and B− jC = A∗, if we put αk := βk + jγk, then

Ax = ∑
k

αk〈x,ϕk〉ϕk and A∗x = ∑
k

αk〈x,ϕk〉ϕk, (7.11)

where αk 6= 0 for all k. Furthermore, every x ∈ X has the unique representation

x = x00 +∑
k
〈x,ϕk〉ϕk,
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where x00 ∈ kerA = kerA∗ is orthogonal to all of the ϕk. The fact that x00 ∈ kerA
follows from the two observations

kerB∩kerC = kerA∩kerA∗ = kerA = kerA∗,

where the first equality follows from the definitions of B and C (Problem 7.52), and
the second one follows because the normality of A implies kerA = kerA∗ (Prob-
lem 7.53).

7.5. The Singular-Value Decomposition (SVD)

Theorem 7.35 (Singular-Value Decomposition (SVD)). Let X and Y be Hilbert
spaces. Let A:X → Y be a compact linear operator with ‖A‖ > 0. Then there exist
λk ↘ 0 and corresponding orthonormal sequences {ϕk} in X and {ψk} in Y such
that ψk = (1/λk)Aϕk, and

(A∗A)ϕk = λ 2
k ϕk, (7.12)

Ax = ∑
k

λk〈x,ϕk〉ψk, for all x ∈ X , (7.13)

span{ψk}= rangeA = (kerA∗)⊥, (7.14)

X = kerA⊕ span{ϕk}, (7.15)

(AA∗)ψk = λ 2
k ψk, (7.16)

A∗y = ∑
k

λk〈y,ψk〉ϕk, for all y ∈ Y, (7.17)

span{ϕk}= rangeA∗ = (kerA)⊥, (7.18)

Y = kerA∗⊕ span{ψk}. (7.19)

The positive numbers {λk} are called the singular values of the operator, and λ1 =
‖A‖.

Proof. We begin with a few observations. Since A is compact, it is bounded;
then since X is a Hilbert space, A∗ exists. Also we have shown in Proposition 7.8
that ‖A‖ = ‖A∗‖, and so A∗ is bounded. Since A is compact and A∗ is bounded,
A∗A is compact by Problem 7.44(c). Hence, we can apply the Spectral Theorem to
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obtain a family of eigenpairs of A∗A. Since 〈A∗Ax,x〉= 〈Ax,Ax〉 ≥ 0, A∗A is positive
semidefinite; hence, its nonzero eigenvalues must be positive. Let λk denote the
positive square root of the kth nonzero eigenvalue of A∗A so that we can write the
eigenpairs of A∗A as {(λ 2

k ,ϕk)} with λ 2
k ↘ 0. Then (7.12) follows as does λk↘ 0.

Now put ψk := (1/λk)Aϕk. It is easy to see that (7.12) implies (7.16), and that
the {ψk} are orthonormal because the {ϕk} are orthonormal.

To prove (7.15), note that by the Spectral Theorem,

X = kerA∗A⊕ span{ϕk}.
Since kerA∗A = kerA, (7.15) follows.

We now derive the representation (7.13). By (7.15) and Theorem 6.35, every
x ∈ X can be written in the form

x = x0 +∑
k
〈x,ϕk〉ϕk,

where x0 ∈ kerA. Applying A to this equation and recalling that ψk := (1/λk)Aϕk
yields (7.13).

Equation (7.14) is now derived. From (7.13), rangeA⊂ span{ψk}, which implies

rangeA⊂ span{ψk}.
To obtain the reverse inclusion as well as the right-hand equality in (7.14), we proceed
as follows. On account of (7.16), span{ψk} ⊂ rangeAA∗, and so

span{ψk} ⊂ rangeAA∗

= (kerAA∗)⊥, by Theorem 7.9(a),
= (kerA∗)⊥, by Theorem 4.13(d),
= rangeA, by Theorem 7.9(b),

and (7.14) follows.
We now prove (7.19). Since A∗ is bounded, kerA∗ is closed. Since Y is a Hilbert

space, we can apply the Projection Theorem. Combining this with the Orthogonality
Principle and (7.14) yields

Y = kerA∗⊕ (kerA∗)⊥ = kerA∗⊕ span{ψk}.
Using the above decomposition of Y , for any y ∈ Y , we can write

y = y0 +∑
k
〈y,ψk〉ψk,

where y0 ∈ kerA∗. Now apply A∗ to this equation, and note that

A∗ψk = A∗
( 1

λk
Aϕk

)
=

λ 2
k ϕk

λk
= λkϕk.
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Hence, (7.17) follows.
Equation (7.18) can be obtained in a manner analogous to that used to obtain

(7.14).
Finally, we show that λ1 = ‖A‖ = ‖A∗‖. First, from (7.12), λ 2

k = ‖(A∗A)ϕk‖ ≤
‖A‖2; hence, λk ≤ ‖A‖. Since λk ≤ λ1, we can use (7.13) to write

‖Ax‖2 = ∑
k

λ 2
k

∣∣〈x,ϕk〉
∣∣2 ≤∑

k
λ 2

1
∣∣〈x,ϕk〉

∣∣2 = λ 2
1 ∑

k

∣∣〈x,ϕk〉
∣∣2 ≤ λ 2

1 ‖x‖2,

where the last step follows by Theorem 6.35. Thus, ‖A‖ ≤ λ1.
Remark. If X is finite dimensional, then A has a smallest singular value, say λn.

If A is nonsingular, then dimX = n, and a trivial modification of the above display
shows that

‖Ax‖ ≥ λn‖x‖.

Example 7.36. Let A: |Cn→ |Cm (or A: IRn→ IRm), where Ax = ax for some m×n
matrix a. By the SVD, we can write

ax =
r

∑
k=1

λk〈x,ϕk〉ψk = [ ψ1 | · · · | ψr ]




λ1
. . .

λr







ϕH
1

...

ϕH
r




x,

where r ≤min{m,n}. If r < n, let ϕr+1, . . . ,ϕn be an orthonormal basis for kerA. If
r < m, let ψr+1, . . . ,ψm be an orthonormal basis for kerA∗. Put P := [ϕ1| · · · |ϕn] and
Q := [ψ1| · · · |ψm]. We can then write ax = QSPHx, where S is the m×n matrix

S :=
[

diag(λ1, . . . ,λr) 0
0 0

]
.

Since x is arbitrary, we have a = QSPH. Since PHP = I and QHQ = I, we see that
QHaP = S. Since Q is nonsingular and m×m, we have QQH = I. Since P is nonsin-
gular and n×n, we have PPH = I.

To obtain the SVD in MATLAB, use the command [Q,S,P] = svd(a). The
diagonal elements of S are nonincreasing. To obtain only the diagonal of S as a
column vector, use instead the command s = svd(a).

Example 7.37 (Fredholm Equations of the First Kind). Let A:X → Y be a com-
pact linear operator between Hilbert spaces X and Y . Then an equation of the form
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Ax = y is called a Fredholm equation of the first kind. There is a solution if and
only if y ∈ rangeA. If y /∈ rangeA, let ŷ denote the projection of y onto

rangeA = span{ψk}.

Then
ŷ = ∑

k
〈y,ψk〉ψk (7.20)

by Theorem 6.35. By the SVD we can write

Ax = ∑
k

λk〈x,ϕk〉ψk.

Comparing these two equations shows that if there is a solution of Ax = ŷ, then the
corresponding coefficients must be equal, which implies

〈x,ϕk〉=
〈y,ψk〉

λk
.

Recall also (Section 4.3.3) that since X = kerA⊕ (kerA)⊥, if x is any solution of
Ax = ŷ, then the minimum-norm solution, x̃, is the projection of x onto (kerA)⊥.
Since the SVD tells us that (kerA)⊥ = span{ϕk},

x̃ = ∑
k
〈x,ϕk〉ϕk = ∑

k

〈y,ψk〉
λk

ϕk. (7.21)

We now see that if there is any solution of Ax = ŷ, then the minimum-norm solution
is given by the above formula. Furthermore,

∞> ‖x̃‖2 = ∑
k

∣∣〈x,ϕk〉
∣∣2 = ∑

k

∣∣〈y,ψk〉
∣∣2

λ 2
k

.

Hence, the condition

∑
k

∣∣〈y,ψk〉
∣∣2

λ 2
k

< ∞ (7.22)

necessary in order for there to be a solution of Ax = ŷ. Conversely, if (7.22) holds,
then the sum on the right in (7.21) converges by Theorem 6.35. Denoting this sum
by x̃, we find that

Ax̃ = A
(

∑
k

〈y,ψk〉
λk

ϕk

)
= ∑

k

〈y,ψk〉
λk

Aϕk = ∑
k
〈y,ψk〉

Aϕk

λk
= ∑

k
〈y,ψk〉ψk = ŷ,
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where the last equality follows from (7.20) and the second one because A is conver-
gence preserving. The fact that (7.22) is necessary and sufficient for the existence of
a solution to Ax = ŷ is known as Picard’s criterion.

Now suppose X and Y are finite-dimensional Euclidean spaces, Ax = ax for some
m×n matrix a, and a has r singular values. In this case, (7.21) can be expressed as

x̃ = [ ϕ1 | · · · | ϕr ]




1
λ1

. . .
1
λr







ψH
1

...

ψH
r




y. (7.23)

To do this in MATLAB, use the commands

[Q,S,P] = svd(a);
s = diag(S);
s = s(s>0); % Keep only positive entries in s
r = length(s);
xtilde = P(:,1:r)⁎(Q(:,1:r)’⁎y./s);

Compare with the last line of Example 7.34.

Remark. Comparing the preceding discussion with that in Section 4.3.4, we see
that the pseudoinverse A† is defined for all y satisfying Picard’s criterion; i.e.,

A†y = ∑
k

〈y,ψk〉
λk

ϕk, for y satisfying (7.22).

When Ax = ax and a is an m× n matrix, a† is the product of the three matrices
multiplying y in (7.23). To compute a† in MATLAB, you can use the pseudoinverse
command pinv(a).

7.5.1. Ill-Posed and Well-Posed Problems

A problem is said to be well posed if it has a unique solution and if the solution
varies continuously as a function of the problem parameters. If a problem is not
well posed, it is said to be ill posed. In this section, we consider the problem of
solving linear equations such as Ax = y, where y is the parameter to be varied. If A is
invertible, then we want to know if x = A−1y is a continuous function of y; of course,
for linear operators, this is equivalent to asking of A−1 is a bounded operator. When
A is singular, we can ask if the pseudoinverse is bounded.
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First-Kind Equations

We show that when a compact operator A has an infinite number of positive sin-
gular values, solving Ax = y is an ill-posed problem. Suppose that y∈ rangeA. Then
there is a solution of Ax = y, y = ŷ is given by (7.20), and (7.22) holds. Fix any δ > 0,
and let

yi := y+δψi.

Then ‖yi− y‖= δ , and

∑
k

∣∣〈yi,ψk〉
∣∣2

λ 2
k

=

∣∣〈y,ψi〉+δ
∣∣2

λ 2
i

+∑
k 6=i

∣∣〈y,ψk〉
∣∣2

λ 2
k

,

which is clearly finite on account of (7.22). So the minimum-norm solution of Ax = y
is given by the right-hand side of (7.21). Similarly, the minimum-norm solution of
Ax = yi is given by

x̃i := ∑
k

〈yi,ψk〉
λk

ϕk = x̃+
δ
λi

ϕi.

Hence,

‖x̃i− x̃‖= δ
λi
.

We can now show that the mapping that takes y ∈ rangeA into the minimum-norm
solution of Ax = y is not continuous. Fix any y ∈ rangeA. Given any ε > 0, one
would like to find a δ > 0 such that for all y′ ∈ rangeA,

‖y′− y‖ ≤ δ ⇒ ‖x̃′− x̃‖< ε.

However, suppose such a δ exists. Choose i such that δ/λi ≥ ε . Then ‖yi− y‖= δ ,
but ‖x̃i− x̃‖= δ/λi ≥ ε .

Second-Kind Equations

Second-kind Fredholm equations are well posed. This is easy to see when A is
self-adjoint. Let x be given by (7.10), and let x′ denote the right-hand side of (7.10)
with y replaced by y′ (recall that in (7.10), {(λk,ϕk)} are the eigenpairs of A). Then

‖x− x′‖ ≤ ‖y− y′‖+
∥∥∥∥

∞

∑
k=1

λk〈y′− y,ϕk〉
1+λk

ϕk

∥∥∥∥.

Next, write ∥∥∥∥
∞

∑
k=1

λk〈y′− y,ϕk〉
1+λk

ϕk

∥∥∥∥
2

=
∞

∑
k=1

∣∣∣∣
λk

1+λk
〈y′− y,ϕk〉

∣∣∣∣
2

.
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Assuming that λk 6=−1 for all k, and using the fact that |λk| → 0, it is easy to see that

B := sup
k

∣∣∣∣
λk

1+λk

∣∣∣∣< ∞.

Hence, we can write
∥∥∥∥

∞

∑
k=1

λk〈y′− y,ϕk〉
1+λk

ϕk

∥∥∥∥
2

=
∞

∑
k=1

∣∣∣∣
λk

1+λk
〈y′− y,ϕk〉

∣∣∣∣
2

≤ B2
∞

∑
k=1
|〈y′− y,ϕk〉|2

≤ B2‖y′− y‖2.

Hence, ‖x− x′‖ ≤ (1+B)‖y− y′‖.

Operators of Norm Less Than One§

We consider equations of the form (I−A)x = y. This looks like a second-kind
Fredholm equation in which A is replaced by−A. However, in this section, we do not
assume that A is compact or that A is self-adjoint. Instead, we assume only ‖A‖< 1.j

Of course, if A has any eigenvalues, their magnitudes must also be less than one. This
is in contrast to the second-kind Fredholm equations in which we required only that
all eigenvalues be different from −1; i.e., some eigenvalues could have magnitudes
greater than one.

Let A:X → X , where X is a Banach space and ‖A‖< 1. We begin the analysis by
showing that the series

∞

∑
k=0

Aky

converges. Put Bny := ∑
n
k=0 Aky and note that for m> n,

‖Bmy−Bny‖=
∥∥∥∥

m

∑
k=n+1

Aky
∥∥∥∥≤ ‖y‖

m

∑
k=n+1

‖A‖k.

Hence, Bny is a Cauchy sequence.k Since X is complete, Bny converges to some limit,
which we denote by By. Note also that (cf. Proposition 6.6)

‖By‖= lim
n→∞
‖Bny‖ ≤ lim

n→∞
‖y‖

n

∑
k=0
‖A‖k =

‖y‖
1−‖A‖ .

§This material is not needed in the sequel.
j See Problem 7.34 for an easy way to construct such an operator using projections.
k By the geometric series (Problem 6.2), zn := ∑

n
k=0 ‖A‖k converges and is therefore a Cauchy se-

quence of real numbers.
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Hence, B is a bounded operator with ‖B‖ ≤ 1/(1−‖A‖). Next, observe that

(I−A)By = (I−A) lim
n→∞

Bny = lim
n→∞

(I−A)
n

∑
k=0

Aky,

and

(I−A)
n

∑
k=0

Aky =
n

∑
k=0

Aky−
n+1

∑
k=1

Aky = y−An+1y.

Since ‖A‖< 1, An+1y→ 0, and it follows that (I−A)By = y. In other words, taking
x = By solves (I−A)x = y. Furthermore, since B is continuous, the problem is well
posed. To conclude, we note that a similar analysis shows that B(I−A)x = x. Hence,
B is the inverse of I−A.

7.5.2. Best-Fit Subspace

Suppose we are given vectors a1, . . . ,an in an inner-product space Y , and we
would like to find an r-dimensional subspace such that the sum of squared distances
from the points to the subspace is minimized.

To set up the problem in more detail, suppose that w1, . . . ,wr form an orthonormal
basis for the subspace. Then the distance from a j to the subspace is simply ‖a j− â j‖,
where â j is the orthogonal projection of a j onto the subspace. Our goal is to choose
orthonormal vectors w1, . . . ,wr to minimize

n

∑
j=1
‖a j− â j‖2 =

n

∑
j=1
‖a j‖2−‖â j‖2, by the error formula (3.7).

Since only the â j depend on the wi, it suffices to maximize

n

∑
j=1
‖â j‖2 =

n

∑
j=1

r

∑
i=1

∣∣〈a j,wi〉
∣∣2, by (3.11). (7.24)

Now consider the operator A: |Cn→ Y by

Ax :=
n

∑
j=1

x ja j, x ∈ |Cn.

An easy calculation shows that the adjoint of A is given by

A∗y =



〈y,a1〉

...
〈y,an〉


 , y ∈ Y.
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Now change the order of summation in (7.24) and use the fact that
∣∣〈a j,wi〉

∣∣ =∣∣〈wi,a j〉
∣∣. It follows that

n

∑
j=1
‖â j‖2 =

r

∑
i=1
‖A∗wi‖2.

By the SVD applied to A, we can write A∗wi = ∑k λk〈wi,ψk〉ϕk, and so in particular,

‖A∗w1‖2 = ∑
k

λ 2
k

∣∣〈w1,ψk〉|2 ≤ λ 2
1 ∑

k

∣∣〈w1,ψk〉|2 ≤ λ 2
1 ‖w1‖2 = λ 2

1 ,

with equality if w1 = ψ1. Since w2 must be orthogonal to w1,

‖A∗w2‖2 = ∑
k≥2

λ 2
k

∣∣〈w1,ψk〉|2 ≤ λ 2
2 ∑

k≥2

∣∣〈w1,ψk〉|2 ≤ λ 2
2 ‖w1‖2 = λ 2

2 ,

with equality if w2 = ψ2. Continuing in this way, we conclude that the optimal
subspace is span{ψ1, . . . ,ψr}.

Remark. To compute the SVD of A, we diagonalize the n×n Gram matrix with
entries Gi j := 〈a j,ai〉 to obtain the eigenvalues λ 2

k and eigenvectors ϕk ∈ |Cn of G.
Then ψk = (1/λk)Aϕk ∈ Y .

7.6. Regularization

The method of regularization was developed in order to address the ill-posedness
of first-kind Fredholm equations. The method replaces the first-kind equation with a
family of related second-kind equations, which are well posed.

For fixed α ≥ 0, consider the minimization problem

inf
x
‖y−Ax‖2 +α‖x‖2.

If α = 0, the infimum is ‖y− ŷ‖, where ŷ is the projection of y onto rangeA. When
α > 0, the solution must have the property that ‖x‖2 cannot be too large. By adjusting
the value of α , one can trade off fidelity to the data (making Ax≈ y) and making the
energy of the solution, ‖x‖2, small.

From our earlier work on convex functions, we see that for fixed α > 0, the
quantity we want to minimize is convex in x. Hence, it suffices to have the Gâteaux
derivative equal to zero in all directions. From the calculations in Example 5.22, the
solution of the minimization problem (for fixed α) is equivalent to the solution of

(αI +A∗A)x = A∗y. (7.25)
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Note that A∗A is self adjoint and positive semidefinite. Assuming A is compact and
α > 0, this is a second-kind Fredholm equation whose solution, denoted by xα , is
(cf. (7.10))

xα =
A∗y
α
−

∞

∑
k=1

λ 2
k

α

〈A∗y
α
,ϕk

〉

1+
λ 2

k
α

ϕk,

where {(λ 2
k ,ϕk)} are the eigenpairs for A∗A. By the SVD (recall (7.17) and ψk :=

(1/λk)Aϕk),

xα =
1
α

(
∞

∑
k=1

λk〈y,ψk〉ϕk−
∞

∑
k=1

λ 3
k

α +λ 2
k
〈y,ψk〉ϕk

)

=
∞

∑
k=1

λk

α +λ 2
k
〈y,ψk〉ϕk. (7.26)

It is shown in the next paragraph that if Picard’s criterion (7.22) holds, then

lim
α↓0

xα =
∞

∑
k=1

〈y,ψk〉
λk

ϕk = x̃,

which is exactly the minimum-norm solution of Ax = ŷ in (7.21). Hence,

A†y = lim
α↓0

(αI +A∗A)−1A∗y.

Write

‖xα − x̃‖2 =

∥∥∥∥
∞

∑
k=1

−α
λk(α +λ 2

k )
〈y,ψk〉ϕk

∥∥∥∥
2

=
∞

∑
k=1

(
α

α +λ 2
k

)2 ∣∣〈y,ψk〉
∣∣2

λ 2
k

.

Taking limits as α ↓ 0 on both sides, and taking the limit on the right inside the sum,
we have ‖xα − x̃‖→ 0. Taking the limit inside the sum is justified because the series
converges uniformly in α; to see this, observe that the terms of the sum are uniformly
dominated by

∣∣〈y,ψk〉
∣∣2/λ 2

k , which is summable on account of Picard’s criterion.

For future reference, note that (7.26) implies

‖xα‖2 =
∞

∑
k=1

λ 2
k

∣∣〈y,ψk〉
∣∣2

(α +λ 2
k )

2 . (7.27)
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This is a real-valued, nonnegative, nonincreasing function of the nonnegative, real
variable α . In fact, ‖xα‖2 is a continuous function of α ≥ 0. Hence, if a certain
value of ‖xα‖2 is desired, the appropriate value of α can be determined by a root-
finding algorithm. Furthermore, since root-finding algorithms repeatedly compute
‖xα‖2 for different values of α , it is computationally efficient to use (7.27) (in a
finite-dimensional setting with a finite number of terms) since the |〈y,ψk〉|2 can be
precomputed.

In the finite-dimensional case when Ax = ax for some m×n matrix a, (7.26) can
be expressed as

xα = [ ϕ1 | · · · | ϕr ]




λ1
α+λ 2

1
. . .

λr
α+λ 2

r







ψH
1

...

ψH
r




y.

Notice that when α = 0, this formula reduces to (7.23). For α ≥ 0, this formula can
be evaluated in MATLAB with the commands

[Q,S,P] = svd(A);
s = diag(S);
s = s(s>0); % Keep only positive entries in s
r = length(s);
Qry = Q(:,1:r)’⁎y;
xalpha = P(:,1:r)⁎(s./(alpha+(s.^2)).⁎Qry);

Note also that (7.27) is given by

Qry2 = Qry.⁎conj(Qry);
((s./(alpha+(s.^2))).^2)’⁎Qry2

where we have written this expression in two separate lines to emphasize that Qry2
should be precomputed if the second line will be computed many times with different
values of alpha.

Example 7.38. To illustrate the benefits of regularization, we return to Exam-
ple 3.11 and make a few minor changes. Instead of using 31 exact samples of
x(t) = cos(2πt/5), we use 31 noisy samples. Also, instead of using only 21 shifts
τ j, we use 201 equally spaced shifts. To be precise, we replace the second, third, and
last lines of the script in Example 3.11 with

xvec = (cos(2⁎pi⁎tvec/5) + randn(size(tvec))⁎.2).’;
tau = [-10:.1:10];
plot(t,w)
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Figure 7.1. Least-squares approximation of noisy sinusoid (top), 2-norm regularized approximation (bot-
tom, solid line), and 1-norm regularized approximation (bottom, dashed line).

Leaving the other lines of that script unchanged, we obtained the approximation of x
shown at the top in Figure 7.1.

To obtain the regularized approximation shown at the bottom in Figure 7.1 (solid
line), instead of using c = A\xvec, we chose c to be the minimizer of

‖xvec−A∗c‖2 +α‖c‖2. (7.28)

with α = 0.2.

7.6.1. 1-Norm Regularization

For x ∈ IRn, consider the probleml

inf
x∈IRn
‖y−Ax‖2 +α‖x‖1.

l If A is a scalar multiple of the identity, the optimal value of x can be trivially expressed in terms of
the shrinkage operator (see Problems 3.25 and 5.49).
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Rather than reformulate this problem along the lines of Example 5.24, we follow [13,
Section II].m Define the positive and negative part operators on a number t by

t+ :=
{

t, t ≥ 0,
0, t < 0, and t− :=

{
−t, t < 0,

0, t ≥ 0,

so that t = t+− t− and |t|= t++ t−. For a vector x, define x+ and x− componentwise
so that x = x+− x− and

‖x‖1 =
n

∑
k=1

x+k + x−k = 〈11n,x++ x−〉,

where 11n is the n-dimensional vector of all ones. Then our original problem can be
expressed as

min
x∈IRn
‖y−A(x+− x−)‖2 +α〈11n,x++ x−〉.

Notice that the objective function is of the form

‖y−A(u− v)‖2 +α〈11n,u+ v〉, u,v ∈ IRn
+, (7.29)

with the additional property that for each k, either uk or vk is zero. Now observe that

α〈11n,u+ v〉= α
n

∑
k=1

uk + vk.

If for some k, uk and vk are both positive, we could reduce both of them by the
same amount, and not change the value of u− v. Hence, the minimum of (7.29)
automatically satisfies uk or vk is zero for each k. We conclude that our original
problem is equivalent to

min
u,v∈IRn

+

‖y−A(u− v)‖2 +α〈11n,u+ v〉.

To write this as a problem using the 2n-dimensional vector z := [uT,vT]T, put C :=
[A,−A] so that Cz = A(u− v). Then with B := 2CTC and b := α112n− 2CTy, the
above problem is equivalent to (dropping the 〈y,y〉 term)

min
z∈IR2n

+

1
2 〈Bz,z〉+ 〈b,z〉.

We now have a quadratic programming problem in standard form that can be
solved with the MATLAB commands

m The FISTA algorithm [5] is more efficient and simple to program, but its analysis is beyond our scope.
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C = [ A -A ];
b = repmat(alpha,2⁎n,1)-2⁎(C.’⁎y);
B = 2⁎(C.’)⁎C;
z = quadprog(B,b,[],[],[],[],zeros(2⁎n,1));
x = z(1:n)-z(n+1:end);

Example 7.39 (Continuation of Example 7.38). Instead of choosing c to mini-
mize (7.28), we now choose c to minimize

‖xvec−A∗c‖2 +α‖c‖1

with α = 0.2. The resulting approximation is the dashed line in the bottom graph of
Figure 7.1. Since the approximations using 1-norm and 2-norm regularization are so
similar, why should we prefer one over the other? The answer lies in looking at the
resulting vector of coefficients. Figure 7.2 shows the coefficient vectors c recovered
using 2-norm regularization (top) and 1-norm regularization (bottom). In the bottom
graph, notice that most of the coefficients have absolute values that are several orders
of magnitude smaller than the largest ones at the top of the graph. Let K denote the
indexes k of the 14 largest abs(c(k)). Then a graph of

−10 −5 0 5 10

−0.1

0

0.2

−10 −5 0 5 10
10

−20

10
0

Figure 7.2. Coefficients c(k) from 2-norm regularization (top) and 1-norm (bottom). The horizontal
coordinates are the shifts tau(k) (see Example 3.11).

∑
k∈K

ckv(t− τk)

January 11, 2020



7.7 Numerical Methods 209

is visually indistinguishable from the dashed line in Figure 7.1. Hence, 1-norm reg-
ularization can result in sparse approximation.

7.7. Numerical Methods

7.7.1. Gaussian Quadrature

If w is a nonnegative function defined on a given time interval and 0<
∫

w(t)dt <
∞, then we call w a weight function. Typical weight functions include

w(t) = 1 on [−1,1] or on [0,1],
w(t) = 1/

√
1− t2 on [−1,1],

w(t) = e−t on [0,∞),

w(t) = e−t2
on (−∞,∞).

To approximate an integral of the form
∫

x(t)w(t)dt, we often use numerical inte-
gration or quadrature formulas having the structure

∫
x(t)w(t)dt ≈

n

∑
i=1

wix(ti),

where the coefficients wi are called weights, and the evaluation points ti are called
nodes. The trapezoidal rule and Simpson’s rule fall in to this category on any
interval [a,b] with w(t) = 1. More generally, if the nodes are fixed, then it is easy to
choose the weights so that the integral on the left and the sum on the right are exactly
equal whenever x is a polynomial of degree less than n. However, if the nodes are
chosen carefully, then we can achieve equality for all polynomials of degree less than
2n; this is called Gaussian quadrature.

The theory of orthogonal polynomials says that if we apply the Gram–Schmidt
procedure to the power functions 1, t, t2, . . . using the inner product

〈x,y〉 :=
∫

x(t)y(t)w(t)dt,

then the resulting orthonormal polynomials, which we call ψ0,ψ1, . . . , are such that
ψi has degree i and has i real roots. It is not hard to show that because we are dealing
with polynomials, the Gram–Schmidt procedure simplifies to a three-term recursion
of orthogonal polynomials, which we denote by ϕi. Of course, ψi = ϕi/‖ϕi‖.

The theory of Gaussian quadrature says that the required nodes are the n real roots
of ψn. However, rather than using the recursion to generate the required polynomial
and then finding its roots, the following theorem allows us to obtain both the nodes
and the weights directly from the diagonalization of a simple matrix.
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Theorem 7.40. The nodes ti and weights wi of a Gaussian quadrature formula,
based on orthogonal polynomials relative to a weight function w and generated by a
three-term recursion with coefficients an and bn, can be obtained from the eigenvalue
decomposition of the symmetric, tridiagonal Jacobi matrix

Jn :=




a0
√

b1√
b1 a1

√
b2

√
b2

. . .
. . .

. . . an−2
√

bn−1√
bn−1 an−1



.

If PHJnP = Λ = diag(λ1, . . . ,λn), where PHP = I, then ti = λi and wi = p2
i
∫

w(t)dt,n

pi is the first component of the ith column of P.

Proof. See the Notes3 at the end of the chapter.

Example 7.41. The an and bn can be found in tables, e.g., [16, p. 29].o For the
weight function w(t)= 1 on [0,1], the three-term recursion with ak = 1/2, b0 = 1, and
bk = 1/(4(4−k−2)) for k≥ 2 generates the shifted Legendre polynomials and leads
to Legendre–Gauss quadrature on [0,1]. This suggests that we write the following
MATLAB function to generate the nodes ti and the weights wi for the approximation

∫ 1

0
x(t)dt ≈

n

∑
i=1

wix(ti).

function [t,w] = legendrequad01(n)
%
% Generate nodes and weights for
% Legendre-Gauss quadrature on [0,1].
% Note that t is a column vector
% and w is a row vector.
%
a = repmat(1/2,1,n); % diagonal of J
u = sqrt(1./(4⁎(4-1./[1:n-1].^2))); % upper diag of J
[P,Lambda] = eig(diag(u,1)+diag(a)+diag(u,-1));
[t,i] = sort(diag(Lambda)); % Sort roots in incr order
Ptop = P(1,:); % Extract top row of P and
Ptop = Ptop(i); % reorder to go with roots
w = Ptop.^2;

n Following Gautschi [16, p. 11], we put b0 :=
∫

w(t)dt.
o Gautschi [16] writes αk and βk for our ak and bk .
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Suppose you have a MATLAB function x, and for a suitable value of n, you use the
statement [t,w]=legendrequad01(n). Since t is a column vector, xvec =
x(t) is also a column vector. Then w⁎xvec multiplies the row vector [w1, . . . ,wn]
and the column vector [x(t1), . . . ,x(tn)]T to produce the scalar value ∑

n
i=1 wix(ti) ≈∫ 1

0 x(t)dt. Of course, many times we are interested in computing a whole family of
integrals such as

y(s) :=
∫ 1

0
x(t,s)dt.

To compute y(s j) for j = 1, . . . ,k, we use the approximation

y(s j)≈
n

∑
i=1

wix(ti,s j),

where n is chosen large enough for the approximation to work well for all values of
s j. To calculate the above sum efficiently in MATLAB, it is convenient to observe
that it corresponds to multiplying the row vector [w1, . . . ,wn] by the n× k matrix
whose i j entry is x(ti,s j). Denoting this matrix by X, we can compute the row vector
y= [y(s1), . . . ,y(sk)] with the one-line statement y=w⁎X.

7.7.2. Eigenvalues and Eigenvectors of Integral Operators

Consider an integral operator of the form

(Ax)(t) =
∫

a(t,τ)x(τ)dτ.

Given x, it is natural to approximate (Ax)(t) with a numerical integration formula.
For example, we could write

(Ax)(t)≈
n

∑
j=1

w ja(t, t j)x(t j),

where the w j and the t j depend on the numerical integration technique, e.g., the
trapezoidal rule, Simpson’s rule, or Gaussian quadrature.

Now suppose that in the above integral t and τ belong to a common interval,
and we want to solve the eigenvalue problem Aϕ = λϕ . We consider instead the
problem [2, eq. (3.4)]

n

∑
j=1

w ja(t, t j)ϕ̃(t j) = λϕ̃(t). (7.30)
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Upon taking t = ti, we obtain

n

∑
j=1

w ja(ti, t j)︸ ︷︷ ︸
=: Mi j

ϕ̃(t j) = λϕ̃(ti).

This suggests that we solve the finite-dimensional matrix-vector eigenvalue problem
Mz = λz and use the elements of z as values of the eigenfunction ϕ̃(ti). There are
many ways to define ϕ̃(t) for t 6= ti; e.g., linear interpolation. However, (7.30) itself
suggests the so-called Nyström extension [2, p. 170]

ϕ̃(t) :=
1
λ

n

∑
j=1

w ja(t, t j)z j, (7.31)

where z j is the jth component of z.

Proposition 7.42. If (λ ,z) is an eigenpair of M, and if ϕ̃ is defined by (7.31),
then ϕ̃ satisfies (7.30).

Proof. Assume Mz = λz for nonzero z. Then (7.31) implies ϕ̃(ti) = (Mz)i/λ =
(λz)i/λ = zi. Since i is arbitrary, we may replace z j in (7.31) by ϕ̃(t j); multiplying
the result by λ shows that (7.30) holds.

To make ‖ϕ̃‖ ≈ 1, observe that

∫
|ϕ̃(τ)|2 dτ ≈

n

∑
j=1

w j|ϕ̃(t j)|2 =
n

∑
j=1

w j|z j|2.

Dividing z by the square root of the right-hand side makes ϕ̃ have energy one.
When a(t,τ) is real and symmetric; i.e., a(t,τ) = a(τ, t), then the eigenvalue

problem Mz = λz has real eigenvalues and real eigenvectors.p In this case, ϕ̃ is also
real. After forcing ϕ̃ to have unit energy, we can replace ϕ̃ with −ϕ̃ if we want to.
For example, if are working on the interval [0,1] we may want to require ϕ̃(0) > 0.
However, it may happen that ϕ̃(0) = 0. Instead we may choose the sign of ϕ̃ to be
such that when plotting ϕ̃(ti), we have ϕ̃(t2)− ϕ̃(t1)≥ 0; i.e., we make ϕ̃ increasing
at the origin.

To write a program in MATLAB that approximates the eigenvalues and eigen-
functions of an integral operator requires a little more attention to various details. If

p This can be seen as follows [2, p. 173]. The matrix Ai j = a(ti, t j) is symmetric, but M is not. However,
if we put D = diag(w1, . . . ,wn), then M = AD, and Mz = λz if and only if AD1/2(D1/2z) = λz. If we
multiply this equation by D1/2 and put v = D1/2z, then we obtain D1/2AD1/2v = λv.
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Mzk = λkzk, then we can obtain the λk and Z = [z1| · · · |zn] using the MATLAB com-
mand eig(M). To use (7.31) to evaluate the kth eigenfunction at m points t = τi (not
related to the quadrature nodes t j) requires

ϕ̃k(τi) =
1
λk

n

∑
j=1

w ja(τi, t j)Z jk.

If we let Φ̃ denote the matrix whose i k entry is ϕ̃k(τi), then

Φ̃ =




a(τ1, t1) · · · a(τm, tn)
...

. . .
...

a(τm, t1) · · · a(τm, tn)







w1
. . .

wn


Z




1
λ1

. . .
1

λn


 .

The formula for ϕ̃k(τi) shows that the columns of Φ̃ correspond to the columns
of Z. In other words, by deleting columns of Z and the corresponding rows of
diag(1/λ1, . . . ,1/λn), we can compute only some of the eigenfunctions. The point
here is that once the eigenvalues and the Z matrix are computed, we can evaluate any
of the eigenfunctions at any time points with a simple matrix equation.

Example 7.43. The function min(t,τ) is the correlation function of the Wiener
process. To employ the Karhunen–Loève expansion of the Wiener process on [0,1]
requires the solution of the eigenvalue problem

∫ 1

0
min(t,τ)ϕ(τ)dτ = λϕ(t), 0≤ t ≤ 1.

We can generate the nodes and weights for Legendre quadrature on [0,1] using our
MATLAB function given in Example 7.41. Using n = 16 and applying the Nyström
method (see scripts in the Notes4), we obtained the results shown in Figures 7.3 and
7.4. The exact eigenvalues and eigenfunctions can be found in closed form (Prob-
lem 7.33).

Example 7.44 (Prolate Spheroidal Wave Functions). We begin with the eigenval-
ue problem on L2[−1,1],

∫ 1

−1
WT sinc(WT (t− τ))ϕ(τ)dτ = λϕ(t), −1≤ t ≤ 1. (7.32)

The left-hand side defines a compact, self-adjoint linear operator. From the discus-
sion in Section 7.2.2, the operator is positive definite, which implies all of its eigen-
values are positive. Once an eigenpair (λk,ϕk) has been found, we put

ψk(t) :=
1
λk

∫ 1

−1
WT sinc(WT (t− τ))ϕk(τ)dτ, −∞< t < ∞. (7.33)
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Figure 7.3. Exact eigenvalues (+) and approximate eigenvalues (o) for Example 7.43.
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Figure 7.4. Exact eigenfunctions (solid lines), approximate eigenfunctions (dashed lines) for Exam-
ple 7.43.

Of course, when |t| ≤ 1, the right-hand side is just ϕk(t). In other words, we have
extended the definition of ϕk to the whole real line. Hence, we can also write

ψk(t) =
1
λk

∫ 1

−1
WT sinc(WT (t− τ))ψk(τ)dτ, −∞< t < ∞.

The functions ψk are called angular prolate spheroidal wave functions. They de-
pend on the bandwidth parameter W and the time-duration parameter T only through
their product WT . Traditionally, however, these functions are parameterized by
c := πWT , and the eigenvalues and eigenfunctions are indexed starting from 0 rather
than 1. In addition, the ϕk are normalized so that

∫ 1
−1 |ϕk(t)|2 dt = λk.

When c = 1, we used 8-point Legendre–Gauss quadrature on [−1,1] (see Prob-
lem 7.69) and found

λ0 = 5.7258178×10−1 λ4 = 3.717929×10−8

λ1 = 6.2791274×10−2 λ5 = 9.4914×10−11

λ2 = 1.2374793×10−3 λ6 = 1.67×10−13

λ3 = 9.200977×10−6 λ7 = 2.×10−16

which agrees with [39] when rounded to the number of digits shown. To obtain
similar accuracy for c = 8 requires 12-point quadrature. Examples of the ψk are
shown in Figure 7.5.

January 11, 2020



7.7 Numerical Methods 215
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Figure 7.5. Prolate spheroidal wave functions for c = 1 (top) and c = 8 (bottom).

It is also interesting to plot the eigenvalues λk corresponding to different values
of 2WT = 2c/π as shown in Figure 7.6. We see that for all k sufficiently less than
2WT , the λk are nearly one, and for all k sufficiently larger than 2WT , the λk are
negligible. This property has been proved mathematically [24].

7.7.3. Solving Second-Kind Integral Equations

A trivial modification to the foregoing allows us to approximately solve (I +
A)x = y using the Nyström or quadrature method. The approximate equation is

x(t)+
n

∑
j=1

w ja(t, t j)x(t j) = y(t). (7.34)

Taking t = ti yields

x(ti)+
n

∑
j=1

w ja(ti, t j)x(t j) = y(ti).

This suggests that we solve the finite-dimensional matrix-vector problem (In+M)z=
y, where In is the n×n identity matrix and y := [y(t1), . . . ,y(tn)]′. Once z is obtained,
define the continuous-time Nyström extension [2, p. 357]

x̃(t) := y(t)−
n

∑
j=1

w ja(t, t j)z j.
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Figure 7.6. Eigenvalues λk corresponding to prolate spheroidal wave functions ψk for different values of
2WT = 2c/π .
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When t = ti, this says that the column vector of samples of x̃ is equal to y−Mz = z;
i.e., x̃(ti) = zi. Hence, we may replace z j by x̃(t j) in the definition of x̃. This shows
that continuous-time Nyström extension x̃ solves (7.34). It can be shown that if one
considers a sequence of improving numerical integration schemes, then the solutions
of (7.34) converge to the solution of (I +A)x = y [23, Ch. 12].

Remark. The Nyström or quadrature methods used in this section and the preced-
ing one are the easiest to implement. There are several other approaches discussed in
the references [2], [11], [23], [46].

Notes

Note 7.1. The following result shows that Fourier transforms of L1 time func-
tions are uniformly continuous functions of frequency.

Theorem 7.45. If
∫

∞

−∞
|h(t)|dt < ∞, then H( f ) :=

∫
∞

−∞
h(t)e− j2π f t dt is a uni-

formly continuous function of f .

Proof. Write

|H( f +ν)−H( f )| =
∣∣∣∣
∫

∞

−∞

h(t)
[
e− j2π( f+ν)t − e− j2π f t]dt

∣∣∣∣

=

∣∣∣∣
∫

∞

−∞

h(t)e− j2π f t[e− j2πνt −1
]

dt
∣∣∣∣

≤
∫

∞

−∞

|h(t)|
∣∣e− j2πνt −1

∣∣dt.

Since this last integrand is bounded by 2|h(t)|, the integral tends to zero as ν → 0 by
the dominated convergence theorem [6], [14], [33], [34].

Note 7.2. The following result is often useful in showing an integral is positive.

Theorem 7.46. Suppose
∫ b

a x(t)dt = 0. If x is continuous and nonnegative on
[a,b], then x(t) = 0 for all t ∈ [a,b].

Proof. Suppose otherwise that there is some t0 ∈ [a,b] with x(t0) > 0. Since x
is continuous at t0, we know that for every ε > 0, there is a δ > 0 such that for all
t ∈ [a,b] with |t− t0|< δ , |x(t)− x(t0)|< ε . Rewrite this as

−ε < x(t)− x(t0)< ε,
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and rearrange the left-hand inequality as x(t) > x(t0)− ε . Since x(t0) > 0, we can
take ε = x(t0)/2 to get x(t)> x(t0)/2 for all t within δ of t0. We can now write

∫ b

a
x(t)dt ≥

∫ t0+δ

t0−δ
x(t)dt ≥

∫ t0+δ

t0−δ

x(t0)
2

dt = δx(t0)> 0.

If t0 is an endpoint, the reader can modify the above inequality accordingly.

Note 7.3. Proof of Theorem 7.40. (Sketch). The first step is to rewrite the three-
term recursion ϕ0(t) = 1, ϕ1(t) = (t−a0)ϕ0(t) = t−a0, and

ϕk(t) = (t−ak−1)ϕk−1(t)−bk−1ϕk−2(t), k ≥ 2,

in terms of the orthonormal polynomials ψk := ϕk/‖ϕk‖. This leads to

‖ϕk‖ψk(t) = (t−ak−1)‖ϕk−1‖ψk−1(t)−bk−1‖ϕk−2‖ψk−2(t).

Divide this equation by ‖ϕk−1‖ and use the fact that
√

bk = ‖ϕk‖/‖ϕk−1‖ to obtain
√

bkψk(t) = (t−ak−1)ψk−1(t)−
√

bk−1ψk−2(t).

Rearrange this as

tψk−1(t) =
√

bkψk(t)+ak−1ψk−1(t)+
√

bk−1ψk−2(t).

If we write out this formula for k = 1, . . . ,n, we get a system of n linear equations.
To express this in matrix-vector notation, put

Ψ(t) := [ψ0(t), . . . ,ψn−1(t)]T.

Then the system of linear equations can be written as

tΨ(t) = JnΨ(t)+




0
...
0√

bnψn(t)


 .

Now, if t = ti is the ith root of ϕn, which is also the ith root of ψn = ϕn/‖ϕn‖, then
the matrix-vector equation reduces to

tiΨ(ti) = JnΨ(ti),

which says that ti is an eigenvalue of Jn with eigenvector Ψ(ti). Since by definition
eigenvectors cannot be the zero vector, we should check this condition. It can be
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shown that (we omit the proof) (
√

wi Ψ(ti))T(
√

wi Ψ(ti)) = 1. Hence,
√

wi Ψ(ti) is a
unit-norm eigenvector of Jn. Since we are working in a real vector space,

√
wi Ψ(ti)

must be equal to plus or minus the ith column vector of P. Since
√

wi Ψ(ti) =± the
ith column of P, their first components must obey this relation too. Since the first
component of Ψ(ti) is ψ0(ti) = 1/‖ϕ0‖, the theorem is proved.

Remark. An easy corollary of Theorem 7.40 is that

ϕn(t) = det(tI− Jn). (7.35)

The right-hand side is a polynomial of degree n with leading coefficient one and
whose roots are the eigenvalues of Jn. Hence, the right-hand side is exactly (t −
t1) · · ·(t − tn) = ϕn(t). An alternative way to prove (7.35) is the expand the deter-
minant along the last column of tI− Jn to show that det(tI− Jn) satisfies the same
three-term recurrence as ϕn; hence, det(tI− Jn) = ϕn(t).

According to Gautschi [15], the fact that the roots of ϕn are the eigenvalues of
Jn was known prior to the 1960s. The relationship of the weights to the orthonormal
eigenvectors of Jn is found in Wilf [45, Ch. 2, Ex. 9]. Gautschi also says that this fact
was known to Goertzel around 1954 and appeared in Gordon [19] in 1968. It was
Golub and Welsch [18] who provided an efficient algorithm for solving the eigenvalue
problem for Jn to obtain the eigenvalues ti and the weights wi.

Note 7.4. Here is the MATLAB script for Example 7.43 along with the associated
functions eigNystrom and eigfcnNystrom.

%% Nystrom method for finding eigenvalues and eigenvectors
T = 1; % Functions live on [0,T]
n = 16; % number of quadrature points
fprintf(’%g-pt Legendre quadrature requested on [0,1]\n’,n)
a = @(t,s)min(t,s); % kernel of operator
%% Get eigenvalues and auxiliary data
[lambda,Z,s,w] = eigNystrom(a,T,n);
%% Print eigenvalues
fprintf(’Eigenvalues:\nindex eigenvalue\n’)
k = 1:length(lambda); % indexes of eigenvalues to print
emat = [ k ; lambda(k).’ ];
fprintf(’%2i %13.7e\n’,emat)
%% Plot eigenvalues
subplot(2,1,1)
semilogy(k,lambda(k),’o’); grid on
set(gca,’GridLineStyle’,’:’,’GridAlpha’,.6)
%% Now compute and plot a few eigenfunctions
t = linspace(0,T,200); % range to plot eigenfunctions
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k = 1:3; % indexes of eigenfunctions to be plotted
fmat = eigfcnNystrom(k,t,a,T,lambda,Z,s,w);
subplot(2,1,2)
plot(t,fmat); grid on
set(gca,’GridLineStyle’,’:’,’GridAlpha’,.6)

function [lambda,Z,s,w] = eigNystrom(kernel,T,n)
%
% kernel = either a string with the name of the kernel fcn
% or the handle of an anonymous kernel function.
%
% T = functions live on [0,T].
%
% n = number of requested quadrature points.
%
% Consider the eigenvalue problem on [0,T]
%
% int_0^T a(t,s) x(s) ds = lambda x(t), 0 < t < T,
%
% which is equivalent to (let s’=s/T; ds’=ds/T)
%
% int_0^1 T a(Tt’,Ts’) y(s’) ds’ = lambda y(t’), 0 < t’ < 1,
%
% where y(s’) := x(Ts’) or x(s)=y(s/T) and t’ := t/T.
%
% Using Legendre-Gauss quadrature on [0,1],
% we have the approximate problem
%
% sum_j w_j Ta(Ts_i,Ts_j) y(s_j)=lambda y(s_i), i,j=1,...,n.
%
% Let M denote the matrix with entries T a(Ts_i,Ts_j) w_j,
% and solve M z = lambda z. Put eigenvectors (columns)
% into Z and corresponding eigenvalues into lambda, sorted
% largest to smallest.

[s,w] = legendrequad01(n);
simat = repmat(T⁎s,1,n);
sjmat = simat.’;
wmat = repmat(T⁎w,n,1);
M = feval(kernel,simat,sjmat).⁎wmat;
[Z,Lambda] = eig(M);
lambda = real(diag(Lambda)); % Assume self-adjoint operator
[lambda,k] = sort(lambda,’descend’); % Sort eigenvalues
Z = Z(:,k); % from largest to smallest; correspondingly
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% rearrange eigenvectors.

% Normalize so that eigenfunctions will have unit energy
E2vec = w⁎(Z.⁎conj(Z));
nmat = repmat(1./sqrt(E2vec⁎T),n,1);
Z = Z.⁎nmat;

% If necessary, multiply eigenfunctions by -1 to make them
% increasing at the origin.
factor = sign(Z(2,k)-Z(1,k));
facmat = repmat(factor,n,1);
Z = facmat.⁎Z;

function fmat = eigfcnNystrom(k,t,kernel,T,lambda,Z,s,w)
%
% k = vector of indexes of eigenfunctions that you
% want to evaluate.
%
% t = array of times at which you want to evaluate selected
% eigenfunctions.
%
% kernel = either a string with the name of the kernel fcn
% or the handle of an anonymous kernel function.
%
% T = functions live on [0,T].
%
% [lambda,Z,s,w] = eigNystrom(kernel,T,n).
%
% Then the kth column of fmat contains the values of
% the kth eigenfunction evaluated at the times in t:
%
% phi_k(t_i)/lambda_k = sum_j T w_j a(t_i,T s_j) Z_{j,k}

sizt = size(t); % Convert t to column vector
ltt = prod(sizt);
tt = reshape(t,ltt,1);
ZZ = Z(:,k); % extract needed columns from Z
slen = length(s); % = num rows of ZZ
% extract corresponding eigenvalues and make matrix
lamlami = repmat(1./(lambda(k).’),ltt,1); % for later
timat = repmat(tt,1,slen);
sjmat = repmat(T⁎s.’,ltt,1);
wmat = repmat(T⁎w,ltt,1);
Mmat = feval(kernel,timat,sjmat).⁎wmat;
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fmat = (Mmat⁎ZZ).⁎lamlami;

Problems

1. For x ∈ C[0,1], the formula for the uniform norm is ‖x‖ := max0≤t≤1 |x(t)|.
Show that this formula satisfies the properties of a norm given in Section 6.2.

2. Recall the point-evaluation linear functional f defined for x ∈C[0,1] by f (x) :=
x(0). Show that f is not continuous when C[0,1] is equipped with the integral
norm

‖x‖ :=
∫ 1

0
|x(t)|dt.

Hint: Consider the sequence f (xn), where

xn(t) :=
{

1−nt, 0≤ t ≤ 1/n,
0, 1/n< t ≤ 1.

You may find it helpful to sketch xn(t). Show that if x(t) := 0 for all t ∈ [0,1],
then ‖xn− x‖→ 0.

3. Let C[0,1] be equipped with the same integral norm as in the previous problem.
For n = 1,2, . . . , define the linear functional

fn(x) := n
∫ 1/n

0
x(τ)dτ.

(a) For fixed n, is fn a bounded linear functional?
(b) Define a new linear functional

f (x) := lim
n→∞

fn(x).

Determine whether or not f is a bounded linear functional.

4. Show that the kernel of a continuous linear functional defined on a normed vector
space is closed.

5. Let f and g be linear functionals on an arbitrary vector space X over |C. Assume
that kerg ⊂ ker f . Prove that there exists a scalar λ such that f (x) = λg(x) for
all x ∈ X . Do not assume X is an inner product space. Hint: If kerg 6= X , there
exists a z ∈ X with g(z) 6= 0. Now fix any x ∈ X and consider the vector

w := x− g(x)
g(z)

z.
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6. If f (x) = 〈x,y〉, show that ‖ f‖= ‖y‖.

7. Show that every linear functional on a finite-dimensional normed vector space is
bounded. Hint: Lemma 6.45 may be helpful.

8. Let X denote the real inner product space L2[0,∞). Define the linear operator
A:X → X by

(Ax)(t) :=
∫

∞

0
e−(t+τ)x(τ)dτ, t ≥ 0.

Find ‖A‖.

9. Let X denote the set of bounded sequences of real numbers. For vectors x =
(x1,x2, . . .) ∈ X , define the norm

‖x‖ := sup
j
|x j|< ∞.

Define the operator A on X as follows. For i, j = 1,2, . . . , let ai j be nonnegative,
and assume that for each i, ∑

∞
j=1 ai j = 1. For x ∈ X , define Ax by the formula

(Ax)i :=
∞

∑
j=1

ai jx j, i = 1,2, . . . .

Show that A:X → X , and find ‖A‖ := supx 6=0 ‖Ax‖/‖x‖.

10. Matrix Norms, Part 1. This problem illustrates how the operator norm of A:X→Y
depends on the norms chosen for X and Y . Hint: The suggestions in the gray box
following (7.1) for determining the norm of a bounded linear functional apply
more generally to finding the norms of bounded linear operators.

(a) Using the 1-norm on m- and n-dimensional space, show that the operator
norm of an m×n matrix a is

‖a‖= max
1≤ j≤n

m

∑
i=1
|ai j|.

Hint: If the above maximum is achieved by j = k, consider the value of
‖aek‖1, where ek is the kth standard unit vector in n-dimensional space. To
compute this norm in MATLAB, use the command norm(a,1).

(b) Using the infinity norm on m- and n-dimensional space, show that the op-
erator norm of an m×n matrix a is

‖a‖= max
1≤i≤m

n

∑
j=1
|ai j|.
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Hint: If the above maximum is achieved by i = k, consider the value of
‖ax‖∞, where x j = ak j/|ak j|, provided the denominator is nonzero; if it is,
then x j can be arbitrary, but take x j = 1 to maintain ‖x‖∞ = 1. To compute
this norm in MATLAB, use the command norm(a,inf).

(c) Using the infinity norm on m-dimensional space and the 1-norm on n-
dimensional space, show that

‖a‖= max
1≤i≤m,1≤ j≤n

|ai j|.

The command max(max(abs(a))) computes this norm in MATLAB.

11. Matrix Norms, Part 2. Let a be an m× n matrix. If x is an n-dimensional vector,
show that

‖ax‖2 ≤
( m

∑
i=1

n

∑
j=1
|ai j|2

)
‖x‖2,

where ‖ · ‖ denotes the usual Euclidean 2-norm on m-dimensional and n-dimen-
sional space as appropriate.

Remark. By identifying m× n matices with column vectors of length mn, it is
clear that

‖a‖F :=
( m

∑
i=1

n

∑
j=1
|ai j|2

)1/2

defines on norm on the space of m×n matrices. This norm is called the Frobe-
nius norm. Alternatively, since ‖a‖F =

√
tr(aaH), the Frobenius norm is in-

duced by the usual inner product on m×n matrices, 〈a,b〉 := tr(abH). To com-
pute the Frobenius norm in MATLAB, use the command norm(a,’fro’).
Note also that since ‖ax‖ ≤ ‖a‖F ‖x‖, the operator norm

‖a‖ := sup
x 6=0

‖ax‖
‖x‖ ≤ ‖a‖F .

As we know from the SVD, the left-hand side is the largest singular value of a.
To compute this norm in MATLAB, use the command norm(a) or norm(a,2).

12. Let `2 denote the Hilbert space of square summable sequences of complex num-
bers. For x = (x1,x2, . . .) and y = (y1,y2, . . .) ∈ `2,

〈x,y〉 :=
∞

∑
k=1

xkyk, and ‖x‖2 = 〈x,x〉=
∞

∑
k=1
|xk|2.

Define a mapping A:`2 → `2 by Ax := (x1,x2/2,x3/3, . . .). In other words,
(Ax)k = xk/k.
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(a) Prove that A is a bounded operator, and find ‖A‖.
(b) For y ∈ rangeA, define By := (y1,2y2,3y3, . . .); i.e., (By)k = kyk. Clearly,

B(Ax) = x for all x ∈ `2. Hence, B: rangeA→ `2. Show that B is an un-
bounded operator.

(c) Show that B does not have an adjoint. Hint: Suppose otherwise that for all
x ∈ `2, there exists a unique vector B∗x ∈ rangeA with

〈By,x〉= 〈y,B∗x〉, for all y ∈ rangeA.

If y(n) converges, then so does 〈y(n),B∗x〉. However, you can construct
a sequence y(n) ∈ rangeA that converges to zero and for which 〈By(n),x〉
diverges for a particular choice of x ∈ `2.

13. Let f be a bounded linear functional on a Hilbert space.

(a) Find the adjoint of f .

(b) Assuming f 6= 0, show that dim(ker f )⊥ = 1.

14. Show that if W is a subspace of a Hilbert space X , then (W⊥)⊥=W . Hint: By the
Projection Theorem for Hilbert Space, X =W ⊕ (W )⊥, and so by Problem 3.14
we have [(W )⊥]⊥ =W . Now show that (W )⊥ =W⊥.

15. Let A:X → Y , and assume A∗ exists.

(a) If A∗ is onto, show that A is nonsingular.
(b) If Y is a Hilbert space, A∗ is nonsingular, and rangeA is closed, show that

A is onto.

16. A mapping between metric spaces that preserves distance is called an isometry.
Hence, a mapping between normed vector spaces that preserves norms is an
isometry. Let X and Y be inner-product spaces, and assume A:X → Y has an
adjoint. Then by Problem 4.15, A is an isometry if and only if A∗A = I. The
operator A is called unitary if A∗A = I and AA∗ = I.

(a) Show that A is unitary if and only if A is an isometry and A is onto.
(b) Show that A is unitary if and only if A∗ = A−1.
(c) Let X denote the space of all finite-energy time functions, and let Y denote

the space of all finite-energy frequency functions. Using the formulas

(Ax)( f ) =
∫

∞

−∞

x(t)e− j2π f t dt and (A−1X)(t) =
∫

∞

−∞

X( f )e j2π f t d f

show that the Fourier transform A is a unitary operator; i.e., show that
A∗ = A−1.
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(d) Referring to Problem 3.15, show that a Householder transformation is
unitary.

(e) Let A be the matrix in the Remark of Problem 4.5. Show that A is an
isometry, but A is not unitary.

17. Let X and Y be normed vector spaces, and let A:X → Y be a bounded linear
operator. Assume that A is invertible and that A−1 is bounded. Show that if W is
a closed subset of X , then {Aw : w ∈W} is a closed subset of Y .

18. Let X and Y be normed vector spaces, and let A:X → Y be a bounded linear
operator. Assume that A is invertible. Do not assume A−1 is bounded. Show that
A−1 is a closed operator in the sense that whenever yn is a convergent sequence
in Y with limit y, and A−1yn is a convergent sequence in X with limit x, then
A−1y = x.

Remark. If X and Y are both Banach spaces, then A−1 is continuous (and there-
fore bounded) by the closed graph theorem [17, p. 221].

19. Suppose x ∈ L2[a,b]. By Hölder’s inequality, x ∈ L1[a,b], and by Theorem 7.45
in the Notes, X( f ) is continuous. However, because x ∈ L2[a,b], here is an
alternative proof of the continuity of X( f ). The proof of Theorem 7.45 used the
inequality |e jθ −1| ≤ 2. Instead, use the inequality

|e jθ −1|=
∣∣∣∣ jθ

∫ 1

0
e jθτ dτ

∣∣∣∣≤ |θ |

and apply Hölder’s inequality.

20. Suppose X( f )=
∫ b

a x(t)e− j2π f t dt for some x∈ L1[a,b]. Show that if X( f )= 0 on
an interval, say ( f0−δ , f0 +δ ), then X( f ) = 0 for all f . Hint: In the definition
of X( f ), make the substitution

e− j2π f t = e− j2π f0te− j2π( f− f0)t

and then expand the second factor on the right using the power series ez =

∑
∞
k=0 zk/k!. After a little rearrangement, identify an integral equal to X (k)( f0).

Then use the fact that the assumptions on X imply all its derivatives at f0 are
zero; i.e., X (k)( f0) = 0 for k = 0,1, . . . .

Remark. An easy consequence of this problem is that if a time-limited waveform
is bandlimited, then its transform is identically zero, and therefore the waveform
itself is zero. The dual result is that if a bandlimited waveform is time limited,
then it is the zero waveform. Putting this all together shows that the only finite-
energy waveform that is both time limited and bandlimited is the zero waveform.
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21. When Projections Commute. Let M and N be closed subspaces of a Hilbert space
X . Then M∩N is also a closed subspace of X . Show that PM∩N = PMPN if and
only if PMPN = PNPM .

22. Let X be a real or complex inner-product space, and let A:X → X be a linear op-
erator whose adjoint A∗ exists. If A∗A = I and λ is an eigenvalue of A, determine
whether or not |λ | ≤ 1. Do not assume that A is a bounded operator.

23. If A is given by (7.5), find A∗. Then show that A = A∗ if and only if all the λk are
real.

24. Consider the space X := IR9 equipped with the standard Euclidean inner product.
Let ϕ1, . . . ,ϕ7 be orthonormal vectors in X . Consider the mapping A:X → X
defined by

Ax :=
7

∑
k=1

k〈x,ϕk〉ϕk.

Find the distinct eigenvalues of A.

25. Let X denote the set of infinitely differentiable functions on IR, and for x ∈ X ,
let D:X → X be the derivative operator defined by (Dx)(t) := ẋ(t), the ordinary
derivative of x. Show that every real number λ is an eigenvalue of D, and find a
corresponding eigenfunction.

26. Let X denote the set of all finite-energy waveforms on [−π,π], and consider the
operator A:X → X defined by

(Ax)(t) =
∫ π

−π
h(t− τ)x(τ)dτ,

where h is a 2π-periodic function whose energy over one period is finite. Find
the eigenvalues and eigenvectors of this operator, and find the representation
analogous to (7.5).

27. Let X denote the set of all bounded functions on (−∞,∞), and consider the op-
erator A:X → X defined by

(Ax)(t) =
∫

∞

−∞

h(t− τ)x(τ)dτ,

where h∈ L1(IR). Find an h∈ L1(IR) such that A has a continuum of eigenvalues,
and for these eigenvalues, find corresponding eigenfunctions.

28. Show that the convolution operators of Theorems 7.10 and 7.19 are self adjoint
if H is real. Show they are positive semidefinite if H is nonnegative.
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29. Consider the convolution operator of Theorem 7.10.

(a) Show that if H is real valued, then the operator is self adjoint.
(b) Give an example for which no eigenvalues exist.
(c) Give an example for which the only nonzero eigenvalue is one and such

that the norm of the operator is greater than one.
(d) Give an example for which there is a positive eigenvalue with infinitely

many orthogonal eigenfunctions.

30. Prove Proposition 7.25.

31. Let X be a real or complex inner-product space, and let A:X → X be a self-
adjoint linear operator. Suppose A has eigenvalues λ1,λ2, . . . with the property
that λn→ ∞. Determine whether or not A is a bounded operator.

32. On finite-energy functions on [0,T ], consider the operator A defined by

(Ax)(t) :=
∫ T

0
min(t,τ)x(τ)dτ, 0≤ t ≤ T,

where min(t,τ) denotes the smaller of t and τ; i.e.,

min(t,τ) :=
{

τ, τ ≤ t,
t, τ > t.

Show that A is positive definite. Hints: Evaluate 〈Ax,x〉 using integration by
parts; it is convenient to put u(t) := (Ax)(t) and v(t) := −∫ T

t x(θ)dθ . Clearly,
v′(t) = x(t), while expanding

u(t) =
∫ t

0
τ x(τ)dτ + t

∫ T

t
x(τ)dτ

implies

u′(t) =
∫ T

t
x(τ)dτ =−v(t).

33. Find the eigenvalues and eigenfunctions of the operator A of the preceding prob-
lem. Hints:

(i) By Problem 7.32, A is positive semidefinite, and so any of its eigenvalues
must be nonnegative.

(ii) Show that (Aϕ)(t) = λϕ(t) expands to
∫ t

0
τ ϕ(τ)dτ + t

∫ T

t
ϕ(τ)dτ = λϕ(t). (7.36)
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(iii) Differentiate (7.36) with respect to t.
(iv) Differentiate your result in (iii) and obtain a differential equation for ϕ .

Use (7.36) to solve for ϕ(0). Use your result in (iii) to solve for ϕ̇(T ). Now
solve the differential equation for ϕ . What values of λ are permissible?
Find all solutions λn and ϕn.

34. Let U and W be subspaces of an inner-product space X , and suppose that the
projection operators onto U and W , denoted by PU and PW , exist. Define a new
operator A := PU PW . Assuming that U∩W contains only the zero vector and that
W is finite-dimensional, show that ‖A‖< 1. Hints: The problem can be divided
into three parts. First show that ‖A‖ ≤ 1. Second, show that if 1 = ‖A‖= ‖Ax0‖
for some x0 ∈W with ‖x0‖ = 1, then a contradiction results. Third, show that
‖A‖= ‖Ax0‖ for some x0 ∈W with ‖x0‖= 1.

35. Levy–Desplanques Theorem. A square matrix A with entries ai j is diagonally
dominant if for each row i, |aii| ≥ ∑ j 6=i |ai j|. If the inequality is strict, then A is
strictly diagonally dominant. Show that a strictly diagonally dominant matrix
is nonsingular. Hints: Suppose Ax = 0 for some vector x. Let i be such that
|xi| ≥ |x j| for all j. The ith row of Ax = 0 says that 0 = ∑ j ai jx j. The inequality
|u+ v| ≥ |u|− |v| may be helpful.

36. Gershgorin Circle Theorem. Show that if a square matrix B has an eigenvalue λ ,
then for some i,

|λ −bii| ≤∑
j 6=i
|bi j|.

In other words, λ lies in the Gershgorin disc centered at bii and having radius
∑ j 6=i |bi j|. The usefulness of the theorem is that it gives bounds on the locations
of eigenvalues in the complex plane. Hint: If Bx = λx for some nonzero x, then
A := (λ I−B) is singular and therefore cannot be strictly diagonally dominant.

37. Let A:X → Y be a compact operator, and suppose that zn is a bounded sequence
of nonzero vectors. Prove that there exists a sub-subsequence znki

and a point
w ∈ Y such that Aznki

→ w as i→ ∞.

38. Show that A is a compact operator if and only if the closure of the image of the
unit sphere, {Ax : ‖x‖= 1}, is a sequentially compact set in Y .

39. Let X be an infinite-dimensional inner product space. Show that the identity
operator is not compact.

40. Show that if W is a closed, infinite-dimensional subspace of a Hilbert space, and
P is the projection operator onto W , then P is not compact.

January 11, 2020



230 7 Diagonalization and the SVD

41. Let A be a compact, self-adjoint, linear operator on a Hilbert space X . Assume
A is not the zero operator. If A has finite rank, use (7.6) to show that

sup
x 6=0

〈Ax,x〉
〈x,x〉

is equal to the largest eigenvalue of A (which may be positive, zero, or negative).
Give an example of how this result can fail if A has infinitely many nonzero
eigenvalues.

Remark. The expression 〈Ax,x〉/〈x,x〉 is called the Rayleigh quotient.

42. Let A be an n×n Hermitian matrix, and let α denote its kth principal submatrix;
i.e., the upper-left k× k submatrix of A. Show that all the eigenvalues of α are
less than or equal to the largest eigenvalue of A. Hint: Let λmax denote the largest
eigenvalue of A, and let µ be an eigenvalue of α with k-dimensional eigenvector
ϕ . Then A has the form

A =

[
α β

βH δ

]
.

Show that λmax ≥ µ .

Remark. This is a special case of the eigenvalue interlacing theorem.

43. Let A denote the set of all compact, self-adjoint linear operators of finite rank
on a Hilbert space X . For A ∈A , let λmax(A) denote the largest eigenvalue of A.
Show that λmax is a convex function on A . Hints: The Problems 7.41 and 6.4
may be helpful.

44. In each of the following parts, assume the operators are defined on appropriate
normed vector spaces.

(a) Show that a compact linear operator is bounded.
(b) Show that a bounded linear operator of finite rank (finite-dimensional range)

is compact. Hint: Problem 6.58.
(c) If A is compact and B is bounded, show that BA is compact.
(d) Show that if A and B are compact, then A+B is also compact.
(e) If A is compact and B is bounded, show that AB is compact. Hint: Prob-

lem 7.37.

45. If A:X → X , then Anx := A(An−1x), where A1x := Ax. In other words, A2x =
A(Ax), A3x = A(A(Ax)), and so on. Assume X is a Hilbert space and that A 6= 0
is a compact, self-adjoint linear operator. If the largest-magnitude eigenvalue of
A has magnitude less than one, determine whether or not Anx→ 0 holds for all
x ∈ X .
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46. Let X and Y be vector spaces, and let A:X→Y and B:Y → X be linear operators.
Suppose that λ is a nonzero eigenvalue of BA. Determine whether or not λ is an
eigenvalue of AB.

47. Let A be a compact, self-adjoint operator with eigenpairs (λn,ϕn). Determine
how (7.10) changes if we try to solve (cI+A)x = y for some nonzero constant c.
Specify all nonzero values of c for which this can be done.

48. Suppose A is self adjoint and positive semidefinite. Show that if A is nonsingular,
then A is positive definite provided that A has a square root; i.e., assume A = B2

where B:X → X is self adjoint.

Remark. By the Spectral Theorem, if A is compact, self-adjoint, and positive
semidefinite, then A has a square root by Example 7.33. Hence, n× n matrices
that are Hermitian and positive semidefinite have square roots. The assump-
tion of compactness is not necessary for the existence of a square root [1, Sec-
tion 23.1].

49. In Example 7.33 we defined the square root of a compact, self-adjoint, posi-
tive-semidefinite, linear operator A. In this problem, we find the square root of
R := I +A. Let A have eigenpairs (λk,ϕk) from the Spectral Theorem. Assume
λk ≥−1 for all k, and put

Mx :=
∞

∑
k=1

√
1+λk〈x,ϕk〉ϕk.

Let P denote the projection onto kerA. Show that

R1/2 := P+M

is self adjoint and satisfies R1/2(R1/2x) = Rx.

50. Let A : X → X have eigenvalue λ . Let B:X → X as well, and assume that B
commutes with A; i.e., assume AB = BA, or in more detail, for all x, A(Bx) =
B(Ax). Show that B maps the eigenspace of λ to itself; in other words, show that
if Ax= λx, then A(Bx) = λ (Bx). Thus, if x is an eigenvector of A with eigenvalue
λ , and if Bx is nonzero, then Bx is another eigenvector of A with eigenvalue λ .

51. Let A have adjoint A∗. We say A is a normal operator if A commutes with its
adjoint; i.e., A is normal if A∗A = AA∗. Put

B :=
A+A∗

2
and C :=

A−A∗

2 j
.

Show that A is normal if and only if B and C commute.
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52. Let A have adjoint A∗. If B and C are defined as in the previous problem, show
that Bx and Cx are both zero if and only if Ax and A∗x are zero.

53. Let A have adjoint A∗ and assume A is normal. Show that kerA = kerA∗. Show
that α is an eigenvalue of A if and only if α is an eigenvalue of A∗. Hint: For the
second part, expand ‖A∗ϕ−αϕ‖2.

54. Let A be a normal operator with distinct eigenvalues α and α ′ and corresponding
eigenvectors ϕ and ϕ ′. Show that ϕ and ϕ ′ are orthogonal.

55. Relation between Eigenvalues and Singular Values. Let A:X → X be a compact
normal operator on a Hilbert space X . Using (7.11), show that

A∗Ax = ∑
k
|αk|2〈x,ϕk〉ϕk.

We recognize this as the result of applying the Spectral Theorem to A∗A, which
is how we derived the SVD of A. Hence, the |αk| are the singular values of A. In
particular, for a compact normal operator A, its norm is ‖A‖= max |αk|.

56. If A is not normal, it can happen that ‖A‖ is strictly larger than the maximum of
the absolute values of the eigenvalues of A. Find the singular values of the matrix
of Example 7.24 when a = b = 1. As noted in the example, the only eigenvalue
of A is a. Cf. Problem 7.29(c).

57. If A has adjoint A∗, show that A is normal if and only if ‖Ax‖= ‖A∗x‖ for all x.
Hint: Problem 4.21 may be helpful.

58. Let X and Y be inner-product spaces. Fix nonzero vectors c ∈ X and w ∈ Y .
Define the linear operator A:X → Y by Ax := 〈x,c〉w.

(a) Compute A∗y.
(b) Find the eigenvalues and eigenvectors of A∗A.
(c) Use the results of part (b) to write the SVD in the form of (7.13) for this

particular operator A.
(d) Simplify your results for (a)-(c) when X = |C and c = 1.
(e) Write out your answers to part (d) when Y = L2[0,∞) and w(t) = e−t .

59. Let A:X → Y be a linear operator between inner-product spaces X and Y . As-
sume dimX < ∞ and ‖A‖> 0. Put λ1 := sup‖x‖=1 ‖Ax‖. Of course, λ1 = ‖A‖.

(a) Give a direct proof that there exists a unit vector ϕ1 ∈ X with ‖Aϕ1‖= λ1.
(b) Put ψ1 := (1/λ1)Aϕ1. Then ψ1 is a unit vector. Show that A∗ψ1 = λ1ϕ1.

Hint: Show that ‖A∗ψ1−λ1ϕ1‖2 ≤ 0.
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(c) Consider the subspaces

X2 := (span{ϕ1})⊥ and Y2 := (span{ψ1})⊥.

Show that A:X2→ Y2. More specifically, given x ∈ X2, prove that Ax ∈ Y2.

60. Consider the matrix

A :=




a d
b e
c f


 .

If the columns of A are nonzero and orthogonal, find the singular values of A.
Your answers should be explicit functions of the entries of A.

61. Consider the operator A on m×n matrices X defined by AX :=UXV . Here U and
V are given matrices which are assumed to satisfy UHU = 9Im and VVH = 4In,
where Im and In denote identity matrices of appropriate size. Using the standard
inner product on matrices, 〈R,S〉 = tr(RSH), find all of the (positive) singular
values of A. If any are repeated, note their multiplicity.

62. Show that ‖xα‖2 in (7.27) is a continuous function of α ≥ 0. Hint: The fact that
‖xα − x̃‖2→ 0 may be helpful in proving ‖xα‖2 is continuous at α = 0.

63. MATLAB. Consider the equation Ax = y, where

A =

[
1 2
2 5

]
and y =

[
2
1

]
.

(a) Since A is invertible, use the command A\y to find the solution. What is
your solution, and what is the norm of your solution?

(b) With α = 0.005, find the regularized solution and its norm.

(c) Now suppose

A =

[
1 2
2 4

]
.

With y as before, compare the solutions using (i) A\y, (ii) the regularized
solutions with α = 0.1, α = 0.01, and α = 0.001, (iii) the solution using
pinv(A)⁎y.

64. MATLAB. In the text we discussed how to approximate
∫ 1

0 x(t)dt. Use the follow-
ing script to compute y(s) :=

∫ 1
0 cos(πts)dt numerically with 9-point Legendre–

Gauss quadrature and plot y(s) for 200 equally-spaced values of s ∈ [0,10]. For
comparison, the exact value of the integral is sin(πs)/(πs) = sinc(s). The M-file
legendrequad01 was given in Example 7.41.
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[t,w] = legendrequad01(9); % 9-pt quadrature
s = linspace(0,10,200); % 200 values of s
x = @(t,s)cos(pi⁎t⁎s); % Define fcn
yapprox = w⁎x(t,s); % Approx. integral
yexact = sinc(s); % Exact integral
plot(s,yexact,s,yapprox,’--’)

65. MATLAB. Modify the script of the preceding problem to handle the function
y(s) :=

∫ 1
0 cos(ts+ s+ t)dt using 4-point Legendre–Gauss quadrature. Hint: In

the preceding problem, t is a column vector and s is a row vector. Hence, t⁎s
is a matrix with i j entry tis j. In this problem we need a matrix tsmat whose i j
entry is ti + s j. This can be created with the statements

tmat = repmat(t,1,length(s));
smat = repmat(s,length(t),1);
tsmat = tmat + smat;

However, in this case it is more convenient to use bsxfun and replace lines 3–5
from the preceding problem with

x = @(t,s)cos(t.⁎s+t+s);
yapprox = w⁎bsxfun(x,t,s);
yexact = ???; % Exact formula for the integral.

The command bsxfun virtually creates the matrices tmat and smat and passes
them to x. That is why in the new definition of x we used t.⁎s instead of t⁎s
as in the preceding problem. Turn in your derivation of the exact formula for
the integral along with your code and plot.

66. MATLAB. The weight function w(t) = e−t for t ≥ 0 leads to the Laguerre poly-
nomials and Laguerre–Gauss quadrature, that is, approximation of integrals
of the form

∫
∞

0 x(t)e−t dt. Here is a MATLAB function to generate the nodes and
weights to approximate such an integral.

function [t,w] = laguerrequad(n)
%
% Generate nodes and weights for
% Laguerre-Gauss quadrature.
% Note that t is a column vector
% and w is a row vector.
%
a = 2⁎[0:n-1]+1; % diagonal of J
u = [1:n-1]; % upper diagonal of J
[P,Lambda] = eig(diag(u,1)+diag(a)+diag(u,-1));
[t,i] = sort(diag(Lambda));
Ptop = P(1,:);
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Ptop = Ptop(i);
w = Ptop.^2;

Use Laguerre–Gauss quadrature to approximate and plot the function y(s) :=∫
∞

0 cos(ts)e−t dt for 200 values of s ∈ [0,6]. What value of n did you need to
give a satisfactory plot?

67. The Fourier transform of x(t) := e−λ |t| is X( f ) = 2λ/[λ 2 +(2π f )2]. Using the
fact that x(t) is even, compute X( f ) using Laguerre–Gauss quadrature on [0,∞).
Plot the exact formula for X( f ) and your approximation on [−λ ,λ ] when λ = 5.
How many nodes n do you need to get a good approximation of the exact answer?

68. Reproduce Figure 7.4 from Example 7.43. Start with the code in Note 7.4 at the
end of the chapter. You will need results from Problem 7.33.

69. Modify the function legendrequad01 in Example 7.41 to produce the nodes
and weights for Legendre–Gauss quadrature on [−1,1]. You may use the fact that
Legendre polynomials on [−1,1] are generated by the three-term recursion with
ak = 0, b0 = 2, and bk = 1/(4−k−2). Call your new function legendrequad.

70. Reproduce the eigenvalue list and Figure 7.5 from Example 7.44. Start with the
code in Note 7.4 at the end of the chapter. In the function eigfcnNystrom
change the call to legendrequad01 to a call to the function legendrequad
that you wrote for the preceding problem. No changes are needed to the other
function eigfcnNystrom.

71. Orthonormality of the Prolate Spheroidal Wave Functions. Show that the prolate
spheroidal wave functions ψk ∈L2(IR) defined in Example 7.44 are satisfy 〈ψk,ψ j〉=
δk j. Hint: In (7.33), regard ϕk(τ) as being zero for |τ| > 1. With h(t) :=
WT sinc(WTt), (7.33) says that ψk = (h ∗ϕk)/λk. Since h is the impulse re-
sponse of the ideal lowpass filter with bandwidth WT/2, the ψ j are bandlimited,
which implies h∗ψ j = ψ j. Use the fact that 〈ϕk,ϕ j〉= λkδk j.
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CHAPTER 8

Applications

8.1. Quadratically Constrained Least Squares with the SVD

Recall that the regularization problem in Section 7.6 required the solution of

(αI +A∗A)x = A∗y, (8.1)

which is a special case of (5.15) when Q is the identity.a Hence, there is a close
connection between regularization and quadratically constrained least squares. In
regularization, we fix a value of α > 0 and solve (8.1) for the corresponding value of
x. In quadratically constrained least squares, we fix an energy constraint b > 0 and
choose the Lagrange multiplier α ≥ 0 so that the corresponding solution x of (8.1)
satisfies

‖x‖ ≤ b and α(‖x‖2−b) = 0.

When A is given by a matrix, we can adapt the MATLAB code in Section 7.6 to choose
α to satisfy the above Lagrange multiplier conditions and return the corresponding
value of x.

The code below includes the function f (α) := ‖xα‖2−b, where xα is the solution
of (8.1). The definition of f makes use of the fact that ‖xα‖2 is given by (7.27).

function [xalpha,alpha] = qcls(A,y,b)
% Solve Quadratically Constrained Least Squares using SVD
% Solve min_x ||y-Ax||^2 subject to ||x||^2 <= b.
alpha = 0;
[Q,S,P] = svd(A);
s = diag(S);
s = s(s>0); % Keep only positive entries in s
r = numel(s);
if r>0

Qry = Q(:,1:r)’⁎y;
Qry2 = Qry.⁎conj(Qry);
f = @(alpha)((s./(alpha+(s.^2))).^2)’⁎Qry2 - b;
fprintf(’pseudoinverse yields ||x_0||^2 = %g,\n’,f(0)+b)
if f(0)>0 % Is ||x_0||^2 > b?

fprintf(’which is > energy constraint %g.\n’,b)
alpha = fzero(f,0);

a If Q is not the identity but is invertible, see Problem 5.46.
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fprintf(’Using alpha = %g yields\n’,alpha)
xalpha = P(:,1:r)⁎(s./(alpha+(s.^2)).⁎Qry)

else % Compute pseudoinverse of y.
fprintf(’which is <= energy constraint %g\n’,b)
fprintf(’Using alpha = 0 yields\n’)
xalpha = P(:,1:r)⁎(Qry./s)

end
else

fprintf(’qcls: A matrix is all zeros\n’)
xalpha = zeros(size(P(:,1)));

end

Example 8.1. Consider the singular matrix A and vector y given by

A :=
[

6 6 3
−2 6 1

]
and y :=

[
−3

8

]
.

Setting b = 3 and running the command qcls(A,y,b) yields

pseudoinverse yields ||x_0||^2 = 2.64236,
which is <= energy constraint 3
Using alpha = 0 yields

xalpha =

-1.3472
0.9028
-0.1111

Repeating with b = 0.1 yields

pseudoinverse yields ||x_0||^2 = 2.64236,
which is > energy constraint 0.1.
Using alpha = 114.51 yields

xalpha =

-0.2489
0.1946
-0.0136
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8.2. Finite-Duration Pulses of Maximum In-Band Energy

In many communication systems, we need waveforms that are both time limited
and bandlimited. Unfortunately, Problem 7.20 implies that the zero function is the
only finite-energy waveform that is both strictly time limited and strictly bandlim-
ited. Therefore, we try to find strictly time-limited waveforms that are approximately
bandlimited. For convenience, we take the time interval to be [−T/2,T/2], and we
take the frequency band to be [−W,W ].

In order to set up the problem mathematically, we need a few preliminary obser-
vations. For any finite-energy waveform x ∈ L2(IR), let X denote its Fourier trans-
form. By Parseval’s equation, the total energy in the waveform satisfies

‖x‖2 :=
∫

∞

−∞

|x(t)|2 dt =
∫

∞

−∞

|X( f )|2 d f =: ‖X‖2.

The in-band energy is
∫ W

−W
|X( f )|2 d f .

If we let H denote the transfer function of the ideal lowpass filter

H( f ) :=
{

1, | f | ≤W,
0, | f |>W,

then the in-band energy is

∫ W

−W
|X( f )|2 d f =

∫
∞

−∞

H( f )|X( f )|2 d f =
∫

∞

−∞

H( f )X( f )X( f )d f = 〈HX ,X〉.

Since the inverse Fourier transform of H is h(t) = 2W sinc(2Wt), we have by Par-
seval’s equation that the in-band energy is 〈HX ,X〉 = 〈h∗ x,x〉, where the ∗ denotes
convolution.

If we define the operator A:L2[−T/2,T/2]→ L2[−T/2,T/2] by

(Ax)(t) =
∫ T/2

−T/2
h(t− τ)x(τ)dτ, |t| ≤ T/2, (8.2)

then for any x ∈ L2(IR) that satisfies x(t) = 0 for |t|> T/2, we can write its in-band
energy as

〈h∗ x,x〉=
∫

∞

−∞

(h∗ x)(t)x(t)dt =
∫ T/2

−T/2
(h∗ x)(t)x(t)dt = 〈Ax,x〉,
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where the inner product on the left is on L2(IR), and the inner product on the right is
on L2[−T/2,T/2]. Since A is a compact, self-adjoint, positive-definite linear opera-
tor, it has a complete orthonormal set of eigenfunctions {βk}∞

k=0 and corresponding
positive eigenvalues λk↘ 0, and we have the representationb

Ax = ∑
k

λk〈x,βk〉βk.

Hence, the in-band energy is

〈Ax,x〉= ∑
k

λk〈x,βk〉〈βk,x〉= ∑
k

λk |〈x,βk〉|2.

Since the λk are nonincreasing,

〈Ax,x〉 ≤ λ0 ∑
k
|〈x,βk〉|2 = λ0‖x‖2,

where the last step follows because the βk form a complete orthonormal set for
L2[−T/2,T/2]. Furthermore, the above inequality holds with equality if x is propor-
tional to β0. Thus, waveforms proportional to the eigenfunction β0 have the greatest
possible fraction of their energy confined to the passband [−W,W ]. That fraction is
λ0.c

To determine the eigenfunctions and eigenvalues of the operator A in (8.2), con-
sider the eigenvalue problem

∫ T/2

−T/2
2W sinc(2W [t− τ])x(τ)dτ = λx(t), |t| ≤ T/2. (8.3)

Make the change of variable θ = 2τ/T , dθ = 2dτ/T to get

∫ 1

−1
WT sinc(2W [t−T θ/2])x(T θ/2)dθ = λx(t), |t| ≤ T/2.

Now make the identification t = T s/2 to get

∫ 1

−1
WT sinc(WT [s−θ ])x(T θ/2)dθ = λx(T s/2), |s| ≤ 1.

b Recall Theorem 7.19, Problem 7.28, and the Spectral Theorem.
c We note that λ0 < 1. This can be seen as follows. The ideal lowpass filter is a projection; hence,

for x ∈ L2(IR), ‖h ∗ x‖ ≤ ‖x‖ by (3.8), with equality if and only if x is bandlimited. Also, for x with
x(t) = 0 for |t|> T/2, ‖Ax‖L2 [−T/2,T/2] ≤ ‖h∗x‖L2(IR) ≤ ‖x‖ implies all eigenvalues of A satisfy |λk| ≤ 1.
Furthermore, since a nonzero, time-limited x cannot be bandlimited (by the remark in Problem 7.20), we
must have ‖Ax‖L2 [−T/2,T/2] ≤ ‖h∗ x‖L2(IR) < ‖x‖. Hence, the eigenvalues of A are strictly less than one.
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If we put ϕ(θ) := x(T θ/2), then our equation becomes

∫ 1

−1
WT sinc(WT [s−θ ])ϕ(θ)dθ = λϕ(s), |s| ≤ 1.

From Example 7.44, we know that the solutions ϕk of this equation are the restrictions
to [−1,1] of the prolate spheroidal wave functions ψk. Hence,d

βk(t) =
{

ψk(2t/T )/
√

λk, |t| ≤ T/2,
0, |t|> T/2.

(8.4)

8.2.1. A 2WT Theorem

We saw above that the in-band energy of a time-limited signal x is

〈h∗ x,x〉= 〈Ax,x〉= ∑
k

λk|〈x,βk〉|2.

Now recall from Figure 7.6 in Example 7.44 that for k sufficiently less than 2WT , the
λk are approximately 1, and for k sufficiently larger than 2WT , the λk are very close
to zero. Hence, with n sufficiently less than 2WT , and x ∈ span{β0, . . . ,βn−1}, the
in-band energy is

∑
k

λk|〈x,βk〉|2 =
n−1

∑
k=0

λk|〈x,βk〉|2 ≈
n−1

∑
k=0
|〈x,βk〉|2 = ‖x‖2.

In other words, for these signals, essentially all of the energy lies in-band. More
precisely,

n−1

∑
k=0

λk|〈x,βk〉|2 ≥ λn−1

n−1

∑
k=0
|〈x,βk〉|2 = λn−1‖x‖2,

and so the ratio of the in-band energy to the total energy satisfies

n−1

∑
k=0

λk|〈x,βk〉|2

‖x‖2 ≥ λn−1.

For example, if 2WT = 10 and we take n = 9, then λn−1 = λ8 = 0.93. In other words,
signals in the 9-dimensional subspace span{β0, . . . ,β8} have 93% of their energy in
the passband.

d Recall from Example 7.44 that ‖ϕk‖2 = λk , and we require ‖βk‖= 1.
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8.3. Reproducing Kernel Hilbert Spaces

A reproducing kernel Hilbert space (RKHS) X is a Hilbert space of real or
complex valued functions x such that point evaluation is a bounded linear functional.
By the Riesz Representation Theorem for Hilbert Space, the linear functional that
evaluates functions at argument t can be represented by a vector Kt ∈ X , and for all
x ∈ X , we can write x(t) = 〈x,Kt〉. Since Kt ∈ X , we can evaluate Kt(·) itself at any
point τ via Kt(τ) = 〈Kt ,Kτ〉. This formula explains the name reproducing kernel
Hilbert space, because K reproduces itself via the foregoing inner product. We also
have by the Cauchy–Schwarz inequality that

|x(t)|= |〈x,Kt〉| ≤ ‖x‖〈Kt ,Kt〉1/2 =
√

Kt(t)‖x‖.

Example 8.2 (The RKHS of Bandlimited Functions). Let X denote the subset of
L2(IR) consisting of waveforms that are bandlimited to [−W,W ]. For x ∈ X , the
Hölder inequality yields

|x(t)|=
∣∣∣∣
∫ W

−W
X( f )e j2π f t d f

∣∣∣∣ ≤
(∫ W

−W
|X( f )|2 d f

)1/2(∫ W

−W
|e j2π f t |2 d f

)1/2

= ‖X‖2
√

2W = ‖x‖2
√

2W ,

where the last step follows by Parseval’s equation. This shows that point evaluation is
a bounded linear functional. To find the kernel function, we use the fact that if x ∈ X
is passed through an ideal lowpass filter of bandwidth W , the signal x is unchanged.
So if h(t) := 2W sinc(2Wt),

x(t) = (h∗ x)(t) =
∫

∞

−∞

h(t− τ)x(τ)dτ =
∫

∞

−∞

x(τ)Kt(τ)dτ = 〈x,Kt〉,

where Kt(τ) := h(t− τ) = h(t− τ) since h is real.

Given an RKHS X with kernel function Kt(τ) and a finite set of arguments
t1, . . . , tn, consider the finite-dimensional subspace X0 := span{Kt1 , . . . ,Ktn}. By the
Projection Theorem, every x∈ X can be written as x = x̂+ x̃, where x̂ is the projection
of x onto X0, and x̃ ∈ X⊥0 must be orthogonal to Kt1 , . . . ,Ktn . Hence,

x(ti) = 〈x,Kti〉= 〈 x̂+ x̃,Kti〉= 〈 x̂,Kti〉+ 〈x̃,Kti〉= 〈 x̂,Kti〉= x̂(ti).

Furthermore,
‖x‖2 = ‖ x̂+ x̃‖2 = ‖ x̂‖2 +‖x̃‖2.
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These two formulas have a powerful implication for regularization problems of the
form

min
x∈X

n

∑
i=1

Ji(x(ti))+α‖x‖2. (8.5)

This can be seen by writing

n

∑
i=1

Ji(x(ti))+α‖x‖2 =
n

∑
i=1

Ji(x̂(ti))+α
[
‖ x̂‖2 +‖x̃‖2]≥

n

∑
i=1

Ji(x̂(ti))+α‖ x̂‖2.

It follows that in solving (8.5), we can restrict the search to the n-dimensional sub-
space X0; i.e., we may restrict attention to vectors x0 ∈ X0, which have the form

x0(t) =
n

∑
`=1

c`Kt`(t),

where the coefficients c` have to be found. Since

‖x0‖2 =

〈 n

∑
`=1

c`Kt` ,
n

∑
i=1

ciKti

〉
=

n

∑
`=1

n

∑
i=1

c`ciKt`(ti),

it is only necessary to solve

min
c1,...,cn

n

∑
i=1

Ji

( n

∑
`=1

c`Kt`(ti)
)
+α

n

∑
`=1

n

∑
i=1

c`ciKt`(ti).

Example 8.3. Suppose we want to find a waveform x ∈ X that satisfies x(ti) = yi
for i = 1, . . . ,n. If Ji(ξ ) := |yi−ξ |2, then (8.5) becomes

min
x∈X

n

∑
i=1
|yi− x(ti)|2 +α‖x‖2.

Now put Mi` := Kt`(ti), y := [y1, . . . ,yn]
T, and c := [c1, . . . ,cn]

T. Then for x0 ∈ X0,



x0(t1)
...

x0(tn)


= Mc,

and
n

∑
i=1
|yi− x0(ti)|2 +α‖x0‖2 = ‖y−Mc‖2

|Cn +αcHMc.

Minimization of the right-hand side as a function of c using the Gâteaux derivative
leads to formulas very similar to those used in solving the quadratically constrained
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least squares problem in Example 5.22. Since Mi` = 〈Kt` ,Kti〉, M = MH is a Gram
matrix and therefore positive semidefinite. Assuming M is positive definite, the solu-
tion is

c=(αM+MHM)−1MHy=(αM+MM)−1My= [M(αI+M)]−1My=(αI+M)−1y.

8.4. Matched Filters for Known Signals

In radar systems, a known pulse v is transmitted, reflected by an object, and
returned to a receiver in the presence of additive noise z. In an attempt to enhance the
signal and attenuate the noise, the receiver applies the measurement waveform v+ z
to a filter; i.e., a linear, time-invariant system with impulse response h. The filter
response to v is

vo(t) :=
∫

h(t− τ)v(τ)dτ,

and the response to z is

zo(t) :=
∫

h(t− τ)z(τ)dτ.

We assume z is a zero-mean, random noise waveform with known correlation
function

r(t1, t2) := E[z(t1)z(t2) ].

The correlation function of zo is easily shown to be

E[zo(t1)zo(t2) ] =
∫

h(t1− t)
[∫

r(t,τ)h(t2− τ)dτ
]

dt.

Our goal is to design the system defined by h so as to maximize the output signal-
to-noise ratio at time t0,e

SNR :=
|vo(t0)|2

E[|zo(t0)|2]
.

To analyze this expression, it is convenient to introduce the following notation.
Put

ξ (τ) := h(t0− τ)

so that vo(t0) = 〈v,ξ 〉. Since r(t2, t1) = r(t1, t2),

(Rx)(t) :=
∫

r(t,τ)x(τ)dτ,

e More precisely, we seek to maximize the ratio of the instantaneous output signal power at time t0 to
the expected instantaneous noise power at time t0.
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is a self-adjoint linear operator. Then

E[|z(t0)|2] = 〈Rξ ,ξ 〉.

Under suitable assumptions (cf. Problem 7.49), R1/2, R−1, and R−1/2 exist. Hence,

SNR =
|〈v,ξ 〉|2
〈Rξ ,ξ 〉 =

|〈R1/2R−1/2v,ξ 〉|2
〈R1/2R1/2ξ ,ξ 〉 =

|〈R−1/2v,R1/2ξ 〉|2
〈R1/2ξ ,R1/2ξ 〉

=
|〈R−1/2v,R1/2ξ 〉|2
‖R1/2ξ‖2

≤ ‖R
−1/2v‖2 ‖R1/2ξ‖2

‖R1/2ξ‖2

= ‖R−1/2v‖2,

where the inequality holds by the Cauchy–Schwarz inequality. This upper bound
does not depend on ξ , which we are trying to optimize. Furthermore, equality holds
if R−1/2v = λR1/2ξ for any complex scalar λ . Taking λ = 1 for convenience, we
should choose ξ = R−1v. More explicitly, for fixed t0, we should take h(t0−·) as the
complex conjugate of the solution of

∫
r(t,τ)ξ (τ)dτ = v(t)

for the given waveform v. Since ξ , and therefore h(t0−·) depend on v, we say that
h(t0−·) is “matched” to the signal v.

Example 8.4. If the noise is wide-sense stationary; i.e., r(t,τ) = c(t − τ) for
some function c. If all signals live on (−∞,∞), then the above integral equation says
c ∗ ξ = v. In terms of Fourier transforms, C( f )Ξ( f ) = V ( f ) or Ξ( f ) = V ( f )/C( f ).
If z is white noise, then C( f )≡ σ2 is a positive constant, and so ξ (τ) = v(τ)/σ2, and
then

h(t0− τ) = v(τ)/σ2.

Since τ can be any real number, put τ = t0− t to get h(t) = v(t0− t)/σ2.

8.5. Matched Filters for Random Signals

In a multipath radio channel, the receiver input is again of the form v+ z, but this
time both v and z are random. Let z be as in the preceding section. We assume that v
is zero mean and has known correlation function

k(t1, t2) := E[v(t1)v(t2) ].
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As before, we propose to pass the input though a linear, time-invariant system. How-
ever, to design the linear system, we use the signal-to-noise ratio

SNR :=
E[|vo(t0)|2]
E[|zo(t0)|2]

.

Notice that this definition differs from the previous one by that addition of the expec-
tation in the numerator.

Setting

(Kx)(t) :=
∫

k(t,τ)x(τ)dτ,

it follows from the analysis in the preceding section that, with ξ as defined there,f

SNR =
〈Kξ ,ξ 〉
〈Rξ ,ξ 〉 =

〈Kξ ,R−1/2R1/2ξ 〉
‖R1/2ξ‖2 =

〈R−1/2Kξ ,R1/2ξ 〉
‖R1/2ξ‖2

=

〈
(R−1/2KR−1/2)R1/2ξ ,R1/2ξ

〉

‖R1/2ξ‖2

=

〈
(R−1/2KR−1/2)

R1/2ξ
‖R1/2ξ‖ ,

R1/2ξ
‖R1/2ξ‖

〉

≤ ‖R−1/2KR−1/2‖, by Lemma 7.28.

This upper bound does not depend on ξ , which we are trying to optimize. Assum-
ing R−1/2KR−1/2 is compact, the Spectral Theorem implies that the upper bound is
achieved if R1/2ξ/‖R1/2ξ‖ is a unit-norm eigenvector corresponding to the largest
eigenvalue of the R−1/2KR−1/2.

If K is compact and R−1/2 is bounded, then Problem 7.37 can be used to show
that R−1/2KR−1/2 is compact. If (λ ,ϕ) is the desired eigenpair, then it remains to
solve R1/2ξ = µϕ for any scalar µ . If z is white noise so that r(t,τ) = σ2δ (t− τ),
then ξ = µϕ/σ . In other words, we need the first eigenpair of the operator K.

8.6. Conjugate Gradient Direction Algorithms

We describe an algorithm for solving Qx = y when Q is a symmetric, positive-
definite matrix. This kind of equation results from finite-dimensional instances of
several problems we considered in previous chapters:

• Example 4.17 when there is no solution of y = Ax and A is full rank.
• Example 4.21 when there are multiple solutions of y = Ax and A∗ is full rank.

f The SNR analysis in this paragraph was suggested by B. N. Bhaskar.

January 11, 2020



246 8 Applications

• The quadratically constrained least squares problem of Example 5.22 when Q
in (5.15) is full rank and λ > 0.

• Regularization when α > 0 in (7.25).

Preliminary Observations

Let X be an n-dimensional inner-product space with n orthogonal vectors denoted
by ξ0, . . . ,ξn−1. Then every x ∈ X has the unique representation

x =
n−1

∑
k=0

〈x,ξk〉
〈ξk,ξk〉

ξk.

Similarly, for any two vectors x and x0, we can write

x− x0 =
n−1

∑
k=0

〈x− x0,ξk〉
〈ξk,ξk〉

ξk or x = x0 +
n−1

∑
k=0

〈x− x0,ξk〉
〈ξk,ξk〉

ξk.

This suggests that we define the sequence

xm := x0 +
m−1

∑
k=0

〈x− x0,ξk〉
〈ξk,ξk〉

ξk, m = 1, . . . ,n.

Observe that xn = x and

xm+1 = xm +
〈x− x0,ξm〉
〈ξm,ξm〉

ξm. (8.6)

Notice that xm+1−xm is just a constant times ξm. Equivalently, xk+1−xk is a constant
times ξk. Keeping this in mind, we have

〈xm− x0,ξm〉=
〈m−1

∑
k=0

xk+1− xk,ξm

〉
=

m−1

∑
k=0
〈xk+1− xk,ξm〉= 0

by orthogonality. Hence, 〈x−x0,ξm〉= 〈x−xm+xm−x0,ξm〉= 〈x−xm,ξm〉. Making
this substitution in (8.6), we have

xm+1 = xm +
〈x− xm,ξm〉
〈ξm,ξm〉

ξm, m = 0,1, . . . . (8.7)

Hence, given any x0 ∈ X , if we apply the recursion (8.7), we get xn = x.
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Solving the Equation

Now suppose that we repeat the foregoing analysis with the alternative inner prod-
uct 〈·, ·〉Q, where Q is self adjoint and positive definite under the original inner prod-
uct. Furthermore, assume that x is the unique solution of Qx = y for some given
y ∈ X . Then (8.7) becomes

xm+1 = xm +
〈Q(x− xm),ξm〉
〈Qξm,ξm〉

ξm

= xm +
〈y−Qxm,ξm〉
〈Qξm,ξm〉

ξm, (8.8)

and xn = x solves Qx = y.
To explain the “gradient” terminology, observe that Qx = y if and only if

0 = ‖Qx− y‖2 = ‖Q1/2(Q1/2x−Q−1/2y)‖2,

which holds if and only if ‖Q1/2x−Q−1/2y‖2 = 0. Hence, Qx = y if and only if x
minimizes

‖Q1/2x−Q−1/2y‖2 = 〈Qx,x〉−2〈y,x〉+ 〈Q−1y,y〉,

which is equivalent to minimizing

f (x) := 1
2 〈Qx,x〉−〈y,x〉,

which is a quadratic programming problem. Suppose we are at the point xm, and
we want to study f along the direction ξm. Consider the line search problem of
choosing t to minimize g(t) := f (xm + tξm). With this value of t, we put xm+1 :=
xm + tξm. The optimal value of t makes g′(t) = 0. Since g′(t) = 〈ξm,∇ f (xm + tξm)〉
and ∇ f (x) = Qx− y, the optimal value of t is precisely the quotient in (8.8). Hence,
the recursion (8.8) minimizes the quadratic f in at most n steps.

Finding the Conjugate Directions

Remember that the vectors ξk must be orthogonal under the Q-inner product; i.e.,
〈Qξk,ξm〉 = 0 for k 6= m. Such a set of vectors is said to be conjugate with respect
to Q. Of course, one approach to determining a set of ξk would be to apply the
Gram–Schmidt procedure to the standard basis. However, this is not recommended.
Much better and simpler methods are given in [28, Section 9.3] and [30, Section 5.1].
For example, below is a MATLAB implementation based on [30]. In practice, the
conjugate gradient algorithm should only be used on problems that are too large
to solve using more traditional methods [30, p. 112].
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function x = conjgrad(Q,y,x0)
% Conjugate Gradient Algorithm based on Nocedal & Wright.
% Solve Q x = y, where Q is symmetric and positive definite.
x = x0;
r = Q⁎x-y;
norm2rold = r’⁎r;
xi = -r;
Qxi = Q⁎xi;
for k=1:length(y)

alpha = norm2rold/(xi’⁎Qxi);
x = x + alpha⁎xi;
r = r + alpha⁎Qxi;
norm2r = r’⁎r;
xi = -r + (norm2r/norm2rold)⁎xi;
% Prepare for next time thru loop
Qxi = Q⁎xi;
norm2rold = norm2r;

end

You can test this function with the following script.

n = 5;
A = randi([-9,9],n,n);
Q = A’⁎A
lambda = eig(Q)’ % verify Q>0
x = randi([-9,9],n,1);
y = Q⁎x;
x0 = randi([-9,9],n,1);
xhat = conjgrad(Q,y,x0);
fprintf(’ x xhat\n’)
fprintf(’ ------- -------\n’)
disp([x xhat])
err = x-xhat;
fprintf(’||x-xhat||^2 = %g\n’,err’⁎err)

8.7. Hermite Functions

We show that the Hermite functions, defined below, are eigenfunctions of the
Fourier transform. Consider the so-called “generating function,”

g(t,z) := e2tz−z2
= e−(t−z)2

et2
= et2

w(t− z),
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where w(θ) := e−θ 2
. Let us regard g as a function of z and expand g in a Taylor

series; i.e.,g

g(t,z) =
∞

∑
n=0

zn

n!

(
∂ ng
∂ zn

∣∣∣∣
z=0

)
.

Note that (∂/∂ z)w(t− z) =−w′(t− z), and in general, the nth partial derivative with
respect to z is (−1)nw(n)(t− z). It now follows that

∂ ng
∂ zn

∣∣∣∣
z=0

= (−1)net2
w(n)(t).

Using the definition of w yields the more common presentation of this expression as

∂ ng
∂ zn

∣∣∣∣
z=0

= (−1)net2 dn

dtn e−t2
.

It is easy to see that this formula is a polynomial in t. Just observe that if p(t) is a
polynomial in t, then (d/dt)[p(t)e−t2

] has the form q(t)e−t2
where q(t) is another

polynomial in t. For this reason,

Hn(t) := (−1)net2 dn

dtn e−t2

is called the nth Hermite polynomial. With this notation,

g(t,z) =
∞

∑
n=0

Hn(t)
zn

n!
.

We now define the Hermite functionsh

Hn(t) := e−t2/2Hn(t).

For fixed z, consider the Fourier transform of the time function e−t2/2g(t,z). Writei

∫
∞

−∞

e−t2/2g(t,z)e− jωt dt =
∫

∞

−∞

e−t2/2
[

∞

∑
n=0

Hn(t)
zn

n!

]
e− jωt dt

=
∞

∑
n=0

zn

n!

∫
∞

−∞

e−t2/2Hn(t)e− jωt dt

g If z is regarded as a complex variable, then it is easy to see that g(t,z) is an entire function of z and
therefore the Taylor expansion exists and is valid for all complex z [9].

h Many authors use the phrase “Hermite functions” to refer to the Hermite polynomials, so it is impor-
tant to pay careful attention to terminology.

i The interchange of integral and infinite sum can be justified [26, p. 64].

January 11, 2020

http://books.google.com/books?id=po-6Yxz851MC&pg=PA64


250 8 Applications

=
∞

∑
n=0

zn

n!

∫
∞

−∞

Hn(t)e− jωt dt

=
∞

∑
n=0

zn

n!
Ĥn(ω),

where Ĥn is the Fourier transform of Hn. On the other hand, by direct calculation,j

∫
∞

−∞

e−t2/2g(t,z)e− jωt dt =
∫

∞

−∞

e−t2/2e2tz−z2
e− jωt dt

= ez2
∫

∞

−∞

e−(t−2z)2/2e− jωt dt

= ez2 · e− jω(2z) ·
√

2π e−ω2/2

= e2ω(− jz)−(− jz)2 ·
√

2π e−ω2/2

= g(ω,− jz) ·
√

2π e−ω2/2

=
∞

∑
n=0

(− jz)n

n!
Hn(ω)

√
2π e−ω2/2

=
∞

∑
n=0

zn

n!
(− j)n

√
2π Hn(ω).

Comparing the two expansions, we see that

Ĥn(ω) = (− j)n
√

2πHn(ω).

If we let F :L2(IR)→ L2(IR) denote the Fourier transform, then the above equation
says

FHn = (− j)n
√

2π Hn.

Thus, the Hermite functions are eigenfunctions of the Fourier transform operator
regarded as a mapping from L2(IR) to L2(IR). The eigenvalue of the nth eigenfunc-
tion is (− j)n

√
2π . The eigenvalues change slightly if a different definition of the

transform is used; e.g., if j is replaced by − j or ω is replaced by 2π f . In any case,
the eigenvalues have constant absolute value and do not decay to zero. Hence, the
Fourier transform is not a compact operator.

It remains to show that the Hermite functions are orthogonal. Since
∫

∞

−∞

Hn(t)Hm(t)dt =
∫

∞

−∞

Hn(t)Hm(t)e−t2
dt,

j Recall that the Fourier transform of e−t2/2 is
√

2πe−ω2/2, and the transform of x(t−θ) is X(ω)e− jωθ .
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the result will follow if we can show that the Hermite polynomials are orthogonal
with respect to the weight function w(t) = e−t2

. However, this fact is well known
[26, p. 65].

Problems

1. Discrete Prolate Spheroidal Sequences (DPSS). Discuss how you would formulate
and try to solve the discrete-time version of the problem in Section 8.2. In other
words, re-write Section 8.2 for the discrete-time case.

2. Discrete Prolate Spheroidal Wave Functions (DPSWF). Let x(n) be a finite-energy,
discrete-time sequence whose DTFT is bandlimited to W < 1/2. The amount of
energy in the time window 0, . . . ,N−1 is

N−1

∑
n=0
|x(n)|2 =

∞

∑
n=−∞

g(n)x(n)x(n) = 〈gx,x〉,

where

g(n) :=
{

1, n = 0, . . . ,N−1,
0, otherwise.

Show that the optimal x is related to the eigenvalue problem

∫ W

−W
H( f −ν)Y (ν)dν = λY ( f ), | f | ≤W,

where H( f ) := sin(πN f )/sin(π f ). The extension of the solutions Y ( f ) to f ∈
(−∞,∞) are called the discrete prolate spheroidal wave functions.

3. Let X be an RKHS of time functions with kernel function Kt(τ). Show that if
‖xn− x‖→ 0, then for each time t, lim

n→∞
xn(t) = x(t).

4. Show that the kernel of an RKHS is unique. More explicitly, show that if for
every time t and every vector x we have 〈x,Kt〉 = 〈x,Ht〉, then for all t and τ ,
Kt(τ) = Ht(τ).

5. In an RKHS with kernel Kt(τ), given any sequence of times t1, . . . , tn, the matrix
M defined by Mi j := Kt j(ti) is positive semidefinite.

6. Establish the three-term recursion for the Hermite polynomials,

Hm+1(t) = 2tHm(t)−2mHm−1(t), m = 0,1,2, . . . ,
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where it is understood that H−1(t)≡ 0. Hint: Observe that

∂
∂ z

g(t,z) = (2t−2z)g(t,z).

On the right-hand side substitute the power series for g and do a little algebra.
On the left-hand side differentiate the power series for g term by term. Changing
the index of summation and equating coefficients of like powers of z yields the
recursion.
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APPENDIX A

How Proofs Work
We introduce basic concepts of logic and how they are applied to proofs. In the

first section, we present the sentential calculus, which involves implication (⇒, con-
ditional), negation (¬ ), conjunction (∧, logical and), and disjunction (∨, inclusive
or). In the second section, we present the quantifier calculus, which involves the no-
tions of “for all” (∀) and “there exists” (∃). In the concluding section, we illustrate
the apparatus we have developed with applications in mathematics.

A.1. Sentential Calculus

A.1.1. Basic Notation

To see logical structure more clearly, it is convenient to use symbolic notation for
sentences. For example, let

P := Bob studies and Q := Bob does well on the exam.

Then we read
P⇒ Q

as, “If Bob studies, then Bob does well on the exam.”
To negate the sentence P, we write ¬P. For example, if we let

P := Betty brings a second pen and Q := Betty runs out of ink,

then we read
P⇒¬Q

as, “If Betty brings a second pen, then it is not the case that Betty runs out of ink.”
More informally, we would say, “If Betty brings a second pen, then Betty does not
run out of ink.”

A.1.2. Basic Inference Rules and Methods of Proof

Suppose we believe the statement, “If Bob studies, then Bob does well on the
exam.” Suppose also that we believe, “Bob studies.” Then we must also believe,
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254 A How Proofs Work

“Bob does well on the exam.” This general rule of inference is known as modus
ponens (MP). We express it symbolically asa

P⇒ Q
P

Q

Another rule of inference is double negation

¬(¬P)
P

An important technique for establishing many results is proof by contradiction.
In this technique, if you want to prove P, you begin by assuming ¬P. Then you
carry out a sequence of steps in which at some point you obtain a statement Q and at
another point you obtain ¬Q. Then the proof of P is complete.

Example A.1. We can use the foregoing ideas to establish the derived inference
rule modus tollens, which says

P ⇒ Q
¬Q

¬P

Solution.
1. P⇒ Q premise
2. ¬Q premise
3. Show ¬P assertion
4. ¬(¬P) assumption for proof by contradiction
5. P apply DN to line 4
6. Q apply MP to lines 1 and 5
7. ¬Q repeat line 2
8. End Show 3 proof by contradiction

The foregoing solution is an example of a formal line-by-line proof or derivation.
Notice that each line is numbered, and each line is explained or justified by citing a
rule of inference, with reference to any relevant line numbers.

Important Rules. Once a “Show” has a matching “End Show,” no lines in between
can be referenced elsewhere. In the preceding example, if the derivation continued

a The statements above the horizontal line are called premises. The statement below the line is called
the conclusion.
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beyond line 8, none of the lines 4–7 could be used or referenced after line 8. You
may use or reference a “Show” line only after its matching “End Show” line has been
obtained. Notice also we have introduced a new inference rule called repetition (R).
This allowed us to have both Q and ¬Q between the “Show” and the “End Show,”
which we need for a proof by contradiction.

To prove a conditional of the form P⇒Q, the first step (if necessary) is to assume
P and then proceed to derive Q. We call this method proof of a conditional.

Example A.2. Prove the alternative double negation rule P⇒¬(¬P).

Solution.
1. Show P⇒¬(¬P) assertion
2. P assumption for conditional derivation
3. Show ¬(¬P) assertion
4. ¬ [¬(¬P)] assumption for proof by contradiction
5. ¬P DN 4
6. P R 2
7. End Show 3 proof by contradiction
8. End Show 1 proof of conditional

Example A.3. Prove that Q⇒ (P⇒ Q).

Solution.
1. Show Q⇒ (P⇒ Q) assertion
2. Q assumption for conditional derivation
3. Show P⇒ Q assertion
4. Q R 2
5. End Show 3 proof of conditional
6. End Show 1 proof of conditional

Notice that in the inner proof, we did not need to assume P in order to prove P⇒ Q.

A.1.3. More Notation, Inference Rules, and Methods

If two statements P and Q are both true, we write P∧Q. The two simplification
(S) rules are

P∧Q
P

and
P∧Q

Q

In other words, if P and Q are both true, then each of them is true by itself.
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To prove P∧Q, we use the adjunction (Adj) inference rule

P
Q

P∧Q

As our first application of ∧, we write P⇔ Q to mean (P⇒ Q)∧ (P⇐ Q).b

We call ⇔ a biconditional. By the simplification inference rule, we obtain the
biconditional-conditional (BC) inference rules

P⇔ Q
P⇒ Q

and
P⇔ Q
P⇐ Q

By the adjunction rule, we obtain the conditional-biconditional (CB) inference rule

P⇒ Q
P⇐ Q
P⇔ Q

Example A.4. Show that (P⇔ Q)⇔ (¬P⇔¬Q).

Solution. By CB, it suffices to prove

(P⇔ Q)⇒ (¬P⇔¬Q) and (P⇔ Q)⇐ (¬P⇔¬Q).

We prove the first and leave the second to the reader. We also omit the more obvious
justifications.

1. Show (P⇔ Q)⇒ (¬P⇔¬Q)
2. P⇔ Q assumption
3. P⇒ Q BC 2
4. P⇐ Q BC 2
5. Show ¬P⇐¬Q
6. ¬Q assumption
7. ¬P MT 3
8. End Show 5
9. Show ¬P⇒¬Q

10. ¬P assumption
11. ¬Q MT 4
12. End Show 9
13. ¬P⇔¬Q CB 5, 9
14. End Show 1

b We often write P⇐ Q instead of Q⇒ P.
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Example A.5. Prove that (P⇒ Q)⇔¬(P∧¬Q).

Solution.

1. Show (P⇒ Q)⇔¬(P∧¬Q)
2. Show⇒ note the abreviated form
3. P⇒ Q assumption
4. Show ¬(P∧¬Q)
5. P∧¬Q assumption followed by DN
6. P S 5
7. ¬Q S 5
8. Q MP 3, 6
9. End Show 4

10. End Show 2
11. Show⇐ note the abreviated form
12. ¬(P∧¬Q) assumption
13. Show P⇒ Q
14. P assumption
15. Show Q
16. ¬Q assumption
17. P R 14
18. P∧¬Q Adj. 16, 17
19. ¬(P∧¬Q) R 12
20. End Show 15
21. End Show 13
22. End Show 11
23. End Show 1 CB 2, 11

If either P or Q is true or if both are true, we write P∨Q. To prove P∨Q, we use
the addition (Add) inference rules

P
P∨Q

and
Q

P∨Q

In other words, if P is true, then either P or Q is true. Similarly, if Q is true, then either
P or Q is true. Finally, to make inferences from disjunctions, we use the inference
rules modus tollendo ponens (MTP)

P∨Q
¬P

Q
and

P∨Q
¬Q

P
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In other words, if either P or Q is true and P is not true, then Q must be true. Similarly,
if Q is not true, then P must be true.

Example A.6. Prove that (P∨Q)⇔ (¬P⇒ Q).

Solution.

1. Show (P∨Q)⇔ (¬P⇒ Q)
2. Show⇒
3. P∨Q assumption
4. Show ¬P⇒ Q
5. ¬P assumption
6. Show Q
7. ¬Q assumption
8. P MTP 3, 7
9. ¬P R 5

10. End Show 6
11. End Show 4
12. End Show 2
13. Show⇐
14. ¬P⇒ Q assumption
15. Show P∨Q
16. ¬(P∨Q) assumption
17. Show P
18. ¬P assumption
19. Q MP 14, 18
20. P∨Q Add. 19
21. ¬(P∨Q) R 16
22. End Show 17
23. P∨Q Add. 17
24. End Show 15 contradiction 16, 23
25. End Show 13
26. End Show 1 CB 2, 13

As an exercise, the reader should try to prove De Morgan’s laws

¬(P∧Q)⇔ (¬P∨¬Q)

and
¬(P∨Q)⇔ (¬P∧¬Q).
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A.2. Quantifier Calculus

A.2.1. Variables

We denote logical variables by x, y, and z. By Mx we mean a statement about x.
For example, we may denote by Mx the statement “x is a Martian.” Or we may let T x
denote the statement “x has three legs.”

A.2.2. Quantifiers

The universal quantifier is denoted by ∀. It can be read as “for all,” “for every,”
or “for any.” The existential quantifier is denoted by ∃. It can be read as “there
exists (at least one, and maybe more),” or “there is (at least one, and maybe more).”

For example, to denote the statement that Martians exist, we write ∃xMx, which
means there exists at least one x such that x is a Martian. To denote the statement,
“All Martians have three legs,” we write ∀x(Mx⇒ T x). We read these symbols as,
“For all x, if x is a Martian, then x has three legs.”

A.2.3. Inference Rules

Suppose Fx is a statement about x. The inference rule of universal instantiation
(UI) is

∀xFx
Fy

where y is any variable we find useful, even x.
To prove ∀xFx, we start with an arbitrary variable, say x, or any other variable

that will not be confused with earlier uses, and then show that Fx is true. At this
point we end the proof of ∀xFx with the citation universal derivation. Hence, the
proof has the structure

Show ∀xFx
Show Fx

...
End Show

End Show universal derivation

To prove ∃xFx, we must show that some variable has the property F . We may
then conclude that ∃xFx, with the inference rule cited being existential generaliza-
tion (EG).

In the following example, we show that if there are no Martians, then all Martians
have three legs.

January 11, 2020



260 A How Proofs Work

Example A.7. Show that ¬∃xMx⇒∀x(Mx⇒ T x).

Solution.
1. Show ¬∃xMx⇒∀x(Mx⇒ T x)
2. ¬∃xMx assumption for conditional derivation
3. Show ∀x(Mx⇒ T x)
4. Show Mx⇒ T x
5. Mx assumption for conditional derivation
6. ∃xMx EG 5
7. ¬∃xMx R 2
8. End Show 4 contradiction 6, 7
9. End Show 3 universal dervation

10. End Show 1

The inference rule of existential instantiation (EI) is

∃xFx
Fy

where y is a variable that has not been used earlier in the proof. As you become more
adept at proofs, you may re-use variables as long as you do not confuse the new use
with an old one.

In the following example, we show that if all Martians have three legs, and if
there is at least one Martian, then there is a Martian with three legs.

Example A.8. Show that [∀x(Mx⇒ T x)∧∃xMx]⇒∃x(Mx∧T x).

Solution.
1. Show [∀x(Mx⇒ T x)∧∃xMx]⇒∃x(Mx∧T x)
2. ∀x(Mx⇒ T x)∧∃xMx assumption
3. ∃xMx S 2
4. Mz EI 3
5. ∀x(Mx⇒ T x) S 2
6. Mz⇒ T z UI 5
7. T z MP 4, 6
8. Mz∧T z Adj. 4, 7
9. ∃x(Mx∧T x) EG 8

10. End Show 1

Notice that in line 4 we introduced a new variable as required for EI.
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The derived inference rules known as quantifier negation (QN) are

¬∀xFx⇔∃x(¬Fx) and ¬∃xFx⇔∀x(¬Fx).

We prove the first and leave the proof of the second to the reader as an exercise.

1. Show ¬∀xFx⇔∃x(¬Fx)
2. Show⇒
3. ¬∀xFx assumption
4. Show ∃x(¬Fx)
5. ¬∃x(¬Fx) assumption
6. Show ∀xFx
7. Show Fx
8. ¬Fx assumption
9. ∃x(¬Fx) EG 8

10. ¬∃x(¬Fx) R 5
11. End Show 7 contradiction 9, 10
12. End Show 6
13. ¬∀xFx R 3
14. End Show 4 contradiction 6, 13
15. End Show 2
16. Show⇐
17. ∃x(¬Fx) assumption
18. Show ¬∀xFx
19. ∀xFx assumption followed by DN
20. ¬Fz EI 17 — note new variable!
21. Fz UI 19
22. End Show 18 contradiction 20, 21
23. End Show 16
24. End Show 1 CB 2, 16

A.3. Applications to Mathematics

We now use symbolic logic to do some basic mathematics. Recall that a sequence
of real numbers xn converges to a limit x if for every ε > 0, there is an integer N such
that for all n≥ N, |xn− x|< ε . We can write this symbolically as

∀ε > 0,∃N∀n≥ N, |xn− x|< ε. (A.1)

However, this is not as explicit as we need to use our methods. We write instead

∀ε[ε > 0⇒∃N∀n(n≥ N⇒ |xn− x|< ε)]. (A.2)

January 11, 2020



262 A How Proofs Work

Example A.9. How can we express the statement that xn does not converge to x?

Solution. We apply QN to (A.2) and use Example A.5 and DN to get

∃ε[ε > 0∧¬∃N∀n(n≥ N⇒ |xn− x|< ε)].

With two more applications of QN and then Example A.5 and DN, we get

∃ε[ε > 0∧∀N∃n(n≥ N∧|xn− x| ≥ ε)].

From this last expression in the example, by EI, we know that there is an ε0 such
that ε0 > 0 and

∀N∃n(n≥ N∧|xn− x| ≥ ε0).

Now apply UI with N = 1,2, . . . . When N = k, we have

∃n(n≥ k∧|xn− x| ≥ ε0).

By EI with n replaced by nk, we can write

nk ≥ k∧|xnk − x| ≥ ε0.

This shows that if xn does not converge to x, then there is some ε0 > 0 and there is a
subsequencec xnk with |xnk − x| ≥ ε0 holding for all k = 1,2, . . . .

Continue on the next page.

c The definition of a subsequence requires that nk → ∞; this is guaranteed by the condition nk ≥ k.
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Example A.10. We now show that if xn converges to x and if yn converges to y,
then xn + yn converges to x+ y.

1. ∀ε[ε > 0⇒∃N∀n(n≥ N⇒ |xn− x|< ε)] premise
2. ∀ε[ε > 0⇒∃N∀n(n≥ N⇒ |yn− y|< ε)] premise
3. Show ∀ε[ε > 0⇒∃N∀n(n≥ N⇒ |(xn + yn)− (x+ y)|< ε)] assertion
4. Show ε > 0⇒∃N∀n(n≥ N⇒ |(xn + yn)− (x+ y)|< ε)
5. ε > 0
6. ε/2> 0⇒∃N∀n(n≥ N⇒ |xn− x|< ε/2) UI 1
7. ε/2> 0 by 5
8. ∃N∀n(n≥ N⇒ |xn− x|< ε/2) MP 6, 7
9. ∀n(n≥ N1⇒ |xn− x|< ε/2) EG 8

10. ε/2> 0⇒∃N∀n(n≥ N⇒ |yn− y|< ε/2) UI 2
11. ∃N∀n(n≥ N⇒ |yn− y|< ε/2) MP 7, 10
12. ∀n(n≥ N2⇒ |yn− y|< ε/2) EG 12
13. Show ∀n(n≥max(N1,N2)⇒ |(xn + yn)− (x+ y)|< ε)
14. Show n≥max(N1,N2)⇒ |(xn + yn)− (x+ y)|< ε
15. n≥max(N1,N2)
16. n≥ N1 by 15
17. n≥ N1⇒ |xn− x|< ε/2 UI 9
18. n≥ N2 by 15
19. n≥ N2⇒ |yn− y|< ε/2 UI 12
20. |xn− x|< ε/2 MP 16, 17
21. |yn− y|< ε/2 MP 18, 19
22. |(xn + yn)− (x+ y)|= |(xn− x)+(yn− y)| math
23. |(xn + yn)− (x+ y)| ≤ |xn− x|+ |yn− y| tri. ineq.
24. |(xn + yn)− (x+ y)|< ε/2+ ε/2 = ε 20, 21, 23
25. End Show 14
26. End Show 13
27. ∃N∀n(n≥ N⇒ |(xn + yn)− (x+ y)|< ε) EG 13
28. End Show 4
29. End Show 3

Mathematicians do not write proofs as in the preceding example. Here is how
that proof would normally look (keep in mind that xn→ x is defined by (A.1)).

Theorem. If xn→ x and yn→ y, then (xn + yn)→ (x+ y).
Proof. Let ε > 0 be given. Since xn→ x, there is an N1 such that for all n≥ N1,

|xn− x|< ε/2. (A.3)
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Similarly, since yn→ y, there is an N2 such that for all n≥ N2,

|yn− y|< ε/2. (A.4)

Then for n ≥ max(N1,N2), (A.3) and (A.4) both hold, and we have by the triangle
inequality that

|(xn + yn)− (x+ y)|= |(xn− x)+(yn− y)| ≤ |xn− x|+ |yn− y|< ε/2+ ε/2 = ε.
(A.5)

Starting with an arbitrary ε > 0, we showed that there exists an integer N, namely
max(N1,N2), such that for all n≥ N, (A.5) holds.

When confronted with an assertion such as that in the above theorem, the proof
does not magically construct itself. We start with some analysis. In this case, we start
with the definition of the limit of a sequence and apply it to xn + yn and x+ y. We
then see that we need to end up with

|(xn + yn)− (x+ y)|< ε.

If we know the triangle inequality, we proceed as in (A.5). This shows that we can
get a bound of ε if we can get a bound of ε/2 as in (A.3) and (A.4). We know we can
do this because we are assuming that xn→ x and yn→ y. We are now in a position to
write down a careful proof.
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APPENDIX B

Mathematical Induction
Consider a statement about positive integers, for example

P(n):
n

∑
k=1

k =
n(n+1)

2
, (B.1)

where n≥ 1. Using (B.1), we see that P(1) is given by

1

∑
k=1

k =
1(1+1)

2
,

which is obviously true. When P(n) is given by (B.1), P(n+1) is given by

n+1

∑
k=1

k =
[n+1]([n+1]+1)

2

=
(n+1)(n+2)

2
. (B.2)

For a general statement P(n), to prove that it is true for all positive integers using
mathematical induction on n is to carry out the following two-step procedure:

1. Show that P(1) is true.
2. Fix an arbitrary n ≥ 1 and show that if P(n) is true, then P(n+1) is true; i.e.,

show that for n≥ 1,
P(n)⇒ P(n+1).

We note that sometimes it is more convenient to prove that for all n ≥ 2, we have
P(n−1)⇒ P(n).

When P(n) is given by (B.1), we have already noted that P(1) is true. We now
show that P(n)⇒ P(n+1). Suppose P(n) is true. We must show that P(n+1) is true;
i.e., we most show that (B.2) holds. So we write

n+1

∑
k=1

k =
n

∑
k=1

k+(n+1)

=
n(n+1)

2
+(n+1), by the induction hypothesis P(n),

=
n(n+1)

2
+

2(n+1)
2

=
(n+1)(n+2)

2
.
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Example B.1. Show that if h≥−1, then

P(n): (1+h)n ≥ 1+nh (B.3)

holds for n≥ 1.

Solution. First, when n = 1, (B.3) becomes (1+h) ≥ 1+h, which is obviously
true. Suppose (1+ h)n ≥ 1+ nh. We must show that (B.3) holds for n replaced by
n+1; i.e., we must show that

(1+h)n+1 ≥ 1+(n+1)h.

To derive this, write

(1+h)n+1 = (1+h)n(1+h)

≥ (1+nh)(1+h), by the induction hypothesis (B.3), (B.4)
= 1+nh+h+nh2

≥ 1+(n+1)h, since nh2 ≥ 0.

Note that the inequality in (B.4) requires (1+h)≥ 0; i.e., h≥−1.

Sometimes it is convenient to start the induction at n = 0.

Example B.2 (Division Algorithm). Show that if d is a positive integer, then

P(n): n = dq+ r, 0≤ r < d, q≥ 0,

holds for n≥ 0.

Solution. If n = 0, we can take q = r = 0. Now suppose the result is true for
some n≥ 0. To show it is true for n+1, use the induction hypothesis to write

n = dq+ r, 0≤ r < d.

Adding one to both sides of the above equation shows that

n+1 = dq+(r+1).

If r+ 1 < d, we have the desired representation of n+ 1. Otherwise r+ 1 = d, and
the above display becomes n+1 = d(q+1).
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Problems

1. Show that for n≥ 1,
n

∑
k=1

k2 =
n(n+1)(2n+1)

6
.

2. Show that for n≥ 1,

n

∑
k=1

(2k−1)2 =
n(2n−1)(2n+1)

3
.

3. Recall that
(n

k

)
:= n!/(k!(n− k)!). Derive the Leibniz rule,

(xy)(n) =
n

∑
k=0

(
n
k

)
x(k)y(n−k), n≥ 0,

where x(n) is the nth derivative of x. In particular, x(0) = x, x(1) = x′, x(2) = x′′,
etc. Hint: The easily verified identity

(
n
k

)
+

(
n

k−1

)
=

(
n+1

k

)
, n≥ k ≥ 1,

may be useful.

January 11, 2020



APPENDIX C

Compact Sets

Let X be a metric space, and let E be a subset of X . If {Uα} is a collection of
open subsets of X such that

E ⊂
⋃

α
Uα , (C.1)

then {Uα} is called an open cover of E.
The set E is said to be compact if every open cover of E can be reduced to a finite

subcover. In other words, whenever (C.1) holds for a collection of open sets {Uα},
there exists a finite subcollection, say {Uα1 , . . . ,Uαn} for some finite n, such that

E ⊂
n⋃

i=1

Uαi .

In the problems at then end of this appendix, you are asked to show that compact
sets have the following properties.

• A closed subset of a compact set is compact.
• A compact subset is bounded.
• A compact set must be closed.

Theorem C.1 (Finite Intersection Property). In a metric space X, for each α , let
Kα be a compact set. Suppose that for every finite collection of α’s, say α1, . . . ,αn,

n⋂

i=1

Kαi 6=∅.

Then ⋂

α
Kα 6=∅.

Proof. To obtain a contradiction, suppose
⋂

α
Kα =∅.

Setting Gα := Kc
α , this is equivalent toa

⋃

α
Gα = X ⊃ Kα0 ,

a Since compact sets are closed, Gα is open.
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for any fixed α0. Since Kα0 is compact, for some finite set of α’s, say α1, . . . ,αn,

Kα0 ⊂
n⋃

i=1

Gαi .

Hence,

∅= Kα0 ∩
( n⋃

i=1

Gαi

)c

= Kα0 ∩Kα1 ∩·· ·∩Kαn .

Given a set E and a point x ∈ X (x need not be in E), we say that x is an accu-
mulation point of E (or cluster point of E or limit point of E) if for every open set
containing x, say Ox, there is a point y 6= x with y ∈ Ox∩E.

Lemma C.2. Let K be a compact subset of a metric space, and suppose that E
is an infinite subset of K. Then at least one point in K is a limit point of E.

Proof. Suppose that no point of K is an accumulation point of E. Then for each
x ∈ K, there is an open set Ux containing no points of E (except for x itself when
x ∈ E). The sets Ux form an open cover of K, and hence can be reduced to a finite
subcover of K ⊃ E. But no such subcover could contain more than finitely many
points from E, and hence, K 6⊃ E.

The next result shows that if K is a compact subset of a metric space, then K is
sequentially compact.

Corollary C.3. If xn is a sequence contained in a compact subset K of a metric
space X, then there is a converging subsequence xnk with limit x ∈ K.

Proof. First suppose that the set E = {xn} is infinite. Then by the preced-
ing lemma, there is a point x ∈ K that is an accumulation point of E. Consider
the open sets B(x,1/k). By the definition of accumulation point, there is a point
xnk ∈ B(x,1/k)∩E with xnk 6= x. Since, ρ(xnk ,x) < 1/k, xnk → x. Also, note that
nk→ ∞.

Now suppose that E is finite. Then for at least one point of E, say x, we must
have xn = x for infinitely many n. Let n1 < n2 < · · · denote these distinct values of n.
We then have xnk → x as k→ ∞.

We also have the converse result that in a metric space, if K is sequentially com-
pact, then K is compact. This is an easy consequence of the following two technical
lemmas.

For any set K and any ε > 0, K can be covered by open balls by writing

K ⊂
⋃

x∈K

B(x,ε). (C.2)
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Lemma C.4. If K is a sequentially compact subset of a metric space (X ,ρ), then
for every ε > 0, the cover of open balls in (C.2) can be reduced to a finite subcover;
i.e., there exist x1, . . . ,xn in K such that

K ⊂
n⋃

i=1

B(xi,ε).

Proof. Suppose that for some ε0 > 0, there is no such finite subcover. Fix any
x1 ∈K. Then we cannot have K ⊂ B(x1,ε0). Hence, there is an x2 ∈K∩B(x1,ε0)

c. In
particular, ρ(x2,x1)≥ ε0. Now suppose x1, . . . ,xn have been chosen so that for i 6= j
with i, j ∈ {1, . . . ,n}, ρ(xi,x j) ≥ ε0. Since there can be no finite subcover of open
balls of radius ε0, we cannot have

K ⊂
n⋃

i=1

B(xi,ε0).

Hence, there must be an

xn+1 ∈ K∩
( n⋃

i=1

B(xi,ε0)

)c

.

In particular, for i = 1, . . . ,n, we must have ρ(xn+1,xi) ≥ ε0. Clearly, this sequence
is not Cauchy, nor can any subsequence be Cauchy. However, by the sequential
compactness of K, there must be a converging (and hence, Cauchy) subsequence,
which is a contradiction.

The next lemma allows us to go from the special case of open balls to arbitrary
open covers.

Lemma C.5. If K is a sequentially compact subset of a metric space (X ,ρ), then
for every open cover U = {U} of K, there is an ε0 > 0 such that for all x ∈ K, there
is an open set Ux ∈U with

B(x,ε0)⊂Ux.

Remark. A number ε0 having the property asserted in the lemma is called a
Lebesgue number for the cover.

Proof. To obtain a contradiction, suppose that for every ε0 = 1/n, there is an
xn ∈ K such that

B(xn,1/n) 6⊂U, for all U ∈U . (C.3)

By sequential compactness, there is a converging subsequence xnk → x∈K as k→∞.
Since x ∈ K, and U is an open cover of K, x ∈U0 for some U0 ∈ U . Since U0 is
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open and contains x, for large m, we must have B(x,2/m) ⊂ U0. By convergence
of the subsequence, we must have xnk ∈ B(x,1/m) for large k. We now show that
B(xnk ,1/nk)⊂ B(x,2/m) for large k. Fix any y∈ B(xnk ,1/nk). Then ρ(y,xnk)< 1/nk.
Hence,

ρ(y,x) ≤ ρ(y,xnk)+ρ(xnk ,x)

< 1/nk +1/m,

which is less than 2/m for large k since nk → ∞ by the definition of a subsequence.
We thus have, for large k,

B(xnk ,1/nk)⊂ B(x,2/m)⊂U0,

which contradicts (C.3).

Theorem C.6. A subset of a metric space is sequentially compact⇔ it is com-
pact.

Proof. (⇒): Suppose K is sequentially compact and has an open cover U . For
this cover, let ε0 > 0 be given by Lemma C.5. Then for every x∈K, there is a Ux ∈U
with

B(x,ε0)⊂Ux. (C.4)

Next, in Lemma C.4 take ε = ε0 to obtain

K ⊂
n⋃

i=1

B(xi,ε0).

⊂
n⋃

i=1

Uxi , taking x = xi in (C.4).

(⇐): This is simply Corollary C.3.

Theorem C.7 (Heine–Borel). A subset E of a finite-dimensional Euclidean space
is compact⇔ the subset is both closed and bounded.

Proof. (⇒): By Problem C.2, E is bounded. By Problem C.3, E must be closed.
(⇐): By Theorem 6.41, if a subset of finite-dimensional Euclidean space is

closed and bounded, it is sequentially compact, and therefore compact by Theo-
rem C.6.
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Problems

1. Let E be a compact subset of a metric space, and let F be a closed subset of E.
Show that F is compact.

2. Let K be a compact subset of a metric space. Show that K is bounded in the
sense that there is a finite, nonnegative number b and some x0 ∈ X such that
ρ(x,x0)≤ b for all x ∈ K.

3. Show that if E is a compact set in a metric space, then E must be closed. Hint:
Show that Ec is open; i.e., fix any x ∈ Ec and construct an open set U containing
x. Then prove that U ⊂ Ec by showing that U ∩E =∅.
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accumulation point, 269
addition (in a vector space), 23
addition (logical inference rule), 257
additive identity, 23
additive inverse, 23
adjoint, 3, 60

nonexistence, 65, 225
adjunction, 256
affine combination, 18
affine hull, 18
affine set, 17

dimension, 17
anonymous function, see Matlab commands
approximation theorem for closed sets, 143
asset

risk-free, 107
risky, 107

associative law, 23

Banach space, 147
bang-bang control, 4
basis, 15, 25
Bessel’s inequality, 38
best linear unbiased estimate (BLUE), 73
biconditional, 256
biconditional-conditional, 256
block matrix inversion formulas, 42, 49
BLUE (best linear unbiased estimate), 73
Bolzano–Weierstrass theorem, 129

for complex numbers, 155
boundary, 140
bounded

linear functional, 169
uniform continuity, 169

linear operator, 117, 172
sequence, 145
set, 145

C[0,1], 170
capacity region, 21
Carathéodory’s theorem, 21
Cartesian product, 165
Cauchy sequence, 146
Cauchy–Schwarz inequality, 33
characterization theorem for closed sets, 142
Chernoff bound, 135
closed graph theorem, 226

closed operator, 226
closed set, 138

approximation theorem, 143
characterization theorem, 142

closure
of a convex set under convex combinations, 20
of a set in a metric space, 140
of a subspace under linear combinations, 13
of a vector space under addition, 23
of a vector space under scalar multiplication, 23
of an affine set under affine combinations, 18
topological, 140

cluster point, 269
coercive function, 115, 118
commutative law, 23
commuting operators, 193, 231

projections, 227
compact, 268
compact operator, 185
complement of a set, 138
complete metric space, 146
complete orthonormal set, 149

of eigenvectors, 187
complex conjugate, 31
complex-conjugate transpose, 39

in MATLAB, 39
complex vector space, 5
concave function, 85
conclusion, 254
conditional, 253

proof of, 255
conditional-biconditional, 256
conjugate vectors, 247
conjunction, 253
constraint function, 83
continuity

at a point, 155
Lipschitz, 90, 112

of gradient, 118
of bounded linear functionals, 169
of convex functions on IR, 90
of the inner product, 142, 163
on a set, 156
uniform, 158

continuous function
convergence preservation, 156

contraction, 150
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mapping theorem, 150
and differential equations, 151
generalized, 164

contradiction
proof by, 254

convergence
in a metric space, 141
of real numbers, 127

convex
combination, 20
function, 85

continuity, 90
differentiability, 89
epigraph, 165

hull, 20
and Carathéodory’s theorem, 21
optimization of concave functions, 114

polytope, 20, 21, 114
set, 19

convolution operator, 175
correlation function, 243, 244
covariance matrix, 105
cumulant generating function, 134
cutoff frequency, 177

demodulation operator, 61, 64
derivative

one-sided Gâteaux, 87
two-sided Gâteaux, 110

diagonal dominance, 229
strict, 229

diagonalization, 3, 182
simultaneous, 192, 194

differential equations, 151
dimension

of a linear variety, 16
of a subspace, 15
of an affine set, 17

direct sum, 15, 53
and the projection theorem, 37

discrete metric, 136
discrete prolate spheroidal sequences, 251
discrete prolate spheroidal wave functions, 251
discrete topology, 139
disjunction, 253
distance between vectors, 33
distributive law

scalar multiplication (first law), 23
scalar multiplication (second law), 24

division algorithm, 266
dominated convergence theorem, 217

dot product, 31
double negation, 254
DPSS, see discrete prolate spheroidal sequences
DPSWF, see discrete prolate spheroidal functions
dual space, 172

efficient portfolio, 106
eigenpair, 180
eigenspace, 180, 182, 231
eigenvalue interlacing theorem, 230
eigenvalues, 180

relation to singular values, 232
eigenvector, 180
ellipse, 71
energy of a waveform, 33

in-band, 238
entire function, 249
entropy, 121
epigraph, 165, 168
existential generalization, 259
existential instantiation, 260
existential quantifier, 259
exponential functions

linear independence, 28
extended real numbers, 159, 165, 167
extreme point, 22

feasible vector, 22
finite intersection property, 268
fixed point, 150
for all, 253
Fourier transform

as a unitary operator, 176
as an isometry, 176
eigenfunctions, 248
properties, 175

Fredholm equation
first kind, 198

ill-posedness, 200
regularization of, 203

second kind
arising in regularization, 203, 204
solution, 191
well-posedness, 200

Frobenius norm, 224
Fubini’s theorem, 179
full rank, 58
fundamental theorem of calculus, 152

Gâteaux derivative
one-sided, 87
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homogeneity, 116
may not be linear, 115
of a convex function, 89

two-sided, 110
Gaussian quadrature, 209–211, 233, 235
generalized polarization identity, 80
geometric series, 153, 159, 201
Gershgorin

circle theorem, 229
disc, 229

gradient, 117
gradient descent algorithm, 91, 92

and projections, 92
Gram matrix, 39, 50
Gram–Schmidt procedure, 38, 39, 47, 48, 247

and orthogonal polynomials, 209
numerical instability, 48

greatest lower bound, 127

H, see complex-conjugate transpose
Hadamard inequality, 48
half-space, 17
Heine–Borel theorem, 271
Hermite

functions, 248, 249
polynomials, 249

Hermitian, see complex-conjugate transpose
Hilbert space, 147
Hölder inequality, 47, 133, 161, 173
Householder matrix, 52
Householder transformation, 52, 226
hyperplane, 17

ideal lowpass filter, 177
idempotent, 51, 180
identity operator, 56

noncompactness in infinite dimensions, 229
on different spaces, 77

ill-posed problem, 199, 200
regularization of, 203

image, see range
in-band energy, 238
incomplete data, 56
indicator function, 113, 166
inference rules

addition, 257
adjunction, 256
conditional-biconditional, 256
double negation, 254
existential generalization, 259
existential instantiation, 260

modus ponens, 254
modus tollendo ponens, 257
modus tollens, 254
quantifier negation, 261
repetition, 255
simplification, 255
universal instantiation, 259

infimum, 127
information theory, 21
inner product, 31

continuity, 142, 163
inner-product preserving operator, 79
inner-product space, 2, 31
interference rejection, 80
interior, 140
interior point, 140
intermediate-value property, 100
interpolation

Lagrange form, 9
invertibility theorem

finite dimensional, 59
invertible

function, 58
isometry, 176, 225

Jacobi matrix, 210
Jensen’s inequality, 90, 112

Karhunen–Loève expansion, 213
kernel, 57

Lp spaces, 12, 133
`p spaces, 29
L-smooth function, 118
`1 constraints, 99
Lagrange

fundamental interpolating polynomials, 9
linear independence, 9

interpolation, 9
Lagrangian, 83
Laguerre–Gauss quadrature, 234
Laguerre polynomials, 234
Laplace random variable, 161
least squares, 98

polynomial approximation, 44
waveform approximation, 42

least upper bound, 127
axiom, 127

Lebesgue integral, 47
Lebesgue number, 270
left-shift operator, 60
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Legendre–Gauss quadrature, 210, 233, 235
Legendre polynomials, 235

shifted, 210
Leibniz rule, 267
length, 131
length of a vector, 33
level set, 168
Levy–Desplanques theorem, 229
limit

of a sequence in a metric space, 141
of a sequence of real numbers, 127

limit inferior, 130
limit point, 269
limit superior, 130
line search problem, 247
linear combination, 5
linear dependence, 8
linear functional, 9, 169

bounded, 169
point evaluation, 170, 222

linear independence, 8
of exponentials, 28
of Lagrange interpolating polynomials, 9
of power functions, 10
of sinc functions, 28

linear operator, 2, 55
bounded, 117, 172
positive definite, 70
positive semidefinite, 70
self adjoint, 70

linear programming, 22
linear system

time-invariant, 3, 175
stable, 177

time-varying, 55
linear transformation, 2, 55
linear variety, 15

dimension, 16
Lipschitz continuity, 90, 112

of gradient, 118
lower semicontinuity, 167
lowpass filter

ideal, 177
instability, 177

magnetic resonance imaging (MRI), 57
Markov inequality, 135
Martian, 259
matched filter, 243
mathematical induction, 265
Matlab commands

@ (anonymous function), 6
’, 39
.’, 39
.⁎, 7
./, 7
.^, 6
:, 7
\, 40
bsxfun, 234
conj, 205
cos, 233
diag, 190
disp, 248
eig, 190
end, 207
exp, 6
feval, 25
fmincon, 120, 121
fprintf, 219
fzero, 102
length, 222
linspace, 6
max, 224
norm, 223
numel, 236
pinv, 69, 199, 233
plot, 6
polyfit, 44
polyval, 44
prod, 222
quadprog, 100, 106, 207
randi, 248
repmat, 208
reshape, 25
sinc, 233
size, 25
sort, 220
sqrt, 211
subplot, 6
svd, 197
varargin, 24
zeros, 207

Matlab M-files
conjgrad, 247
eigfcnNystrom, 221
eigNystrom, 220
laguerrequad, 234
legendrequad, 235
legendrequad01, 210
lincmb, 24
qcls, 236
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matrix
nonsingular, 59
stochastic, 30

matrix norms, 223, 224
maximal proper subspace, 17
mean-value theorem, 109, 116, 151
measurable function, 47
metric, 136

discrete, 136
metric space, 2, 136

complete, 146
minimizer, 87, 114
minimum-norm solution of linear equations, 67, 125
Minkowski inequality, 133, 161
mirror, 52
missing data, 56
modulation operator, 56, 59, 61
modus ponens, 254
modus tollendo ponens, 257
modus tollens, 254
moment generating function, 134
monotone gradient, 119

strongly, 119
monotonic sequence, 159
multiuser channel, 21

negation, 253
negative part operator, 207
nodes, 209
nonnegative orthant, 83
nonsingular

matrix, 59
and diagonal dominance, 229

operator, 58
norm, 2, 32, 131

1-norm on IRn, 99
and regularization, 206
and shrinkage operator, 125
as a constraint function, 99

1-norm, 2-norm, and ∞-norm, 132
Frobenius, 224
of a linear functional, 172
of a linear operator, 173
of a matrix, 223, 224
uniform, 170, 222

norm-preserving operator, 79
normal operator, 194, 231, 232
normed vector space, 131
not open, 137
null space, see kernel
nullity, 58

numerical integration, 209
Nyström

extension, 212
method, 215

objective function, 83
octahedron, 132
OFDM, 64
one-fund theorem, 107
one-to-one, 58
onto, 58
open, 117
open ball, 137
open cover, 268
open set, 137
operator square root, 190, 231
orthogonal, 2, 33
orthogonal complement, 37
orthogonal frequency division multiplexing, 64
orthogonal polynomials, 209
orthogonal projection, 36
orthogonality principle

for convex sets, 45
for subspaces, 34

orthonormal, 33
orthonormal set

complete, 149
uncountable, 149

parallelogram law, 50, 132
in proof of projection theorem, 150

Parseval’s equation
for Fourier transforms, 176, 238
for orthonormal expansions, 149

Picard’s criterion, 199
Plancherel theorem, 4
point-evaluation linear functional, 170, 222
polar, 162
polarization identity, 50, 79

generalized, 80
polynomial approximation

least-squares, 44
polynomials

Laguerre, 234
Legendre, 235

shifted, 210
polytope, 20, 21, 114
portfolio, 105

efficient, 106
one-fund theorem, 107
optimization, 123
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risk, 105
selection, 105
two-fund theorem, 123

positive part operator, 54, 207
positive-definite

and nonsingularity, 231
linear operator, 70
matrix, 74

positive-semidefinite
linear operator, 70

power functions, 209
linear independence, 10

premise, 254
probability mass function, 121
projection

commutivity, 227
idempotent, 51
orthogonal, 36
self adjoint, 51

projection problem, 2, 34
and gradient descent algorithm, 92

projection theorem
for finite-dimensional subspaces, 37

prolate spheroidal wave functions, 213, 214, 240
discrete, 251
orthonormality, 235

proof by contradiction, 254
proof of a conditional, 255
proper subset, 17
proximal mapping, 115

applied to the shrinkage operator, 125
pseudoinverse, 69, 199

QR decomposition, 48
and Gram–Schmidt procedure, 48
reduced, 48
thin, 48

quadratic programming problem, 100, 105, 106, 122,
125, 207, 247

quadratically constrained least squares, 98
quadrature, 209

Gaussian, 209
Laguerre–Gauss, 234
Legendre–Gauss, 210, 233, 235

quadrature method, 215
quantifier

existential, 259
universal, 259

quantifier calculus, 253
quantifier negation, 261

random variable, 90
discrete, 91
Laplace, 161
negative part Y−, 113

random variables
in Lp, 134

range, 22, 57
rank, 22, 58
rank–nullity theorem, 58
rate of return, 104

risk-free, 107
Rayleigh quotient, 230
real numbers

extended, 159
real vector space, 5
reflection operator, 52
regularization, 203, 236

parameter, 91
using the 1-norm, 206

repetition, 255
reproducing kernel Hilbert space (RKHS), 241
return

rate of, 104
total, 104

Riesz representation theorem, 171
Riesz–Fischer theorem, 147
right-shift operator, 59
risk, see portfolio risk
risk-free

asset, 107
rate of return, 107

RKHS, see reproducing kernel Hilbert space

saddle point, 113, 160
sampling theorem, 144
sandwich, 118
scalar, 5
scalar multiplication, 5, 23
Schur complement, 49
self-adjoint linear operator, 70

projection, 51
semicontinuity, 167
sentential calculus, 253
sequence notation, 129
sequential compactness

in IR, 129
in a metric space, 153

sgn, see sign function
shorting, 106
shrinkage operator, 54, 125

and 1-norm regularization, 206
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relation to proximal mapping, 125
sign function (sgn), 54
signal recovery problem, 1, 4
signal synthesis problem, 1, 4
signal-to-noise ratio (SNR), 243, 245
signaling waveforms, 41, 56
simplification, 255
Simpson’s rule, 209, 211
simultaneous diagonalization, 192, 194
sinc function, 28

and prolate spheroidal wave functions, 213
linear independence, 28

singular
operator, 58

singular values, 195
relation to eigenvalues, 232
smallest, 197

singular-value decomposition, 3, 195
and pseudoinverse, 69, 199

smallest singular value, 197
smooth function, 118
SNR, see signal-to-noise ratio
soft threshold, see shrinkage operator
span, 14
sparse approximation, 209
spectral theorem, 186
square root of an operator, 190, 231
stable system, 177
step size, 92
stochastic matrix, 30
strict convexity, 86

relation to strong convexity, 117
uniqueness of minimizer, 114

strong convexity, 114, 118
relation to strict convexity, 115

strongly monotone gradient, 119
structured interference, 80
subsequence, 128
subspace, 11

dimension, 15
finite dimensional, 15
infinite dimensional, 15
proper, 17
trivial, 11
zero, 11

sum of subspaces, 15
supremum, 127
SVD, see singular-value decomposition

T, see transpose
there exists, 253

three-term recursion, 210, 218, 251
time-invariant system, 3, 175
time-varying system, 55
Tonelli’s theorem, 179
topological closure, 140
topology, 139

discrete, 139
trivial, 139

total return, 104
trace, 73, 74
translated subspace, see linear variety
transpose, 22, 31

in MATLAB, 39
trapezoidal rule, 209, 211
triangle inequality

for inner-product spaces, 33
for metric spaces, 136
for normed spaces, 131
for real or complex numbers, 13

trival topology, 139
trivial subspace, 11
two-fund theorem, 123

unbiased estimate, 73
uncountable orthonormal set, 149
uniform continuity, 158

of bounded linear functionals, 169
uniform norm, 170, 222
unit vector, 33, 131
unitary operator, 176, 225

is a normal operator, 194
universal derivation, 259
universal instantiation, 259
universal quantifier, 259
upper bound, 127
upper semicontinuity, 167

vector space, 2, 5
complex, 5
inner product, 31
normed, 2, 131
real, 5

water-filling, 100, 103
equation, 103
existence of solution, 100

waveform approximation
least-squares, 42

weight function, 209, 251
weights, 209
well-posed problem, 199, 200, 203
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Wiener process, 213
work, 39
Wronskian, 81

Young’s inequality, 177

zero subspace, 11
zero waveform, 47
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